Exact and I nexact Differentials
Chem345

Oneissuein thermodynamicgoncernswhetherthe total differential (eq 1) of a multivariablefunction (F =
F(z,y) representary two-variablefunction)is exactor inexact.

OF OF
dF = (E)y dz + (a—y)r dy (1)

If dF is anexact differential, fz.f dF will bethe samefor all pathsbetweerthe initial (z;,y;) andfinal (z¢,yy)

points,andtheintegral will besimply fif dF = Fy — F;. Thermodynamistatefunctions,like U andH, shouldhave
exactdifferentials.

If dF' is aninexact differential, fz.f dF will dependon which pathis usedbetweentheinitial (z;,y;) andfinal
(z£,yy) points. Functionswith inexactdifferentialscannotbe treatedasthermodynamistatefunctions.

Deter mining Whether a Differential is Exact

Therelationshipshovn in eq2 musthold if a differentiallike theonein eq1l is exact. In essencegq?2 stateghatthe
sensitvity in they directionof theslopein thez directionequalsthe sensitvity in thez directionof theslopein they

direction.
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Thedifferentialin eq3 is anexampleof anexact differential,asis demonstrateéh eq4.

dg = (2 +y*)dz + (2zy)dy 3)
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Thedifferentialin eq5 is anexampleof aninexact differential,asis demonstrate¢h eq6.
dh = (2* + y?)dz — (2zy)dy (5)
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Check: Integrate dg and dh Over Two Paths

We cancompareactualintegrationsover differentpathsfor thedifferentialsin eqs3 and5. Two stepwisegpaths A and
B, aredefinedbelon. Notethatfor bothpathstheinital (z,y) is (0,0) andthefinal pointis (3, 1).

PathA stepl z=0-—3 y=0 (dy=0)
step2 z=3 (dz=0) y=0-1

PathB stepl z=0-—4 y=0 (dy=0)
step2 z=4 (dz=0) y=0-1
step3 z=4-—3 y=1 (dy=0)



J dg Path A: Sum over twosteps, g =9+ 3 =12
1L.2=0-3y=0 [dg= [ (22+0)de+0=1a"3=9-0=09

2.x=3y=0—1 fdg:f010+6ydy:3y2](1):3—0:3
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J dg Path B: Sum over threesteps, g = 5 +4 — 5 = 12
Lz=0-4y=0 [dg=[(2>+0)de+0=1s]§=6 —0=5

2.x=4,y=0—1 fdg:f010+8ydy:4y2](1):4—0:4

3.x=4-3,y=1 [dg=[@+1)dr=1a%+a)} =12 (4+%)=_420

J dg ispath independent

J dh Path A: Sum over twostepss h=9—-3 =3
1L.2=0-3y=0 [dh=[(@®+0)dz+0=1a’3=9-0=09

2.2=3,y=0—=1 [dh=[0—6ydy=3y"])=-3-0=—3

J dh Path B: Sum over threesteps h =% —4 -2 =4

Lo=0-4y=0 [dh=[ (a>+0)dz+0=1s%4="64_0=82
2. 2=4y=0-=1 [dh=[0-8ydy=—4y’)i=—-4—0=—4

3.2=4-3y=1 [dh=[[(@®+1)de=1as%+2]]=12 (44 8)=_40

J dh depends on theintegration path

Examine dV,, for a Perfect Gas

Theperfectgaslaw providesanequationV,,, = %. Thetotal differentialin termsof thevariablesI” andp is therefore,

AV = (%) dp + (%’F) T = ( ;ZT> dT + (g) dT ™

Now applythetestto learnwhetherthe differentialis exactor inexact.
i(%)=£<—_m>:—_3 (8)
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Sinceeq8 andeq9 give the sameresult,dV,, is an exactdifferential,andfz.f AV = Vi = Vi.



