Elementary Differential Equations, Section 2
Prof. Loftin: Practice Test Problems for Test 1

1. Give the general solution for the following ordinary differential equa-
tions. Solve for y if possible. Show your work.

(@) ¥ = Jm7D-
Solution: This equation is separable. Write

e

= ——d
ydy 21
i
/ydy n /x2+1d$
1 Tdu 1 1
§y2 = 27:§1n(u)+cz§1n(x2+1)+0,

y* = In(z* + 1)+ C (this is a new C),
y = j:\/ln(x2 +1)+C

(b) % 4 3y = €.
Solution: This is a first-order linear equation.

p() = exp( [ 3dr) =™,

u() <@+3y) — @),

dz
d 2
%(,u(:):)y) = e,
d X T
%(63 y) = e,
1
ey = /6690 dx = gem +C,
y = e <166x + C’> = 1639” + Ce™"
6 6 '

(c) y"+ 6y + 5y =0.
Solution: This is a second-order linear homogeneous equations
with constant coefficients. So consider the characteristic equation



r? +6r +5 = 0, which has roots r = —1,—5, to see that two
solutions are et and e~®. Then the general solution is

cre”t 4+ e,

(d) y* —sinz + 3zy*% = 0.
Solution: Let M = 43 —sinz and N = 3zy?. Then compute

M, = 3y = N,.

Therefore, this equation is exact. To solve it, we need to find ¢
so that M = 1,, N =1,. So take

v o= /Md:c:/(y3—sinx)dx:xy3+cosx+h(y),

N = ¢, 3ay’ =32y +0+ M (y),
h'(y) = 0, h=0, Y = xy> + cos x.

The solutions are of the form 1 = zy3 + cosz = C'. Solve for y to
find
,/C —cosx
y=\—
x
2. Find the largest interval on which the solution to the initial value prob-
lem

(t—=1)y""+6y"+(sint)y'+(Int)y = 0, y(2)=4, y'(2)=0, ¢y"(2)=-1

must exist. (Do not try to solve the equation.)

Solution: Put the linear equation in the standard form by dividing to
make the coefficient of the highest-order term 1:

6 ,  sint ' Int
i—17 =1’

y" + y=0.

Now the three coefficient functions are continuous as long ast — 1 # 0
and ¢ > 0 (since Int is undefined for ¢ < 0). This leaves the intervals
(0,1) and (1,00). Since our initial conditions are at ¢ = 2, the correct
interval for the solution is (1, 00).

3. Solve the initial value problems.



(a) ¥+ ¥ =sint, y(m) = 1. (Recall sinm =0, cosm = —1.)
Solution: This equation is first-order linear. So compute

u(t) = exp (/ % dt> =t =1, (assume t > 0)

t(y'+ %) = tsint,

ty' +y = tsint,
(ty) = tsint,

ty = /tsintdt (u=t, du = dt),

= t(—cost) — /(— cost) dt (dv = sint, v = — cost),

= —tcost+sint + C|
sint C
Yy = —cost+7+?,

Now the initial condition y = 1, t = 7 shows

sinm  C
1 = —cosm+ + =,
™ ™
C
1 = -1+0+ —,
™
2 = C,
sint 27
y = —cost+7+7.

(b) 4y” — 9y =0, y(0)=1, ¢(0)=2.
Solution: The general solution of this second-order linear homo-
geneous equation with constant coefficients is given by solving the

characteristic equation 47> — 9 = 0. The roots are r = 2, —3.

22
Therefore,
3 _3
y = cre2’ + coe 3t

To find the constants, compute

3 : 3 :
y = 3 cle%t ~3 @e‘gt,
3 3
2=19'(0) = 3 cle%'o —5 026_%'0



= 30 30
- 9 1 9 2
1=y(0) = cle%'o + cze_%'o

= (] + Co.

So we have the two equations 2 = %cl — %cz and 1 = c¢; 4+ ¢o. To
solve this, multiply the first equation by % to find

4

— = ¢ — Cy,

3 1— Co

1 = ¢+ co.
Add the two equations together to find Z = 2¢; and ¢; = %. Plug
backintol=c¢; +c¢cy tosee ¢y =1 — % = —%. So the solution is

7 3, 1 _s
= —e2" — —e 27,
Y756 6

(c) zdr =ydy,  y(0)=-1
Solution: This equation is separable. Integrate to find

/xdaj = /ydy,
!

— — 2
2x 2y + C,

? = y*+C. ((not the same C)

Plug in the initial conditions to find C: x = 0, y = —1, to find
0= (-1)%*+C,C=-1. So

=% -1, yi=a2%+1, y==+vVarz+1.
Since y(0) = —1 < 0, choose the negative square root and

y=—Vvr?+1.

4. Consider the autonomous equation 3’ = y3 — 4y.



(a)

Find all the equilibrium solutions to the equation.

Solution: The equilibrium solutions are the roots of 4 — 4y = 0.
Compute

=y =y’ —4) =yly—2)(y+2) =0,

and so the roots are y = 0,2, —2. These are the equilibrium
solutions:
y=0, y=2  y=-2

Draw a graph in the ty plane containing representative solutions
to the equation. Be sure to include the equilibrium solutions, and
indicate whether each is stable or unstable.

Solution: The equilibrium solutions break up the y real line into
four intervals

(—o0, —2), (—2,0), (0,2), (2,00).

Pick a point in each interval to test the sign of 3/ =y — 4y. Let
fly) =y* —4y:

f(=3) = (=3 —4(=3)=-15 <0,
f(=1) = (-1)*=4(-1)=3>0,
f(1) = 1¥—4(1)=-3<0,
f(3) = 3*—4(3)=15>0.

Soy =y —4y < 0 for y in (—o0,—2) and (0,2). Thus any
solution y is decreasing there. Similarly, v/ = y3 — 4y > 0 for y
in (—2,0) and (2, 00). So any solution y is increasing there. The
picture is as follows:

The equilibrium solution y = 0 is stable, while y = 2 and y = —2
are unstable.
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(c)

Compute limy; . y(t) if y(t) is the solution to the initial value
problem 3y’ = y* — 4y, y(0) = 1. (You should read this from the
graph—do not attempt to solve the equation explicitly.)
Solution: Since the solution y is decreasing for y in (0,2) (this
interval contains the initial value 1), the solution decreases to the
lower equilibrium solution y = 0 as ¢ — o0o. In other words,

Jim y(t) =0.

5. Consider the equation 6y + (32 + 2£)% = (

(a)

(b)

Show the equation is not exact.
Solution: Compute M = 6y, N = 3z + %y, and compute M, = 6
and N, =3 — i—g Since M, # N, this equation is not exact.

Find an integrating factor of the form pu(z) to make the equation
exact.

Solution: We can find an integration factor of the form pu(z) as

long as My N only depends on z. Compute

N

M,-N, 6-(3-%) 3+% 34+4% 1

N 3r+2  3r+Z z(3+%)

Then the integrating factor is given by u' = ,u%, which implies
1 = x. So multiplying by p = z, we find

2y\ d d
x 6y+<3:€+—y)—y :6:):y+(3:)32+2y)—y:0.
x /) dx dx

Use the integrating factor to find the general solution to the equa-
tion.

Solution: To check the new equation is exact, note M = 6zy,
N = 32% + 2y and M, = 6z, N, = 6z. To find ¢ so that ¢, = M
and ¢, = N, compute

b = /de:/6xyd:c:3x2y+h(y),
Y, = 327+ K (y)=N =32+ 2y,

W(y) = 2y, h=y’
v = 32y + >



So the general solution is 3z%y + y? = C. It’s possible to use the
quadratic equation to solve for y.

6. A lake holds 10 liters of water, and the lake water is currently polluted
with 1 mg of a pollutant per liter. A stream of clean water carrying
107 liters per day enters the lake. 2 x 106 liters of water evaporate from
the lake each day (the pollution does not evaporate), while an outgoing
stream takes 8 x 10° liters of (mixed) lake water away from the lake
each day.

How long does it talk until the pollution level in the lake drops to an
acceptable concentration of .1 mg/liter?” Show your work, and use a
calculator.

Solution: Let P be the amount of pollutant in the lake, in mg. So
1
P(0) = 10'° liter - ——2 = 10'0 mg,
liter

Note that the amount of water is the lake remains constant: 107 liters
come in, and 2 x 10% 4+ 8 x 10% = 107 liters go out. The rate in of the
pollutants is 0, while the rate out is given by

Pmg 8x10°liter (8 x107*)P mg

1010 liter day day
Thus the differential equation is
dP
i rate in — rate out = 0 — (8 x 10™*)P = —.0008P,

with the initial condition P(0) = 10'. The solution to this initial value

problem is
P(t) = P(0)e0008t — 1()10—-0008t

We are asked to find the time ¢ when the concentration falls to .1
mg/liter, which corresponds to .1(10'%) = 10° mg. This corresponds to

Pt) = 10

101060008 _ 19
e~ 00088 _ q
In.1
t = ~ 2878 d
~oo0s 2878 days,

which is about 7.88 years.



