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Boundaries for two-parabolic Schottky groups1
Jane Gilman12

1. Introduction3
In this paper we survey various results about the Schottky parameter space for a two4
parabolic generator group and the smooth boundary for the classical Schottky param-5
eter space lying inside what is known as the Riley slice (of Schottky space).6

The problem can be formulated in a number of equivalent different settings: in7
terms of the topology and the geometry of hyperbolic three-manifolds, in purely alge-8
braic terms, or in a combination of these. Since each of theseuse terminology that has9
whose exact meaning has evolved over time, we survey some of the basic terminology10
for Schottky groups, non-separating disjoint circle groups, noded surfaces and their11
various representation spaces. This is done in sections 2, 5, 3, and 4 respectively. In12
the introduction (sections 1.1, 1.2, and 1.3) we state the main theorems taking the lib-13
erty of using some terms whose precise definitions are deferred to the later sections.14
We begin with the algebraic formulation which may be the quickest way to approach15
the problem.16
1.1. Two Parabolics after Lyndon–Ulman17
In the Lyndon–Ulman formulation, we consider two by two matrices,SandT where18

S=

(
1 0
1 1

)
andT =

(
1 2λ
0 1

)
.

We writeT = Tλ to emphasize thatT depends upon the complex numberλ . We let19
Gλ be the group generated bySandTλ so thatGλ = 〈S,Tλ 〉.20

In 1969, Lyndon and Ulman asked the question, “for what values of λ is Gλ a21
free group?". They found certain regions in the complexλ -plane that assured thatGλ22
would be free forλ in one of these regions. The regions are symmetric about the real23
and imaginary axes. The portions in the first quadrant of three of the five regions they24
found,F1,F2,F3, are shown in the diagram of figure 1.25

1Supported in part by NSA grant #0G2-186 and the Rutgers Research Council.
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Figure 1: Some of the Lyndon-Ullman Free Region(s) inC.

Around 1980 David Wright wrote a computer program to plot all the pointsλ for1
which Gλ is free and discrete. His picture (shown as figure 2) has come to be known2
as theRiley Slice of Schottky Spacealthough under the original definitions of Schottky3
space it is not technically a slice of Schottky space or even asubset of Schottky space,4
but rather the quotient of a slice of Schottky space, which wewill term Schottky5
Parameter Space.6

In Wright’s plot the boundary appears to be fractal in nature,but this is not known7
for a fact [MSW02]. Keen and Series [KS94] have studied movingtowards the bound-8
ary along the lines that are roughly orthogonal to the boundary and are faintly visible9
in figure 2. These are calledpleating raysand geometrically these are points where10
the pleating locus of the convex hull inH3 has a particular form (see [KS94]). The ge-11
ometric condition implies the algebraic condition that thetrace of certain words in the12
generators ofGλ take on real values, but this algebraic condition alone is not sufficient13
for a point to be on a pleating ray.14
1.2. Classical and Non-classical groups15
In [GW02] Gilman and Waterman described the parameter space of classical Schot-16
tky groups affording two parabolic generators within the larger parameter space of all17
Schottky groups with two parabolic generators. Two parabolic Schottky groups be-18
long to the boundary of purely loxodromic Schottky space of rank two. The Gilman-19
Waterman result uses the most general definition of Schottkygroup is used (see section20
2). This gave a smooth boundary (except for two points) whoseboundary equations21
are given by portions of two intersecting parabolas. These are depicted superimposed22
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upon the Wright plot in figure 3 and also in figure 4.1
The existence of non-classical Schottky groups was proved by A. Marden in his2

1974 paper [Mar74]. However, his proof was not constructive. In 1975 Zarrow3
([Zar75]) claimed to give an example of a non-classical Schottky group, but in 19884
Sato showed that Zarrow’s example was erroneous. Zarrow’s construction only gave5
a group that was not marked classical (on the given set of generators) but might be6
classical on a different set of generators [Sat88]. This showed that the verification that7
an example of a non-classical Schottky group was what it claimed to be would require8
two steps: show (1) that it was non-classical on the given setof generators and (2) that9
it remained non-classical under any change of generators.10

In 1990 Yamamoto gave an example of a non-classical Schottkygroup on two11
loxodromic generators [Yam91]. Unfortunately this has never been well enough un-12
derstood to lead to any further examples. In [GW02] an explicit construction is given13
for a one complex parameter family of non-classical two parabolic generated Schottky14
groups. The construction is not related to Yamamoto’s in anyobvious manner. Re-15
cently Hidalgo and Maskit have given a theoretical construction of other non-classical16
Schottky groups [HM04].17
1.3. Group Theoretic statement18
The easiest way to state the main result of [GW02] is group theoretically:19
Theorem 1.1. Let λ be a complex number withλ = |λ |eiθ where0 < θ < π. The

group Gλ is a classical Schottky group

⇔ |λ |(1+sinθ) ≥ 2.

Here| | denotes absolute value.20
A two-by-two matrix with complex entries acts as a fractional linear transforma-21

tion on Ĉ and if it has determinant one, we lettr denote its trace. While there are22
many variations on trace inequalities that imply discreteness, necessary and sufficient23
trace inequalities for discreteness are not common. Equivalent to Theorem 1.1 is24
Theorem 1.2. Let A and B be two-by-two complex matrices each with determinant

one with A6= I and B 6= I. The group G= 〈A,B〉 generated by A and B with tr(A) =

tr(B) = 2 is a classical Schottky group

⇔ |tr(AB)−2|+ |Im[tr(AB)]| ≥ 4.

Here Im denotes the imaginary part of a complex number andI denotes the identity25
matrix.26
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Figure 2: The Riley Slice
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Figure 3: Classical Schottky boundary superimposed on the Riley Slice



Boundaries for two-parabolic Schottky groups287

NSDC−NSDC+

Classical Schottky

A family of
non-classical
Schottky groups

−2 1−1 2

4

3

2

1

−4

−3

−2

−1

Figure 4: Superimposed Boundary Parabolas.Each pointλ ∈ C corresponds to a two-
generator group. The darkest region shows a one parameter family of non-classical Schottky
groups. The line-shaded subset of the classical Schottky groups comprises the non-separating
disjoint circle groups (NSDC groups). The unshaded region consists of additional non-classical
Schottky groups together with degenerate groups, isolated discrete groups and non-discrete
groups. Points inside the Shimizu-Leutchbecher-Jørgensen circle (|λ | < 1

2) are non-discrete
groups.

Theorem 1.3. Let λ = x+ iy. The group Gλ is a classical Schottky group and lies on

the boundary of classical Schottky parameter space

⇔ |y| = 1−
x2

4
.

In 1996 Hidalgo [Hid96] proved that for arbitrary genus, thespace of Schottky1
groups with no allowed tangencies between Schottky circlesis dense in the space of2
noded Schottky groups, that is, where tangencies at parabolic fixed points are allowed.3
Related to the density of Schottky groups with no allowed tangencies between Schot-4
tky circles is the work of B. Maskit [Mas81] where it is shown that geometrically finite5
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Kleinian groups which are free groups belong to the closure of Schottky space.1
The proof of Theorem 1.1 in [GW02] shows that using the most general definition2

of Schottky group (section 2) does not change the interiors or the boundaries of the3
classical Schottky space for groups generated by a pair of parabolics.4
Theorem 1.4. All variations on the definition of Schottky group yield spaces with the5
same interior for a group generated by two parabolics. Further, the closures are the6
same so that the boundaries are the same. For a group generated by two parabolics,7
the classical Schottky parameter space is closed when the most general definition of8
Schottky group is used.9

Following the notation of Lyndon-Ullman [LU69], we letK be the convex hull of10
the set in theλ -plane consisting of the circle|z|= 1 and the pointsz=±2. It is shown11
in [GW02] that if λ is not in the interior ofK, thenGλ is Schottky. More specifically,12
it is proved that13
Theorem 1.5. The Non-classical Schottky family.If λ lies in the upper-half plane14
below the Schottky parabola y= 1− x2

4 but exterior to K, then Gλ is a non-classical15
Schottky group.16
2. Definitions for Schottky groups17
A Schottky group is defined as a group where the generators have a certain geometric18
action on the complex sphere,Ĉ, that is easily stated. However, the definition of19
Schottky group has changed over time. Initially a Schottky group of rankn, n > 020
and n ∈ Z, was defined to be a group generated by elementsg1, ....,gn for which21
there where 2n disjoint oriented circlesC1,C′

1, ....,Cn,C′
n such thatgi(Ci) = C′

i with22
gi mapping the exterior ofCi to the interior ofC′

i , where the common exteriors of the23
circles bounded a connected region inĈ.24

For purely loxodromic groups this definition is a natural extension of the idea of25
isometric circle. However, for a parabolic transformation, its isometric circle and26
that of its inverse will be tangent at the fixed point of the transformation. Thus27
the first generalizations of Schottky group allowed tangencies of paired circles at28
parabolic fixed points, sometimes calledgroups of Schottky type. Latermarked noded29
Schottky groupswere studied by Hidalgo. Most recently Hidalgo and Maskit(see30
[Mas88, Hid96]) have obtained results about neo-classicalSchottky groups, which31
allowed tangencies of Schottky circles, paired or not, as long as the points of tan-32
gency are parabolic fixed points. Groups where tangencies ofpaired Schottky circles33
at non-parabolic fixed points are allowed were sometimes dubbed [MSW02]kissing34
Schottky groups. Eventually [Rat94] topologists dropped even this restriction and we35
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now allow any tangencies between any Schottky circles, paired or not, at parabolic1
fixed points or not. It is this definition that allows one to more easily identify the2
boundary of Schottky space or Schottky parameter space for groups generated by two3
parabolics. The interiors of these spaces and their boundaries turn out to be the same4
once the restriction of two parabolic generators is made. Further, some of the techni-5
cal problems about fundamental domains that motivated the original more restrictive6
definition can be overcome in this case ([GW02]).7
Definition 2.1. A marked classical Schottky groupis a groupG together with a set8
of n generatorsg1, ....,gn for which there are 2n circlesC1,C′

1, ....,Cn,C′
n in Ĉ whose9

interiors are all pairwise disjoint and such thatgi(Ci) =C′
i with gi mapping the exterior10

of Ci to the interior ofC′
i . A finitely generated group of Möbius transformationsG is11

a classical Schottky groupif it is a marked classical Schottky group onsomeset of12
generators.13

If the requirement that theCi ,C′
i be circles is dropped and theCi are only required14

to be Jordan curves, with non-empty common exterior, thenG is called amarked15
Schottky groupand aSchottky grouprespectively. Amarked non-classical Schottky16
groupis a marked Schottky group that is not marked classical Schottky with the given17
marking. A Schottky groupG is anon-classical Schottky groupif it is not a marked18
classical Schottky on any set of generators.19

Further, the region exterior to the 2n circles is called a(classical) Schottky do-20
mainor a (classical) Schottky configurationand the transformationsgi are called the21
Schottky pairings.22
Remark 2.2. We observe that classical Schottky domains are not necessarily funda-23
mental domains, but we can push out at tangencies that are notat parabolic fixed points24
to get a non-classical domain that is a fundamental domain. In [GW02] it is shown that25
the so calledextremedomains for two parabolic generator classical Schottky groups26
are fundamental domains.27
Remark 2.3. All Schottky groups are geometrically finite, free, discrete groups by the28
Klein-Maskit combination theorems or the Poincaré Polyhedron theorem [Mas88].29
3. The Geometry and Topology: pinching and nodes30
We remind the reader that the hyperbolic three-space is given by,

H
3 = { (x,y, t) | x,y, t ∈ R with t > 0}

together with the metric

ds=

√
dx2 +dy2 +dt2

t
.
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The boundary ofH3, Ĉ = {(x,y,0) ∈ R
3}∪ {∞} is the complex sphere and is also1

called thesphere at∞.2
We recall that a discrete group of Möbius transformationsG acts onĈ and divides3

the complex plane into two disjoint regions, the region consisting of points whereG4
acts discontinuously, calledthe region of discontinuity ofG and denotedΩ(G) and its5
complementΛ(G), the limit set ofG. A groupG actsdiscontinuouslyat a pointz∈ Ĉ6
if z has a neighborhoodU such thatg(U)∩U = /0 for all but finitely manyg∈ G and7
freely discontinuouslyat the point ifg(U)∩U 6= /0⇒ g = the identity. The groupG8
is Kleinian if it acts freely discontinuously at some pointz. If the group is Kleinian9
and the stabilizer of a pointz∈ Ω(G) is finite, thenU can be replaced by aprecisely10
invariantneighborhood ofz(i.e. a neighborhoodU whereg(U)∩U 6= /0⇒ g(U) =U).11

Since the discrete group of Möbius transformationsG acts discontinously onH3,12
one can form the quotient,M(G) = (H3 ∪Ω(G))/G. The groups we consider are13
finitely generated so that by the Ahlfors finiteness theorem [Ahl64] S= Ω(G)/G,14
called the ideal boundary ofM(G), is a Riemann surface of finite type or a finite union15
of such surfaces where every boundary component has a neighborhood conformally16
equivalent to a punctured disc. It may be thatΩ(G) is empty. If G is torsion free,17
M(G) = H

3/G is a hyperbolic three manifold. IfG has finite torsion,M(G) is a18
hyperbolic three-orbifold.19

In this paper the groups we consider will be finitely generated and either torsion20
free or have torsion elements of order two. In the later case appropriate modifications21
of the following can be made as needed.22

If G has a parabolic element with fixed pointp∈ Ĉ andG is torsion free Kleinian,23
thenGp, the stabilizer ofp, is an abelian group of rank 1 or 2.24

Let π : Ω(G) → S be the projection. Ifp0 is a puncture on the quotient, it has25
a neighborhood that lifts to a closed circular discDp containingp, a parabolic fixed26
point. Dp is fixed by every element ofGp, moved to a disjoint disc by every element of27
G not inGp, andDp∩Λ(G) = {p}. The pointp belongs to the boundary ofDp. Such a28
point p is said tosupport a horocycleandDp is called a horocyclic neighborhood ofp.29
For every puncture on the quotient there is a lift of the pointthat supports a horocycle.30
If p supports two horocyclic neighborhoods that are disjoint except for p, then p is31
said to support adouble horocycleor be adouble cuspand the quotient manifold is32
said to be doubly cusped atp0.33

A Kleinian group is termedgeometrically finiteif there is a finite sided fundamen-34
tal polyhedron for its action on hyperbolic three space,H

3. By the Poincaré polyhe-35
dron theorem, a geometrically finite group is finitely generated.36

In terms of the limit set,G is geometrically finite if and only if every point in the37
limit set is of one of three types: (i) a rank two parabolic fixed point, (ii) a doubly38
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P1 P2P3 P4

Figure 5: The surface is the quotient of a rank two Schottky group. A noded surface is obtained
if the generators are parabolic. In that case the curvesP1 andP2 are pinched to form a noded
surface with two double cusps.

cusped parabolic fixed points or (iii) a point of approximation. It is shown in [Mas88,1
p. 123] that a parabolic fixed point is not a point of approximation and it is proved2
in [JMM79] that a finitely generated free Kleinian group is geometrically finite if and3
only if each of its parabolic fixed points supports a double horocycle. Thus when we4
consider free, geometrically finite Kleinian groups, we have that all parabolic fixed5
points are rank one, doubly cusped.6

A noded surfaceis one where every point has a neighborhood which is either iso-7
morphic to a disc inC or to the set|z|< 1, |w|< 1,zw= 0 where(z,w) are coordinates8
in C

2 [Ber74]. The later points are callednodes. Geometrically, a parabolic fixed point9
corresponds to a node if the parabolic is notaccidental[Mar77].10

If G is a rank two Schottky group with no parabolics, topologically M(G) is a solid11
handlebody of genus two andS is a genus two Riemann surface (see figure 5). IfG is12
generatedby two parabolics, it will have at least two double cusps and topologically13
(if it has only those two cusps)S will be a sphere with four punctures. The four14
punctures are identified in pairs. The two double nodes are obtained from the surface15
in the figure bypinchingthe curvesP1 andP2 to points. This is the case we study.16

For any given group the surface may or may not be further pinched along some17
curve(s), but not all curves arepinchable(see [HM04]). While every noded surface18
can be obtained by taking algebraic limits of groups corresponding topologically to19
pinching [Yam79], the results of [GW02] show that20
Theorem 3.1. The boundary of classical two-parabolic Schottky (parameter) space21
(see section 4) does not generically come from additional pinching. In particular,22
there are only four points on the boundary, the pointsλ = ±i and λ = ±2 where the23
group Gλ corresponds to additional pinching to a parabolic.24

Related to this theorem is the observation of [HM04] that there are only finitely25
many different topological types of neo-classical Schottky groups of a fixed genus.26



292 Gilman

4. Schottky Space and the Schottky Parameter Space1
We recall the definition of Schottky space from [Mar74, Mar77] and [JMM79] and2
refer the reader to Marden’s papers for an excellent fuller background. We alert the3
reader to the fact that the use of the termSchottky spacehas also varied over time.4
Original papers use the term Schottky space for the representation space, which is5
how we define it below. Some, but not all, recent papers use thetermSchottky space6
to refer to the quotient of the space under the conjugation action of PSL(2,C). We7
term the latter the call the Schottkyparameterspace to avoid confusion. We define8
these space with some care.9
4.1. The Representation Variety10
Following Marden [Mar77] and the Jørgensen-Marden-Maskitpaper [JMM79] we11
discuss the representation space of a finitely generated group and complex projec-12
tive coordinates for these spaces. To shorten the exposition, we assume the group in13
question is of rank two, but the statements hold for any group(see [GW02]).14
• The space V of representations for a two generator group.Let G be the group gener-15
ated byA1,A2 a pair of 2×2 of non-singular matrices. IfAi is the matrix

(
ai bi

ci di

)16
then it determines a point in complex projective space of dimension 3 under the map17
Ai 7→ [(ai ,bi ,ci ,di)] where[ ] denotes the projective equivalence class of the four-tuple.18
If CP3 denotes complex projective space of dimension 3, the ordered pair(A1,A2) de-19
termines a point inCP3

2 as does any ordered pair of matrices inPSL(2,C). The20
image of(PSL(2,C))2 is the open setV = CP3

2−P whereP is the subvariety given21
by Π2

i=1 (aidi −bici) = 0.22
• The space V(G) for a finitely presented group, G.More generally, letG be a finitely23
presented groupG = 〈A1,A2|Rm(A1,A2) = 1, tr2(Pj) = 4〉 wherePj = Pj(A1,A2), j =24
1, ..., r is a complete set of unique representatives for the conjugacy classes of maximal25
parabolic elements andRm,m= 1, ...,k, is a complete set of relations for the group. Let26
V(G) be the set of images ofA1,A2 in CP3

2 as above and letV(G)∗ be the set of points27
in CP3

2 satisfying the polynomial equations induced by the relationsRi andPj . Then28
V(G)∗ is an algebraic sub-variety, andV(G) is Zariski open withV(G) = V(G)∗−P.29
V(G) can be represented as an affine algebraic variety, in fact a domain in complex30
number space of appropriate dimensions.31

Each point ofV(G) corresponds to a pair of Möbius transformations,(B1,B2) sat-32
isfying the relations and thus is the image of a homomorphismof G onto the groupH33
generated by theBi . A homomorphismΘ : Ai 7→ Bi that sends each parabolic element34
either to a parabolic or the identity is called anallowablehomomorphism. From now35
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on we assume all homomorphismsΘ are allowable and note thatV(G) can be written1
asV(G) = {(H,Θ)| Θ is a homomorphism ofG ontoH}.2

The natural topology ofV(G) is the topology of point-wise convergence, also3
called the topology of algebraic convergence.V(G) with this topology is calledthe4
representation space ofG.5
• The space V0(G) of PSL(2,C) conjugacy classes of representations.An element6
h ∈ PSL(2,C) induces an action onV(G) given by conjugation, (that is,(H,Θ) 7→7
(hHh−1,h◦Θ◦h−1) ). We letV0(G) be the quotient ofV(G) under this action and call8
it the representation parameter space.9
4.2. Spaces of two-generator groups10
We can define additional spaces related toV(G) by putting conditions on the groupG11
or the groupH or the mapΘ and we use the notationV(G)X to denote thatH satisfies12
condition X. We want to attach names to the spaces defined using this notation. (See13
section 5 for the definition of nsdc group.)14

Consider a fixed group̂G = 〈A1,A2〉 so thatĜ has noRi or Pj relations, that is, a15
free group of rank two. We define16
NSDC-space:V(Ĝ)nsdc= {(H,Θ) ∈V(Ĝ)| H is of nsdc-type}17

and its quotient NSDC-parameter space:V0(Ĝ)nsdc= V(Ĝ)nsdc/PSL(2,C).18
Schottky space:V(Ĝ)Schottky= {(H,Θ) ∈V(Ĝ) | H is a Schottky Group}19

and its quotientSchottky parameter space: V0(Ĝ)Schottky=V(Ĝ)Schottky/PSL(2,C)20
Classical Schottky Space: V(Ĝ)classical= {(H,Θ)∈V(Ĝ) |H is a Classical Schottky Group.}21

and its quotientClassical Schottky parameter space,V0(Ĝ)classical=V(Ĝ)classical/PSL(2,C).22
Next, consider a non-elementary free Kleinian groupGP generated by two parabolic23

transformationsA1 andA2 without any additional parabolic transformations (i.e. any24
parabolic transformation is conjugate to a power ofA1 or A2). GP = 〈A1,A2 | tr2 A1 =25
tr2 A2 = 4〉. Such a group is often called aRiley group[MSW02]. We callV(GP) the26
two-parabolic representation space. It is a slice of the representation space. We have27
Two-parabolic Schottky space:28

V(GP)Schottky= {(H,Θ) ∈V(GP) |H is a Schottky group}29
Two-parabolic classical Schottky space:30
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V(GP)classical= {(H,Θ) ∈V(GP) |H is a classical Schottky group}.1
Marked two parabolic classical Schottky space:2

V(GP)marked classical= {(H,Θ)∈V(GP) |H is marked classical on(Θ(A1),Θ(A2))}3
Non-classical two-parabolic Schottky space:4

V(GP)non−classical= {(H,Θ) ∈V(GP) |H is a non-classical Schottky group}5
It is clear that the two parabolic representation space,V(GP) is a slice of the rank6

two representation spaceV(Ĝ) and that two-parabolic Schottky spaceV(GP)Schottky7
is a slice of Schottky spaceV(Ĝ)Schottky. Since trace is a conjugacy invariant, we8
haveV0(G

P)Schottky⊂V0(Ĝ)Schottky. It is easy to see that any non-elementary Möbius9
group generated by two parabolics is conjugate to a group of the formGλ for someλ10
where tr[A1,A2] = 4λ 2. One can takeλ to be the complex parameter for the Schottky11
parameter spaceV0(G

P)Schottky.12
5. Non-separating disjoint circle groups13
The precise definition of non-separating disjoint circle groups appears below in section14
5.2. We end this paper with a summary of some related results for non-separating15
disjoint circle groups for two reasons: (1) the theory here motivated the theory for16
two-parabolic Schottky groups by indicating how allowing tangencies between any17
Schottky circles, at non-parabolic points or at parabolic fixed points, made it possible18
to identify the boundary of the space and (2) it is easy to outline the method here so19
as to illustrate when non-parabolic tangencies can bepulled apart. Troels Jørgensen20
pointed out the fact that allowing such arbitrary tangencies would yield the tear drop21
boundary of figure 7.22
5.1. H

3 geometry23
A hyperbolic line is determined by two points and has two endson the sphere at∞.24
We follow the notation of [Fen89] and denote a hyperbolic line by [v,v′] wherev and25
v′ may lie onĈ or in H

3. An elliptic or loxodromic transformation fixes a unique26
hyperbolic line, known as itsaxis. A parabolic transformation fixes a unique point27
point onĈ. We may see that parabolic fixed point as degeneration of the axis of either28
a loxodromic or elliptic transformation.29

Given any hyperbolic line,L, there is a unique hyperbolic isometry that fixes the30
line and rotates points inH3 by an angle ofπ about the line and which also acts on the31
boundary. We call this transformation thehalf-turnaboutL and denote it byHL.32
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5.2. Definitions and basic facts1
Non-separating disjoint circle groups, known asnsdc groupsfor short, were first de-2
fined in [Gil97]. Like Schottky groups, nsdc groups are geometrically defined groups.3
To define them, we begin with the definition of theortho-endof a group.4

For a two generator groupG = 〈A,B〉, we defineN, the perpendicular toA andB5
to be the hyperbolic line inH3 that is the common perpendicular to the axis ofA and6
B if A andB are either loxodromic or elliptic. If eitherA or B or both are parabolic,7
we defineN to be the perpendicular from the parabolic fix point to the other axis or to8
the other parabolic fixed point. We assume thatG is non-elementary so that the axes9
of A andB always have a common perpendicular.10

We associate to(A,B) itsortho-end, the six-tuple of complex numbers(a,a′,n,n′,b,b′)11
whereA factors asH[a,a′]H[n,n′] and B factors asH[n,n′]H[b,b′] whereN has endsn12
and n′, the axis ofA has endsa and a′ and the axis ofB has endsb and b′ (see13
[Fen89] for more details about this notation). Conversely,an ordered six-tuple of14
numbers(a,a′,n,n′,b,b′) ∈ Ĉ

6 determines an ordered pair of matrices(A,B) where15
A = H[a,a′]H[n,n′] andB = H[n,n′]H[b,b′].16
Definition 5.1. We say that a point in̂C6 hasthe non-separating disjoint circle prop-17
erty if there exist circlesCA, CD and CB, with disjoint interiors whereCA passes18
througha and a′, CB passes throughb and b′ andCD passes throughn and n′ and19
where no one of the three circles separates the other two. We allow the possibility that20
some of the three circles are tangent to others.21

We say thatG is amarked nsdc groupif its ortho-end has the nsdc property andG22
is annsdc groupif some ortho-end has the nsdc property.23

For an non-elementary groupG the ortho-end of the group can be defined whether24
or not the group is discrete. It is shown in [Gil97] that an nsdc group is always discrete.25
Further it is shown that an nsdc group is free and is always a classical Schottky group.26
It is clear that one can easily pass back and forth between thematrix entries forA and27
B to the ortho-ends.28

Geometrically whenG is nsdc, the three generator group 3G= 〈H[a,a′],H[n,n′],H[b,b′]〉29
has as its quotient an orbifold whose singular set is the image of three hyperbolic lines.30
There is a natural projection fromH3/G → H

3/(3G) that comes from factoring out31
by the action of a hyperbolic isometry of order two.32
Remark 5.2. If we begin with a groupG = 〈A,B〉 for which the three circlesCA,CB33
andCD are pairwise disjoint and no one separates the other two, then the group 3G34
is a geometrically finite function group uniformizing a sphere with exactly six points35
of order two. Such a group is called a Whittaker group of genus two. These have36
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been studied by [Kee80] and more recently by [GGD04]. Each Whittaker group of1
genus two contains a Schottky group of genus two as an index two subgroup. The2
hyperellptic involution of the uniformized genus two surface is induced by any of the3
elements of order two in the Whittaker group. Conversely eachgenus two surface4
can be obtained in this way. As any simple closed geodesic on agenus two surface5
is invariant under the hyperelliptic involution, we have this phenomena is still valid6
after degeneration to the two parabolic Schottky group: theWhittaker groups then7
degenerate to 3G groups with tangencies.8
5.3. Methods9
The nsdc boundary tear drop (figure 7) is found by analyzing configurations of cir-10
cles, attaching appropriate parameters to the configurations, and then relating their11
geometry to the entries in the matrices of the generators forthe group. This method is12
also used to find the boundary for Riley groups that are Schottky groups, but the latter13
proof involves many more technicalities. The main tools forfinding the boundary in14
the nsdc case are analytic geometry and the inverse functiontheorem. We give some15
of the details of this case to illustrate the method and the idea ofpulling tangencies16
apart.17

An nsdc group generated by two parabolics involves one free parameterd = x+ iy.18
The six-tuple of points are(−2,0,2,d,0,2). The circlesCA andCB are tangent at the19
point 0 and, therefore, determine an angleτ. This is the angle that the line connecting20
their centers makes with the positivex-axis moving in a counter-clockwise direction21
(see figure 6). Conversely, any angleτ betweenπ/4 and−π/4 determines such a22
pair of tangent circles. Any circleCD passing through 2 andd will have a center23
with coordinates(M,N) and radiusr. If CD is tangent toCA at a pointT, then the24
coordinates of the point(M,N) can be computed as explicit functions ofτ as can25
the radiusr. Points on the circleCD, known as theτ-circle are given by(x,y) =26
(M(τ)+ rτ ·cost,N(τ)+ rτ ·sint), for some real parametert, 0≤ t ≤ 2π.27

If CD is not required to be tangent toCA but only to pass throughd and be tangent to28
CB so that we have an nsdc triple, then it is clear that ford′ = (x′,y′) in a small circular29
neighborhood ofd = (x,y) there are circles through(x′,y′) so that(−2,0,2,d′,0,2) are30
still nsdc. This shows that non-tangentCD’s correspond to interior points ofNSDC-31
space.32

If CD is required to be tangent toCA, we have that for somed′ near the point on33
d = (x,y) on theτ-circle,CD, this may or may not be the case.34

We consider all points on theτ-circle. One hasx = x(τ, t) = M(τ)+ rτ ·cost and35
y = y(τ, t) = N(τ)+ rτ ·sint.36

Thus one has a map fromR2 to itself: (τ, t) 7→ (x,y). One can calculate the Ja-37
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τ
τ

(−2,0) (2,0)

(M(τ),N(τ))

d

T

CA

CB

CD

Figure 6: τ - circle configuration withCD andCA tangent

cobian of this map to show that(x0,y0) is a boundary point of NSDC space precisely1
when x0 = 2− sin2 τ

1+sin2 τ and y0 = 8sin3 τ cosτ
1+sin2 τ . The plot of this boundary is the tear2

drop shown in figure 7. Pointsd = x+ iy in the interior of the tear drop corresponds3
to (marked) groupsGd that are not NSDC and points in the exterior toGd that are4
NSDC groups. A change of parameters maps the tear drop into a parabola and re-5
places the parameterd by λ = 4d

d−2. Taking marked and non-marked nsdc groups6
into account yields the region bounded by the two parabolas pictured in figure 4 as7
N S DC -space, that is{Gλ | Gλ or G−λ is an nsdc group}.8
References9
[Ahl64] L. V. Ahlfors (1964). Finitely generated Kleinian groups. Amer. J. Math.10

86, 413–429.11
[Ber74] L. Bers (1974). On spaces of Riemann surfaces with nodes. Bull. Amer.12

Math. Soc.80, 1219–1222.13
[Fen89] W. Fenchel (1989).Elementary Geometry in Hyperbolic Space, de Gruyter14

Studies in Mathematics, volume 11. Walter de Gruyter & Co., Berlin.15



298 Gilman

NSDC
2

1

−2

−1

−2 −1 1 2

Figure 7: The NSDC tear drop. Pointsd in the complex plane that lie exterior to the tear drop
parameterize groups that are discrete and of non-separating disjoint circle type.

[GGD04] E. Girondo & G. González-Diez (2004). On a conjecture of Whittaker1
concerning uniformization of hyperelliptic curves.Trans. Amer. Math. Soc.2
356(2), 691–702 (electronic).3

[Gil97] J. Gilman (1997). A discreteness condition for subgroups of PSL(2,C). In4
Lipa’s Legacy (New York, 1995), Contemp. Math., volume 211, pp. 261–5
267. Amer. Math. Soc., Providence, RI.6

[GW02] J. Gilman & P. Waterman (2002). Parameters for two-parabolic Schottky7
groups. Preprint, submitted.8

[Hid96] R. A. Hidalgo (1996). The noded Schottky space.Proc. London Math.9
Soc. (3)73 (2), 385–403.10

[HM04] R. Hidalgo & B. Maskit (2004). On neo-classical Schottky groups.11
Preprint.12

[JMM79] T. Jørgensen, A. Marden & B. Maskit (1979). The boundary of classical13
Schottky space.Duke Math. J.46 (2), 441–446.14

[Kee80] L. Keen (1980). On hyperelliptic Schottky groups.Ann. Acad. Sci. Fenn.15
Ser. A I Math.5 (1), 165–174.16



Boundaries for two-parabolic Schottky groups299

[KS94] L. Keen & C. Series (1994). The Riley slice of Schottkyspace. Proc.1
London Math. Soc. (3)69 (1), 72–90.2

[LU69] R. C. Lyndon & J. L. Ullman (1969). Groups generated bytwo parabolic3
linear fractional transformations.Canad. J. Math.21, 1388–1403.4

[Mar74] A. Marden (1974). The geometry of finitely generatedKleinian groups.5
Ann. of Math. (2)99, 383–462.6

[Mar77] A. Marden (1977). Geometrically finite Kleinian groups and their defor-7
mation spaces. InDiscrete Groups and Automorphic Functions (Proc.8
Conf., Cambridge, 1975), pp. 259–293. Academic Press, London.9

[Mas81] B. Maskit (1981). On free Kleinian groups.Duke Math. J.48(4), 755–765.10
[Mas88] B. Maskit (1988). Kleinian Groups, Grundlehren der Mathematischen11

Wissenschaften [Fundamental Principles of Mathematical Sciences], vol-12
ume 287. Springer-Verlag, Berlin.13

[MSW02] D. Mumford, C. Series & D. Wright (2002).Indra’s Pearls. Cambridge14
University Press, New York.15

[Rat94] J. G. Ratcliffe (1994).Foundations of Hyperbolic Manifolds, Graduate16
Texts in Mathematics, volume 149. Springer-Verlag, New York.17

[Sat88] H. Sato (1988). On a paper of Zarrow.Duke Math. J.57 (1), 205–209.18
[Yam79] H.-o. Yamamoto (1979). Squeezing deformations in Schottky spaces.J.19

Math. Soc. Japan31 (2), 227–243.20
[Yam91] H.-o. Yamamoto (1991). An example of a nonclassicalSchottky group.21

Duke Math. J.63 (1), 193–197.22
[Zar75] R. Zarrow (1975). Classical and non-classical Schottky groups. Duke23

Math. J.42 (4), 717–724.24
Jane Gilman25
Rutgers University26
Newark, NJ 0710227
U.S.A.28 gilman�andromeda.rutgers.edu29
AMS Classification:30
Keywords:31


