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e Let K be a difference-differential field
(Char K = 0) with basicsets A = {d1,...,0m}
and 0 = {aq, ..., ap} of derivation operators
and automorphisms of K, respectively
(any two mappings of the set A | J o commute).

e Let A be the free commutative semigroup
of all elements of the form

A:5k1...5kmozl1...ozln (ki e N, l; € Z).

e The order of such an element is defined as

ord \ = Zk +Z\l]| and

()—{)\EA\Ord)\gr} (r € N).



o Let L = K(ny,...,ns) be a difference-
differential field extension of K generated by

a finite set n = {ny,...,ns}
Asafield, L = K({ ;A € A,1 < 5 < s}).

e The following is a unified version of
E. Kolchin’s theorem on differential dimension
polynomial and the speaker’s theorem on the
dimension polynomial of a difference field ex-
tension.



Theorem 1. With the above notation, there
exists a polynomial ¢, () € Q[¢] such that

(1) &g (r) = trdegrg K({An;|A € A(r),1 <
7 < s}) for all sufficiently large r € Z;

ii) deg o <m+mnand ¢ t) can be
n| K n| K
written as

oyt = > ai'T)
1=0
where aq, . .., aman € Z and 2" ap4n -



(iii) d = deg &, am+n and ag do not de-
pend on the set of difference-differential gen-
erators n of L/ K (ag # am+n it d < m-+mn).
Am+n

Moreover, is equal to the difference-

differential transcendence degree of L over K
(denoted by A-o-trdegp L), that is, to the
maximal number of elements &1,...,&. € L
such that the family {A§|A € A1 < i < k}

is algebraically independent over K.

The next result is an essential generaliza-
tion of Theorem 1: it shows the existence of
a dimension polynomial associated with any
subextension of a finitely generated difference-
differential field extension.



Theorem 2. With the above notation, let F’
be an intermediate difference-differential field
of the extension L/K and for any r € N, let

Fr=FK{M;AeAlr),1 <j<s}).

Then there exists a polynomial ¢x g, (t) €
Q|t| such that

(i) @K Fpl(r) = trdegy Fy for all sufficiently
large r € Z;

(ii) deg o ppy < m +n and ¢ pp(t) can

"t
be written as ¢ g, (t) = Z b@( . >

()
1=0



(i) d = deg g pp(t), bm+n and by do not
depend on the set of difference-differential gen-
erators n of the extension L/K. Furthermore,

bm+n
T A-o-trdegp F'

The proot of this theorem is based on some
properties of difference-differential modules we
are going to introduce.

As before, let K be a difference-differential
field with the same basic sets A and o (in what
follows we often use prefix A-o- instead of the
adjective " difference-differential” ) and let A be
the commutative semigroup defined above.



Let D denote the set of all finite sums of
the form ) ycp ayA where ay € K (such a
sum is called a A-o-operator over K; two A-
o-operators are equal ift their corresponding
coefficients are equal).

The set D can be treated as a ring with
respect to its natural structure of a left K-
module and the relationships da = ad + d(a),
aa = ala)o, a la=a Ha)a™t (5 €A,
a€o* = {al,...,cun,ozl_l,...,agl},

a € K) extended by distributivity.



By a difference-differential module over K
(also called a A-o-K-module) we mean a left
‘D-module M, that is, a vector K-space where
elements of A U o™ act as additive mutually
commuting operators such that
d(ax) = ad(z) + d(a)z, alar) = ala)a(z),
and o Ha(z)) = z for any § € A, a €
o, xe M, ac K.

We say that M is a finitely generated A-o-

K-module it M is finitely generated as a lett
‘D-module.



By a filtration of a A-o-K-module M we
mean an exhaustive and separated filtration
of M as a D-module, that is, an ascending
chain (M ),cz of vector K-subspaces of M
such that Dy Ms C M,1s for all r,s € Z,
M, = 0 for all sufficiently small » € Z, and
U,ez My = M. Such a filtration is called

excellent if every M, (r € Z) is finitely gener-

ated over K and there exists rg € Z such that
My = Dy _y My, for any r > 1.

The proofs of the following two results can
be found in [KLMP, Chapter 6.

KLMP| Kondrateva, M. V.; Levin, A. B.;
Mikhalev, A. V.: Pankratev, E. V. Differential

and Difference Dimension Polynomials. Kluwer

Acad. Publ., 1999
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Theorem 3 (KLMP, Theorem 6.7.3). With
the above notation, let M be a A-o-K-module
with an excellent filtration (M;),.cz. Then
there is a polynomial ¥ (t) € Q[t] such that:

(i) ¥(r) = dimg M, for all sufficiently large
re.

(ii) degy < m + n and ¥(t) can be written

o m—+n
Y(t) = > a (t;%)
1=0

where aq, . .., amen € Z and 2" ap4n .
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(iii) d = deg, am+n and ag do not depend
on the excellent filtration of M.
Adm-+n

Furthermore, equals the difference-

differential dimension of M over K (denoted
by A-o-dim g M), that is, to the maximal num-
ber of elements x1, ...,z € M such that the
family {Ax;|A € A1 < ¢ < k} is linearly
independent over K.
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Theorem 4 (KLMP, Theorem 6.7.10). Let
. N — M be an injective homomorphism

of filtered A-o-K-modules M and N with fil-
trations (M;),cz and (Ny),cz, respectively.

(It means that p is a homomorphism of D-
modules and p(Ny) C M, for any r € Z.)

[f the filtration of M is excellent, then the
filtration of NN is also excellent.
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Sketch of the proof of Theorem 2.

Let L = K(ni,...,ns) and let €p e be
the associated module of Kahler differentials.
Then €2 L|K can be treated as a A-o-L-module

where the action of the elements of Al Jo is
defined in such a way that d(d¢) = dd(¢{) and
a(d() =da(() forany ( € L, 6 € A, a € ™.

Let M = QL|K and for any r € N let M,
denote the vector L-space generated by all el-
S

ements d( where ( € K(U A(r)n;).
1=1
[t is easy to check that (My),cz (My =0 if
r < 0) is an excellent filtration of the A-o-L-
module M.
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Let F' be any intermediate differential-differential
field of L/K and for any € N, let

Fr=F(YEK({n;|A € A(r),1 < j < s})

Let D denote the ring of A-o-operators over
L and let N be the Dj-submodule of M gen-
erated by all elements of the form d({ where
¢ € F. Furthermore, for any r € N, let IV, be
the vector L-space generated by all elements

d¢ where ( € F, and let N, =01if r < 0.

Then (Ny),c7z is a filtration of the A-o-L-
module NV, and the embedding N — M be-

comes a homomorphism of filtered A-o-L-modules.

15



Since the filtration (M;),c7 is excellent, one
can apply Theorem 4 and obtain that the fil-
tration (IVy),c7z is also excellent. Therefore,
there exists a polynomial ¢ p,(t) € Qlt]
such that ¢g g p(r) = dimg Ny for all suf-
ficiently large r € Z.

Since a family ((;);<7 of elements of Fj. (r €
Z) is algebraically independent over K iff the
family (d¢;);er is linearly independent over L,
dim g Ny = trdegg Fy for all r € N.

Applying Theorem 3 we obtain the result of
Theorem 2.
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e Theorem 2 shows that the Einstein’s strength
of any system of algebraic difference-differential
equations with an action of any group com-
muting with basic operators is a polynomial
function. We shall specity this statement in
the case of a system of differential equations.
In this case our theorem sounds as follows.
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Theorem 2'. Let K be a differential field
with a basic set of derivations A = {d1,...,0m},
let © denote a the free commutative multi-
plicative semigroup generated by 01,..., 0m,.
and for any r € N, let O(r) denote the set

{9:5?...55@”1]07“d9: ki <l

Let L = K{(ny,...,ns) be a differential field
extension of K generated by a finite set n =

{n1,...,ns}, and let F' be an intermediate dif-
ferential field of L/ K, K C FF C L.

Furthermore, for any » € N, let
Fr= FNK ({0010 € ©(r),1 < j < 5})
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Then there exists wg p,(t) € Q[t] such that

(i) wi Fp(r) = trdegg Fy for all sufficiently
large r € Z;

(ii) degwg Fyy < m and

m .
L+
Wi, Fplt) = Z;az( z' ) where a; € Z.
1=
(i) d = degwg pp(t), am and ag do not
depend on the set of generators n of the exten-
sion L/ K. Furthermore, a,, = A-trdegi F'.

If F' = L. one obtains the Kolchin’s theorem
on differential dimension polynomial wy ¢ (?)

such that wy (1) = trdeg K (U=, ©(r)n;)
for all sufhiciently large r € Z.
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Theorem 1 allows one to assign numerical
polynomials to certain systems of algebraic dit-
ferential equations as follows.

o Let R = K{yi,...,ys} be the ring of dif-
ferential polynomials.
(R = K[{oyjl0 € 0,1 < j < s}}; the
structure of a differential ring on R is defined

by 0(0y;) = (00)y; for any 6 € A.)

e By a system of algebraic differential equa-
tions over K we mean a system of the form

filyr, - ys) =0 (1 €1)

where { f;};c7 C R; by a solution we mean an

s-tuple with coordinates in some differential
field extension of K that annuls all f;.
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e Let P be the differential ideal generated by
{fili € I} in R (as an ideal, P is generated
by {0f;|0 € ©,i € I}). If it is prime, then
Q(R/P) = K(n1,...,ns) where n; is the im-
age of y; in R/P. By Theorem 1, we obtain
a numerical polynomial w r(¢) called the dif-
ferential dimension polynomial of the system.

e The concept of a differential dimension poly-
nomial can be viewed as the algebraic version
of A. Einstein’s concept of strength of a sys-
tem of partial differential equations governing
a physical field. In his work "The Meaning of
Relativity” [Princeton, 1953, pp. 133 - 165]

21



A. Einstein defined the strength as follows.

”... the system of equations is to be chosen
so that the field quantities are determined as
strongly as possible. In order to apply this
principle, we propose a method which gives a
measure of strength of an equation system.
We expand the field variables, in the neigh-
borhood of a point P, into a Taylor series
(which presupposes the analytic character of
the field); the coefficients of these series, which
are the derivatives of the field variables at P,
fall into sets according to the degree of differ-
entiation.
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In every such degree there appear, for the
first time, a set of coeflicients which would
be free for arbitrary choice if it were not that
the field must satisty a system of differential
equations. Through this system of differen-
tial equations (and its derivatives with respect
to the coordinates) the number of coefficients
is restricted, so that in each degree a smaller
number of coeflicients is lett free for arbitrary
choice. The set of numbers of "free” coeffi-
cients for all degrees of differentiation is then
a measure of the "weakness” of the system of
equations, and through this, also of its " strength”.

23



e Theorem 2/, which shows the existence of
a dimension polynomial associated with an in-
termediate differential field of a finitely gener-
ated field extension, leads to the partial solu-
tion of a more general A. Einstein’s problem:
to evaluate the strength of a system of PDE
whose solutions should be invariant with re-
spect to the action of some group G.

24



[f the basic derivations commute with G (that
is, 0G = G¢ for any 6 € A), then the elements
of the differential field L = K(ni,...,ns),
which are invariant with respect to the group
action, form a differential subfield F' of L, and
the Einstein’s strength of the system is the
dimension polynomial x(t) € Qlt] such that
(1) = trdegge (F VK (Us_; O(r)y)) for all
sufficiently large » € Z. (We assume that
gla)=aforany g € G, a € K.)
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The following considerations lead to other es-
sential generalizations of the Kolchin theorem.
We are going to prove the existence of multi-
variate numerical polynomials associated with
partitions of the basic set of derivation oper-
ators; these polynomials represent the ” gener-
alized” strength of a system of algebraic differ-
ential equations, which is defined in the same
way as the Einstein’s concept of strength if one
imposes separate restrictions on the orders of
derivations with respect to each group of basic
derivation operators.
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Let K be a differential field (Char K = 0)
whose basic set A is a union of p disjoint finite
sets(p > 1): A=A J---JAy, where A; =
{0i1, -+, 0im,;} (i =1,...,p). Thus, we fix a
partition of the set A.

¢k Fimy ckop kpmy
For any 6 = 073 ...51m1 091" - - - Opm, € O,

we define the order of the element 6 with re-
spect to A; as follows:

my
OTCZZ'@: ka (i: 1,...,]9).
j=1

Furthermore, for any r1,...,7p € N, we set

@(Tla'”arp) — {9 - @|0Td2(9 S T f()l”’[;:
1,...,p}.
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Theorem 5. (Levin, 2007). Let L =
K{n,...,ns) be a differential field extension
generated by a set 7 = {ny,...,ns}. Then

there exists a polynomial ®p(t1,...,%p) in p
variables ?1,...,tp with rational coeflicients
such that

(i) Ppl(re,...,rp) =

S
tTngKK(U @<T17 S 7Tp)77j)
=1

J
for all sufficiently large (r1,...,rp) € NP

(i. e., there exist s1,...,sp € N such that the

last equality holds for all elements (r1,...,rp) €
NP with 71 > s1,...,7p > Sp);

28



(ii) degr,®y < my; (1 < ¢ < p), so that
deg , < m and the polynomial Oy (t1, ..., tp)
can be represented as

mp .
> Z gy )
11=0 1p=0 p

where Q.. € Z for all i1,..., 1.

The polynomial &, (t1,...,1p) is called the
differential dimension polynomaial of the ex-
tension L /K associated with the set of differ-
ential generators n (and the given partition of
the basic set A).

29



For any permutation (ji,...,Jp) of the set
{1,...,p}, we define the lexicographic order

<jiyoonnjp O NP as follows: (r1,...,7p) <ji i)
(51,...,8p) if and only if either r; < s; or
there exists £ € N, 1 < k < p — 1, such that
rj, =8, torv=1,... k and Ty < Sjriq

If ¥ C NP, then ¥ denotes the set
{e € Yle is a maximal element of ¥ with
respect to one of the p! lexicographic orders

<joein)

Example 1.

Let ¥ = {(3,0,2),(2,1,1),(0,1,4),(1,0,3),
(1,1,6),(3,1,0),(1,2,0)} C N?.

Then ¥/ = {(3,0,2),(3,1,0),(1,1,6), (1,2,0)}.
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Theorem 6. Let K be a differential field
whose basic set of derivations A is a union of p
disjoint finitesets (p > 1): A = A1 {J--- U Ay,
where Az — {57;1, e ,5177%} (Z — 1, e ,p).
Let L = K(ni,...,ns) be a A-field exten-
sion of K with the finite set of A-generators

77:{7717“'7778} and

- tl + 17 tp + 1p
Sy (M) @-
11=0 1p=0 P

the corresponding dimension polynomial. Let

By = {(il,...,ip> e NP0 < 1. < my. for
k= 1,...,]? and a’i1-~ip #O}

31



Then the degree d of the polynomial ®y, the
coefficient ap;.. m,, elements (j1,...,Jjp) €
E7/7’ the corresponding coeflicients a;, i and
the coeflicients of the terms of total degree
d do not depend on the choice of the sys-
tem of differential generators n of L/ K. Fur-
thermore, amy,...,my is equal to the differential
transcendence degree of L over K.
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In order to prove Theorem 5 and find a method
of computation of differential dimension poly-
nomials, we consider the ring D of differen-
tial operators over the differential field L =
K{n,...,ns) as a ring with p-dimensional
filtration {Dy,_p,|(r1,...,7p) € ZP} where
Drl...’rp is the vector L-subspace of D gener-
ated by ©(r1,...,7p) if all 7; > 0, and
Df,nlmr,ap =0 if (7“1, . ,Tp) c ZP \ NP.

If M is a differential L-module (that is, a left
D-module), then a family { My [(11,...,7p) €
ZP}  of vector L-subspaces of M is called a
p-dimensional filtration of M it
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(i) For any fixed r1,...,7—1,7i41,.--,Tp

Mfrl...ri...rp C Mrl...7“@-_1,7“2-—%1,7““1...7“]9 and
Mrl...rp = () for all sufficiently small r; € Z;

(i) U{ My, |(r1, - 7p) € ZP} = M

(111) DTl...TpMsl...Sp g M?“1+317,,,,7“p—|—3p fOf
any (r1,...,7p), (81,...,8p) € ZP.

e [f every vector L-space Mf,nlmf,ap is finitely
generated and thereis (hy,...,hy) € ZP such

that Dy, Mp, n, = Mpithy,. rpth, tor
any (r1,...,7p) € NP, then the p-dimensional
filtration is called excellent.

(11,...,7p) € ZP} is an excellent filtration.)
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Recall that the module of Kahler differentials
Qrig (L= K(n1,...,1ns)) can be treated as
a differential L-module such that

o(db) = do(b) for every 6 € A, b € L.
Clearly, Qp g = > 7 Ddn;.

Let (QL|K>7"1.--7“p (11,...,7p € N) be the
vector L-subspace of €2 LK generated by all el-
ements dn withn € K({0n; |0 € O(r1,...,1p),
1 < j < s})andlet (Qpx)r..r, = 0 when-
ever at least one r; is negative.
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Thel’l {(QL|K)T1T]? ’ (Tl, .. ,'r'p) E Zp} iS
an excellent p-dimensional filtration of () LK
Furthermore,

S
trdegKK(U @(Tla ce 7Tp>77j) —
1=1

dim (27 g )y

so the proot of Theorem 5 can be reduced to
the proot of the following theorem for differen-
tial modules.
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Theorem 7 (Levin, 2007). Suppose that
{ My rp|(r1,...,7p) € ZP} is an excellent p-
dimensional filtration of a left D-module M.

Then there exists a polynomial ¢(t1,...,%p) €
Q[t1, ..., tp| such that

(i) @(r, ... mp) = dimp My, _p, for all suf-
ficiently large (r1,...,7p) € ZP.
() degy;¢p < m; (1 < @ < p), so that

deg(b<mand
o t + ty+ i
1+ pTtp
B S ()
11=0 1p=0 p

where a; c Z torall 21.....1p.
21...Zp Ls y VD
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(iii) Let A = {(i1,...,1p) € NP|0 < 4 <
my for k =1,....pand a; 4, # 0}. Then
d = deg ¢, am,..m,, elements (ji,...,jp) €
A’ the corresponding aj .. 5, and the coefhi-
cients of the terms of total degree d do not de-
pend on the excellent filtration. Furthermore,
amy,...;my is equal to the maximal number of
elements of M linearly independent over D.

The last theorem can be proven via the tech-

nique of Grobner bases with respect to several
orderings (see |L, 2007]),

L, 2007] Levin, A. B. Grobner Bases with re-
spect to Several Orderings and Multivariable

Dimension Polynomials. J. Symbolic Com-
put., 42 (2007), 561-578.
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The following is an analog of Theorem 4 for
multivariate filtrations:

Theorem 8. Let u: N — M be an injec-
tive homomorphism of multifiltered differen-
tial L-modules NV and M with p-dimensional
filtrations {ermf,ap | (r1...mp) € ZP} and
{Mp .y, |(r1...1p) € ZP} respectively. (That
is, 1 is a homomorphism of differential mod-
ules and M(Nm...rp) C My, y,foranyry...rp €
Z.) If the filtration of M is excellent, then the
filtration of IV is excellent as well.
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Applying Theorem 8, one can use the argu-
ments of the proot of Theorem 2 to obtain the
following statement that shows the existence
of multivariate dimension polynomials associ-
ated with an intermediate differential field of
a finitely generated field extension. (The same
arguments allow one to obtain a similar result
in the difference-differential case as well.)
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Theorem 9. With the above notation, let
F' be an intermediate differential field exten-
sion of the extension L = K(n,...,ns) and
for any r1,...,7p € N, let

Erp oy =F() K(UjZ; O(r1, ... mp)n;)-
Then there exists a polynomial Wy (t1,...,tp) €
Q[t1, ..., tp| such that
(1) Wy(ry,...,rp) = trdegg by . r, for all
sufficiently large (r1,...,rp) € NP.
(i) degy, ¥y < m; (1 < i < p), so that
deg \If < m and

mp :
11=0 ip=0 P

where a; cZ forall 21.....1p.
’Ll...Zp Ls » YD
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(iii) Let A = {(i1,...,1p) € NP|0 < 4 <
my for k =1,....pand a; 4, # 0}. Then
d = deg Wy, am,..m,, elements (ji,...,Jp) €
A’ the corresponding coefficients aj .. 5, and
the coeflicients of the terms of total degree
d do not depend on the choice of the sys-
tem of differential generators n of L/ K. Fur-
thermore, amy,...,my is equal to the differential
transcendence degree ot L over K.
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This result allows one to associate a family
of multivariate dimension polynomials with a
system of algebraic differential equations with
an action of a group G commuting with basic
derivations.

Thus, we obtain an algebraic description of
A. Einstein’s strength of such a system (in the
sense explained after Theorem 2').
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