
Advanced Data Structures, Test 1
SOLUTIONS

1. (10 pts) Consider the following functions

lg(n3); 2n+1 ; 1000 + lgn; n!; nn ; log3 n; lg lg n; 2n ; (n + 1)!

Put the above functions in order from largest �-class to smallest �-class. (In other
words, �nd an arrangement of the functionsg1; : : : ; g9 which satis�es g1 = 
( g2),
g2 = 
( g3); : : : ; g8 = 
( g9).) You should also indicate any of the functions which have
the same �-class. No explanation necessary.

Solution: The � classes are listed in descending order, with those withthe same �
class listed on the same line:

�( nn );
�(( n + 1)!) ;
�( n!);
�(2 n+1 ) = �(2 n );
�(log 3 n) = �(lg( n3)) = �(1000 + lg n);
�(lg lg n):

Why? nn is 
(( n + 1)!) by Stirling's Formula. ( n + 1)! is 
( n!) since

lim
n!1

(n + 1)!
n!

= lim
n!1

(n + 1) = 1 :

n! is 
(2 n ) by Stirling's Formula. 2n+1 = 2 � 2n ; so 2n+1 and 2n have the same order of
growth. The three log functions have the same � class since lg(n3) = 3 lg n, log3 n =
(lg n)=(lg 3), and 1000 + lgn is also �( n) since the addition of a constant term doesn't
change the order of growth. Now lg lgn = ! (lg n) since for example limn!1

lg lg n
lg n =

limx!1
lg x
x = 0. The �rst equality is by substituting x = lg n, which ! 1 asn ! 1 ,

and the second is a standard fact that can be proved using l'H^opital's Rule.

2. (5 pts) Consider the recurrence

T(n) = 3 T
�j n

2

k�
+ n2:

If possible, apply the Master Theorem to give tight asymptotic bounds (i.e. the �-class)
for the recurrence. Carefully explain why the Master Theorem does or does apply in
this case.

Solution: In this casea = 3, b= 2 and f (n) = n2. Compute logb a = log2 3 is between
1 and 2. So

f (n) = n2 = nlog2 3+ � ; for � = 2 � log2 3 > 0:

Therefore, Case 3 of the Master Theorem applies. In Case 3, wemust also check the
regularity condition:

af (n=b) = 3 f (n=2) = 3( n=2)2 = (3 =4)n2 = cn2 = cf (n) for c < 1:
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Since the regularity condition holds, then the Master Theorem says that T(n) =

( f (n)) = 
( n2).

3. (5 pts) Consider the above diagram to be the diagram of a max-heap (with the elements
to be placed in the max-heap later). Assume that the elementsof the max-heap are
DISTINCT integers.

(a) List all the node(s) in which the smallest element of the above max-heap can be
placed?
Solution: 8, 9, 10, 6, 7.

(b) List all the node(s) in which the largest element of the max-heap can be placed?
Solution: 1.

4. (2 pts) Compute lg� (20) for lg� the iterated logarithm function.

Solution: Recall the iterated logarithm lg� n is de�ned to be the number of times the
function lg has to be applied ton in succession in order for the answer to be� 1.

So since 16< 20 < 32, 4 = lg 16 < lg 20 < lg 32 = 5. So now 4< lg 20 < 5 < 8
and then 2 = lg 4 < lg lg 20 < lg 8 = 3. And now 2 < lg lg 20 < 3 < 4 implies
1 = lg 2 < lg lg lg 20 < lg 4 = 2. Finally 0 = lg 1 < lg lg lg lg 20< lg 2 = 1, and so the
fourth iteration of lg brings the answer to be� 1. So lg� 20 = 4.

5. (6 pts) Consider the array
h4; 5; 9; 10; 0; 1; 15; 2; 6i :

Perform a heapsort on this array. Show your work (the more steps you show, the more
partial credit is possible).

Solution: Put the array into a heap in the usual order and then perform BUILD-
MAX-HEAP:
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Now do the loop to put the heap in order.

So the order is 0,1,2,4,5,6,9,10,15.

6. (10 pts)

(a) Let A be an array of numbers,p; r be indices ofA, a A[p::r] be the subarray ofA
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from A[p] to A[r ]. Write the pseudocode for Quicksort(A; p; r ). You may use any
of the standard functions we discussed in class.
Solution:

QUICKSORT(A,p,r){
if (p<r){

q = PARTITION(A,p,r);
QUICKSORT(A,p,q-1);
QUICKSORT(A,q+1,r);

}
}

(b) Let B = B[1::6] be the arrayh7; 8; 5; 9; 3; 6i . Trace through the steps of Partition(B; 1; 6).
Show your work.
Solution:

i p; j r
7 8 5 9 3 6

i p j r
7 8 5 9 3 6

p; i j r
5 8 7 9 3 6

p; i j r
5 8 7 9 3 6

p i j r
5 3 7 9 8 6

p i j r
5 3 6 9 8 7

Now return i + 1 = 3.

7. (6 pts) Perform a bucket sort on the arrayh:356; :217; :902; :592; :120i . Show the ele-
ments of all the \buckets" as each successive element is sorted.

Solution: Since there are 5 numbers to be inserted, we must have 5 buckets, represent-
ing the intervals [0; 0:2), [0:2; 0; 4), [0:4; 0:6), [0:6; 0:8) and [0:8; 1:0]. Recall that each
bucket contains a linked list, and any collisions are further sorted by using insertion
sort on the linked list. So in order of insertion, we have

[0:0; 0:2)
[0:2; 0:4)
[0:4; 0:6)
[0:6; 0:8)
[0:8; 1:0]

=
�
=
=
=

�! :356 =
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[0:0; 0:2)
[0:2; 0:4)
[0:4; 0:6)
[0:6; 0:8)
[0:8; 1:0]

=
�
=
=
=

�! :217 � �! :356 =

[0:0; 0:2)
[0:2; 0:4)
[0:4; 0:6)
[0:6; 0:8)
[0:8; 1:0]

=
�
=
=
�

�! :217 � �! :356 =

�! :902 =

[0:0; 0:2)
[0:2; 0:4)
[0:4; 0:6)
[0:6; 0:8)
[0:8; 1:0]

=
�
�
=
�

�! :217 � �! :356 =
�! :592 =

�! :902 =

[0:0; 0:2)
[0:2; 0:4)
[0:4; 0:6)
[0:6; 0:8)
[0:8; 1:0]

�
�
�
=
�

�! :120 =
�! :217 � �! :356 =
�! :592 =

�! :902 =

So, the numbers read o� in order are:120:217:356:592:902

8. (6 pts) A time of day is speci�ed by the formh : m : s q, where h is the hour, m is
the minute, s is the second, andq denotes AM or PM. For example, for 10:34:07PM,
h = 10, m = 34, s = 07, and q = PM.

Explain how to use radix sort to sort an array of times in chronological order. In
particular, write down the order in which the data membersh; m; s; q must be sorted
for radix sort.

Solution: The radix sort always begins with the smallest measurement (the last digit
for base-10 numbers), and then proceeds through the largestmeasurement. So the
order here must bes, then m, then h, then q.
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