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1 Introduction

Regularities in income distribution patterns have been observed by economists and many attempts were made to try to characterize this distribution (Atkinson and Faboringeon 2000). Anwar Shaikh and Amr Ragab (2007) showed a rather strikingly strong correlation between the value of the 80% percentiles income share and the Gini coefficient of for the entire distribution. The authors studied this relation across a wide spectrum of economies and times. The robustness of this relationship strongly suggests that income distribution could be governed by some law of statistical equilibrium that might fluctuate due to social and historical factors but will always in the long run divert back to this seemingly “natural” distribution of income. Econophysicist Dragulescu and Yakovenko (2001) provide very strong evidence that the distribution of wage income follows an exponential distribution. Dragulescu and Yakovenko quickly realize that the exponential distribution is also the distribution of temperature in a gas at maximum entropy. How the behavior of gas molecules colliding and exchanging temperature is an equalization/de-equalization process similar to that that happens between workers on a labor market in a capitalist economy? This paper will try to reduce the gap between the two worlds by proposing an agent-based model with labor market-based behavioral equations for the workers in the model that will produce an exponential distribution. I will start by reviewing the models proposed so far by the econphysicist group and the issues with the existing models so far.

2 Statistical Equilibrium

Statistical mechanical equilibrium was developed by Physicists James Maxwell, Josiah Gibbs and Ludwig Boltzmann. These physicists developed mathematical models to explain the distribution of energy among undifferentiated molecules in a given space. The found some statistical distribution always exists for lets say the distribution of the temperatures of gas molecules in a given space. The molecules will have an average temperature but not every single molecule will have the same temperature. They have developed models to understand why there is not absolute equality but rather a distribution. 

A major area of physics where the concept of a statistical equilibrium applies is thermodynamics. A thermodynamic system will always move towards maximizing entropy. Entropy is the total available useful energy in the system. The point of maximum entropy is where the equalization process has reached its limits. Molecules in space will collide against each other randomly while distributing energy with a degree of randomness but will very soon reach a stable distribution of temperatures. The individual molecules never all reach the exact average temperature of the space. Where each molecule lies on this distribution is quite arbitrary and continuously shifting but the distribution does not change once the system reached its maximum entropy point.

Newtonian notions in physics were transmitted to economics through concepts such as the Walrasian equilibrium where markets are viewed as perfect machines that once calibrated will always reach the same result for all its agents (Mirowski, 1990). The mechanical view of the market – that was introduced to economics by the neoclassical Walrasian equilibrium – requires the assumption that all agents have perfect information of all the other agents endowments and reservation prices and that no trade will take place except at equilibrium ( Foley 2002). In other words, the Walrasian view if applied to thermodynamics would state that there is a Walrasian auctioneer who will tell every molecule to exchange temperature when colliding with other molecules only up to ( or down to) the average temperature of the space. 

In Physics the view that the world is a mechanical entity has been dispensed in favor of the quantum theory. David Bohm, one of the early pioneers of Quantum theory, argues for the existence of a laws sub-quantum that govern the movement of quanta and particles that lead to a given distribution when looking from a more macro perspective( Bohm 1957). This same notion is introduced by Foley into market analysis by the term “micro-micro”. Foley argues there are a numerous small factors that can affect why a certain agent might carry a certain trade but all these factors can be captured or estimated for by assuming some kind of randomness or disequalizing effect that comes as a direct result of how the agents actually behave. In real life, as Foley explains, trades take place at many different prices that are not all exactly the equilibriating price. Foley develops an entire market dynamic based on statistical equilibrium. The pareto-efficiency of Walrasian equilibrium is equivalent to maximizing entropy in statistical equilibrium (Foley 2002).

Using randomness in maximum entropy models is not suggesting that the agents act randomly but that each agent has a complicated and rich layer of numerous microscopic factors that determine where they actually end up on the distribution. Despite all of these micro factors, because of the way they are distributed within the population they constantly produce one universal distribution on the macro behaviour. This stability at the macro level and the high variation of the underlying micro factors is what suggests that these micro factors can be estimated with a random number and we can still arrive at a given equilibrium distribution. Walrasian economics, mimicking classical physics, replaces this randomness with a single known coefficient that is the same for all agents and assumes away diversity than try to embrace it within the model. Models on demand theory run by Anwar Shaikh (2008) show that downward sloping demand curves can be generated while assuming a wide variety of distribution of utility preferences including a model where the utility coefficients are just assigned randomly to the agents in the model.

3.1 Existing models

3.1.1 BDY model

The first models were developed by Dragulescu and Yakovenko in their 2001 paper “Exponential distribution of income”. It was later noted by Italian econophysicsts that similar ideas were published by Eleanora Bennati (Bannati 1988, 1993). The Italian group suggested using the name BDY model (Garibaldi and Unaido 2006). The BDY model starts with the conservation of energy principle in the Boltzman-Gibbs distribution of energy. This conservation rule can be expressed as;
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Such that,
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The equation system above simply states an exchange process between agent I and agent j such that the total amount of energy is conserved. The conservation rule is essential for statistical equilibrium to emerge. Dragulescu and Yakovenko then consider different formulations for ∆X. They consider the situation where  
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 is a fixed amount that can randomly either go from agent I to agent j or vice versa. They also consider the situation where the ∆X is a random fraction µ of the average of Xi and Xj;
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The BDY model is a good starting point but it suffers from a couple of major problems if we are going to use it as a wage income equalization story. The first problem is that the total amount of wages is not necessarily conserved over time. Wages grow from one period to the next as a result of changing macroeconomic determinants of wages (productivity growth, inflation...etc.). Any model of statistical equilibrium has to be able to include a non-conserved sum of wages. This is especially important if the labour market model is to be incorporated into more inclusive macro models. Dragulescu and Yakovenko try to get away from this problem by applying their model to the distribution of money which under some assumptions can be regarded as a conserved amount that circulates the economy from one hand to the other.

The second issue with the BDY model is that it really does not provide a labor market story. The exchange ∆X is discussed in terms of payments for trades but there is no discussion about wage equalization dynamics. The model has very little economic theory to support the proposed behavioral equations

Dragulescu and Yakovenko also consider formulations of the model that allow for debt by allowing the balances of each agent to be bounded by;

Xi > m, where m is the maximum debt allowed for each agent.

The debt model only changes the boundary condition on balances from 0 to m but the dynamics and final result are the same (Dragulescu and Yakovenko, 2000). Other models try to tie the total debt to the total money in the system using a reserve ratio concept (Ding and Wang 2005). All these models are focused on money balances when really what we need to understand is wage income distribution.

3.2.2 BDY models with a saving factor

Another family of BDY models suggested by the econophysicts involves some form of time-reversal asymmetry. Time reversal symmetry is important if the system is to equilibrate around the exponential. Most of the time-reversal asymmetric models considered by econophysicts produce a gamma distribution. Many of the papers go ahead and try to quantify algebraically the parameters of the gamma distribution under different time-reversal asymmetry assumptions. We will review a few features of these models because some of their elements will be used later to formulate our model.

Time-reversal asymmetric models have the exchange tied proportionally to the money balances of each agent. The first such model proposed had the change in money (∆X) proportional to the money balances of the agent;

∆X = γ Xi   , where γ is a number from 0 to 1.

This kind of model was introduced by physicists but was also mentioned by sociologist John Angle in his model for social stratification (Yakovenko 2007, Chakraborti and Chakrabarti 2000). In Angle’s model, social surplus is distributed among individuals but it is biased towards individuals with already a lot of surplus or power. These kind of models produce a gamma distribution and the parameters of the distribution are algebraically related to the value of γ (Chakraborti and Kaski 2004(a), Chakraborti and Kaski 2004(b)).

In the “savings” family of models, agents can hold back a fraction γ of their balances from exchange. They can protect a fraction of their balance from being thrown out there in the exchange game. The exchange process will take the form;
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Each agent gets to keep a fraction (γ) of their income out of competition. The remaining balances are shared by a randomly independent identically distributed factor ε (0, 1). This type of model is evaluated at different levels of γ and it consistently produces a gamma distribution (Charabarti and Kaski 2004). In the case where γ is randomly allocated from (0 to 1) the resulting distribution is a power-law distribution (with a fat tail) (Chakraborti and Germano 2006).

These models, although they do not reproduce an exponential distribution, give us important insight into possible distributions that can be generated when some kind of differentiation or asymmetry is introduced. The exponential distribution is only a special case of the gamma distribution. So it is possible to imagine that the exponential distribution is a base case that applies in the general case without introducing social factors that might alter the “natural” distribution. Introducing systemic differentiation in the market such as discrimination or minimum wages can be the reason to push the distribution of wages away from its statistical equilibrium at the exponential distribution towards a gamma distribution.

4. The Model

The model tries to build a micro foundation for worker behavior in the labor market that will produce a statistical equilibrium rather than a single point equilibrium as general equilibrium theory would suggest. The level of wages within a single labor market should stabilize around a Gini of 0.5 – the Gini coefficient of the exponential distribution – through the process of labor market competition itself. We will first introduce each new component of the model in consecutive steps to illustrate better the meaning and effect of each extra assumption.

4.1 Base Case model

4.1.1 Basic Assumptions

1. Let us consider an economy with one type of job. Where a given N number of workers are not differentiated in any social hierarchy or difference in skills and abilities. This assumption will be, and must, relaxed later but now it is important to build a case that abstracts from these differences at least for now.

2. Each worker has a wage wi for i = 1, 2, ...,The sum of wages in the economy is predetermined. Following the classical economists, the wage share is determined socially and thus the total wage bill given to the workers. The actual initial distribution of the wage bill will be randomly uniformly distributed among workers

3. There is no concept of unemployment and employment rates but workers can very well end up with a wage equal to zero as a result of competition.

4. Workers are aware of their social average and are capable of seeing their own wage relative to the social average. Each worker therefore has  
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5. Each worker has a sense of neighbourhood. Neighbourhood here can be understood in the direct geographical sense as in every worker looks at the people around him and is aware of their wages. Neighbourhood here can also represent some social space. This social space can be seen as the workers who belong to the same family, firm or even group of friends. The important thing is that this worker knows she is in some common space with other workers and can observe their wage.

These intial assumptions in setting the ground for our proposed explanation of labour market competition

4.1.2 Worker behavior in the “base-case” model

Workers are driven to maximize their wage by pure self-interest. Each worker wants to get the maximum for her wage but her point of reference for this is always social. She will only compete if there she finds a worker in the economy that gets a higher wage than her. The worker will then goe and compete for the job of the high-earning fellow worker. This antagonism created between the two workers is initiated by the low earning worker who – if we want to animate it – will go knock off her competitors’ employer door and try to negotiate a wage close to her competitor’s wage. After all, all the workers are undifferentiated. At the same time, the competitor with the higher wage will be forced to negotiate her wage down and can no longer hold its higher position. The end result of this antagonistic competitive process between the two workers will take the following form;
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Equations (5), (6) and (7) represents what happens to the two workers i and j where worker i has a lower wage than worker j. The competitive process will bring both of them to the average of the two but the success of each worker in negotiating its wage vis-à-vis the other depends on the random number  
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 is a random uniformly distributed number from 0 to 1.  The  
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 captures all the micro factors that might throw off the workers above or below the average. It represents their power to negotiate their wage and puts the two workers in direct competition. The more power worker i  has in competing with worker j the higher the epsilon and thus the higher worker i will go above the average. At the very extreme, an epsilon of 1 means that worker i had a very successful negotiation and was able to prove herself to the employer.  She was able to get the sum of her old wage and the wage of worker j while worker j totally lost the competition and will go home with a wage of zero. One can imagine that as a boxing match between the two workers each fighting to get the maximize their gains or minimize their losses in the case of worker j. .most out of the employer. At the other extreme, an epsilon of zero means that worker i could only bargain up to the exact average of the two workers and worker j was able to negotiate down to the average and not lower.

The same story can be illustrated using an employer as the active subject. The employer looks for less costly workers and then puts the two workers, the incumbent and the challenger, to the test. The randomness of epsilon represents all the little individual micro factors that can throw workers off the average.

The first point of departure here from the BDY model and the other models reviewed earlier is that our molecules (workers)  temperature ( wage ) moves towards equality. Our formulation ensures that each worker will move towards equality and the randomness factor just determines how far they each go towards their predestined direction. The workers will always move towards the gap between them over. On the other hand, the epsilon in the BDY model , can throw the higher wage workers even further up the wage scale at the expense of the low wage earners. Our formulation thus strengthens the notion of an equalization process that takes place in the market as a result of individual workers seeking to improve their income.

Important to notice here is how the evolution of the single worker’s wage follows an equation similar to the Focker-Planck. What we have is a Brownian motion equation for the wage of a given worker in a market. It consists of a diffusion term ( the first part of equation (5) ) and a stochastic diffusion term (the second part of equation (5)). 

This behavioral equation also displays the same feature as Anwar Shaikh’s proposed process for the equalization of prices . Any pair of initially randomly distributed prices for trades of the same commodity, the stochastic equalization process is such that the lower price will get the larger part of the sum of the two prices divided stochastically into two parts ( Shaikh 2008b). 

4.1.3 Computer simulation of the base case model.

A computer simulation of the base-case model was performed using a Netlogo software interface. At each round, a single worker is chosen. If this worker has a lower wage she picks another random worker who earns higher than her to compete with. If the randomly picked worker has a lower wage the competition process does not go ahead. The simple logic here being that the worker will only go competing for other jobs if she sees that she is earning less than the other worker she is competing with.

 We ran the simulation for N = 10,000 and a total wage bill Ω = 5,000. These basic initial settings will also be used in all the subsequent simulations reported in this paper. 

The system quickly reaches a statistical equilibrium around the exponential with a Gini of 0.5. The introduced change still produces the same result with a new formulation of the behavior dynamic.

With this new formulation of the workers competition  ( collision ) in the labour market we are able to overcome one of the main problems of the BDY models and the rest of its family.

4.2 The Normalized-wage model

4.2.1 Workers behavior in the “Normalized-wage” model

The second feature we will introduce is to have workers compete on the basis of their normalized wage. This will allow the model to have an increasing level of wages rather than a fixed or “conserved” sum of wages. Workers look at their wage relative to the overall average when they are competing in the market. The behavioural equations in 1 and 2 and transformed to:
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In equation 7 and 8, the low earning worker i and the higher earning worker j and competing as before but on the basis of their wage relative to the average (  
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 rather than their actual wage (w). The introduction of normalized wage ( relative wage) as the actual variable that is being competed for allows for the total sum of wages to be variable without affecting the statistical equilibrium and thus overcoming the problem of the conservation of energy in the system.  The story told about wage equalization in the base case above can be easily extended to have the worker be concerned about where they stand relative to the average when comparing themselves to other. It is a relative sense of inequality rather than an absolute sense. 

In this more advanced version of the computer simulation a 1% increase in wages every 10 rounds will be introduced to illustrate this point further. What is conserved here is the total relative standings to the average system wage. Any proportional increase in wages will not change relative wages. A non-uniformly distributed increase in wages ( random for example) will present a shock to the statistical equilibrium that will only push the distribution off equilibrium for some time but the system will eventually “digest” the shock and move towards the longterm statistical equilibrium. In real life wage increases are a mix of the two types of wage increases. The key point is that the model maintains statistical equilibrium while allowing for an “unconserved” sum of wages in the system.

4.2.1 Computer simulations of the “Normalized-wage” model

Again we ran a multiple agent simulation of the “Normalized-model” and the system quickly moves to its statistical equilibrium of an exponential distribution of wages. A 1% in every worker’s wage is introduced and the equilibrium distribution does not change as every worker’s relative wage is unchanged. A randomly distributed increase in wage shifts the distribution away from the exponential distribution but the system quickly returns to the exponential distribution after some time. 

4.3 Normalized-wage model with a concept of neighborhood

We are going to introduce now an extra feature to the model that utilizes the worker’s sense of neighborhood discussed above in section 4.1.1. The worker picks a random next door worker rather just any random worker in the economy. The idea here being that workers can only compete with the workers who work in the same firm or live in the same vicinity. Space here can be understood as geographical space or as a social space. This added feature brings the model closer to reality. Workers compete with workers they can observe and apply for their jobs. They could be the worker living down the street from you or the worker in the firm next door for example.

4.3.1 Computer simulations

The addition of this new restriction on the agent’s behavior does not change anything in the long-term statistical equilibrium. The only difference is that the system reaches its equilibrium after more rounds. The transmission of wages across the system is slowed down but nothing essential is changed.

4.4 Normalized-wage model with ability and neighborhood

4.4.1 Introducing a meritocracy

One of the main challenges to the model so far is to introduce some concept of ability. We have until now abstracted from any kind of differentiation. We have seen in the previous attempts at modeling statistical equilibrium in wages how adding a differentiation or a power factor ( the γ factor in the savings models or in the surplus distribution models of Angle)  immediately pushes the distribution towards a gamma distribution ( introduces time-reversal asymmetry). 

We have included ability in final version of this model as some factor (  
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 that behaves in the same way as the savings factor in the models reviewed above in section 3.2. but we will add a couple of conditions on the nature of the distribution of this differentiation factor γ. 

 Equations (7)  and (8) are  transformed to:
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Equation (9) and (10) introduce an ability factor ( 
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 ) for worker i at period t. The worker can preserve a fraction ( 
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 of her income out of competition. It acts exactly in the same way as the savings factor discussed in the savings models above. The addition of ability in the form represented in equation (9) and (10) pushes equilibrium to a gamma distribution and a Gini different from that of the exponential distribution. We add two important caveats to the behavior of the ability factor (γ) that will ensure that the distribution will always revert back to the exponential distribution and also serves in giving a meritocratic nature to the wage equalization process. 

The first assumption on ability is that we are considering individual variation in ability unrelated to any kind of education or social hierarchy. We are jsut trying to allow for the fact that there is some variation in individual ability. Since this ability is individual and not class or socially based the next generations of workers do not necessarily have to have the same ability. Thus the worker does not hold a fixed ability factor over the entire time period of the system. After some arbitrary number of rounds the abilities are changed randomly. The way to understand that is to imagine a meritocratic society where workers die and are replaced by their daughters. The daughter’s ability factor is not related in any way to that of the mother. Every new generation will have a new distribution of ability. There are no systematic differentiation among workers but rather a meritocratic system that rewards workers based on some idea of individual ability. The individual abilities change over time again because they are not tied to any social standing but just the individual ability of each new worker.

The first assumption about the ability factor (γ) is that it has a mean average of zero. This assumption is necessary to allow the system to revert to the undifferentiated long run equilibrium. Ability here is seen as positive and negative. A negative ability means a lower than average ability while a positive ability factor means the worker has above average merits or ability at the job.

The assumption about the ability having an average of zero is necessary and sufficient to reach an exponential distribution. The second assumption about periodic changes in ability is important to study the long-term behavior of a system with changing abilities over generations. It allows us to differentiate between systemic differentiation and the naturally occurring variation in ability that is observed in real life among individuals.

4.4.2 Computer simulations with ability

We run simulations of the model with (γ) having a random uniform distribution with an average equal to zero. The system converges to the desired Gini of 0.5 but is then pushed up for a few turns then returns to the G – 0.5 only to be pushed up again. The system is continually being pushed away from the exponential but constantly reverts back to the exponential. The model this time shows waves of fluctuations above the 0.5 Gini point. The exponential distribution is again a base case that the model reverts to but cannot sustain for too long due to the differentiation arising from ability. The distribution of ability – we can imagine that in the genetic or biological sense – among workers does not account for any changes from the exponential distribution. 

The exponential distribution here clearly shows as a boundary case that the system is constantly pushed towards but cannot sustain due to the changing allocation of ability.  

4.5 Summary of the Model

The proposed model builds on the original BDY model and uses elements of the debt/savings model to build a model that;

1) Has a wage equalization story that acts like the drift-diffusion process in physics. The behavior of the workers in the wage market produces a statistical equilibrium around the exponential distribution and the concept of gas molecule collision is replaced with worker collision

2) Does not necessitate a fixed amount of wages and allows for growing wages without disturbing the overall equilibrium. Workers compete over their relative positions to the overall average. The total of positions relative to the average are by definition conserved.

3) Utilizes a concept of neighborhood making workers compete only with other workers who are in the immediate vicinity. 

4) Incorporates a concept of varying ability among workers. Ability is transformed into a power to hold back a portion (γ) gamma of the worker’s income from competition. It is a guaranteed reward ( or deduction) for ability

5) Includes a meritocratic element that clearly pushes the distribution away from equilibrium but not for long. This helps us differentiate later between systemic differentiation in the ;labor market and just some given innate variation in ability of each individual when performing a given task.

5. Conclusion and future research

We were able to build an agent-based model that represents the equalization and competition process that takes place among workers of varying ability in a single labor market. We were able to show that the market will maintain a statistical equilibrium around the exponential distribution. What is becoming evident is that the exponential distribution is a base case that abstracts from all social and historical factors. Addition of social differentiation in the labor market such as class, skill levels or racial and gender discrimination will push the system away from the exponential distribution. The next step for this research project is to look in more detail at the effects of introducing social differentiation such as gender discrimination or minimum wages on the overall distribution of wages in the market to get even closer to empirical observations on wage distribution.
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