Elementary Differential Equations, Section 2
Prof. Loftin: Practice Test Problems for the Material

after Test 2

SOLUTIONS

1. Consider the following function

1 for t<?2
ft)=¢ t+1for2<t<5
3 for t>5

(a) Rewrite f(t) using a single formula in terms of us(t) and us(t).

Solution:

f(t)

Compute

= 11— ue(®)] + (t + 1)[us(t) — uz(t)] + 3us(t)
= 1 —tus(t) + (t — 2)us(t)

(b) Find the Laplace transform of f(¢).

Solution:

L)}

Compute

= L0}~ £{un()} + L0~ 2)us(r))
= L{[( = D)+ 2uald)) + L1 5) + Bus()

1
= - e P L{t + 2} + e P L{t + 3}

1 /1 2y _../1 3
= — —€ <—2+—>+6 (—2+—)
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(c) Use the Laplace transform to find the solution to the initial value

problem

y —2y=f(t), y0)=1

Show your work.

Solution:

Compute for L{y} = F(s)

L{y'} —2L{y} = L{f(t)},



1 1 2 1 3
P s =26 = Loew (12 pen(L13)
sF(s) —y(0) (s) e 32+3 +e 32+s
1 —2s 1 —bs 1 3
(S—Q)F(S) = 1+g— <?+;>+6 (g"‘;),
1 1 1

te <s2(31— 2y " 5(33— 2)) ‘

We may proceed by doing partial fractions on @ and @:

N
s2(s —2)

a b
s s—2
a(s —2) + bs,
1
1

a(0 —2) +b(0), a=—3
_1 1
2 2
s s
cs+d+ e

s2 s—2
(cs+d)(s—2) +es’ = (c+e)s® + (—2c+d)s — 2d,

1
—2d, d= —g5 (1 terms)
1
—2c+d, c= §d =7 (s terms)
1 2

c+e, e=—c=, (s* terms)
111 1o 1

4 2 4 4 2 4
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So we compute

y:

LY F(s)} = £ {

_r-! {6_25 (Sg(sl_ 2) + 3(52— 2)>}
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2. Determine all the singular points of the following differential equation:
2z = 1)z +2)y" + (x +2°)y +y = 0.

Determine which of the singular points are regular. For each regular
singular point, calculate the indicial equation and its roots (i.e., the
exponents). Show your work.

Solution: Since the coefficients of 3’ and y are polynomials, the only
singular points are given by the roots of the coefficient of y”, given
by z?(x — 1)?(x + 2) = 0. The roots are x = 0,1, —2. These are the
singular points of the equation.

To see if x = 0 is regular, divide to find
T+ a? , 1

O — /"
yor 22(x —1)%(x + 2) v 2?(x — 1)%(x + 2

)@/



1+ 22 , 1
-1 +2)! TR -1+ 2)

= y'+ y

The singularity of the ¢/ coefficient is like 2!, and the y coefficient has

singularity like 272. This is allowed for a regular singular point, and
x = 0 is regular.

Similarly, for z = 1, the ¢’ coefficient has a singularity like (z — 1)72,
and so x = 1 is not a regular singular point.

For x = —2, both the ¢ and y singularities are like (z 4+ 2)~!, which is
allowed for a regular singular point. So x = —2 is regular.

For the regular singular point x = 0, write the equation as
1+ 22 , 1
Y+
(x —1)%(x+2) (x —1)2(x+2)
= 2%y +alpo+pr+-)y + (@ +qr )y

0 = x2y” +x

Y

So
B 1+ 22 1 B 1 1
PG er2, 22 T @oery),, 2
Thus the indicial equation
5 1
O=r(r—=1)+=-r+==r —51“—1——
has roots
pEVGE) 415 1 VT
=—-4+—1.
2-1 4 4
For the regular singular point x = —2, write the equation as
1+22 T+ 2

0 = 2)%y" 2
(z+207y" + (+ )x(x—1)2y+:c2(x—1)2y

2.1

= (@+2%" "+ (@+2)po+pi(z+2)+ ]y +[p+a@+2)+ -

So

14 22 5% T+ 2

Po= r(x—1)2 _, TR o= x?(x —1)2

=0.

r=—2



Thus the indicial equation

D
0:7’(7’—1)—1—T+0:7’ - —r

The roots are r = 0, 23

718"

3. Consider the differential equation

(a)

xy” + (1 +22)y +y=0.

Show that z = 0 is a regular singular point, and determine the
indicial equation. Show that 0 is a double root of the indicial
equation.

Solution: Put the equation in the standard form
22y + 2(1 + 22)y + 2y = 0.

Sopo+pix+---=1+2rvandsopy=1,and go+qz+---==x
and go = 0. (This shows & = 0 is a regular singular point, since
we can put these coefficients of 3 and y in the correct format.) So
the indicial equation is

O=7r(r—1)+1-r+0=1"

So r = 0 is a double root.

Find the first three terms of a solution to the equation of the form
ao+a1x+a2x2+a3x3+---.
Solution: Compute

Yy = a0+a1x+a2x2+---,
a1 + 2asx + - - -,
y' = 20+

<
|

Write the equation as xzy” + ¢’ + 22y’ +y = 0, and so

0 = 2000 +---
+ a1 + 201 +---
+ 2z + - -
+ a + ax +



The constant terms give ag + a; = 0, and a; = —ag. The x terms

give 4as + 3a; = 0, and ay = —%al = %ao. So the solution is
3 9 3,
ao—aox—i—zaox +:a0(1_$+1x +>

Find the first three terms of the general solution to the equation,
by finding all solutions of the form

ayi(x)Inz + by + bz + boz? 4+ bya® + - - -,
where y; () is the solution to part (b) with ay = 1.

Solution: So yi(z) =1—z + 32?4+ -+, and compute

3
y = a(l—m+4x2+---)1nx+b0+b1a7—|—ng2—|—---

3
= alnx+b0—axlna:—l—bw—kZax21nx+b2x2+...,

3 3
y = a:z:1—alnx+(—a—|—b1)+§awlnx+<1a+262)x—|—---,

3 9
y' o= —a,a:_Q—a:r;_1+§alnx+ (4a+262) + -

To compute via the equation zy” + 3 + 2zy’ + y = 0 to find

0 = —azx! — a + Zarlnz + (Ja+2b)x
+ ar! — alnz + (—a+b) + %amlnx + %a+2b2 x
+ 2a — 2axlnz + (—2a+2b)x

+ alnzx + bo — azrlnx + bix

The 27! and Inz terms do not impose any restrictions, while the
constant terms imply

—a+(—a+b1)+2a+b0:0, blz—bo.

The zInx terms do not impose a restriction, while the x terms
give
9 3 1 3 1 3

1 a—|—2b2—|—1 a+2by+(—2a+2b1)+by =0, by = 1971 by = iaw bo.

+ o+ o+



So, altogether, we have the general solution as
1 3 9
y = ay(z)Inx + by — box + (—Ea—l—ZbO)x + e

1

1
= a <y1(a:) lnx — Z:EZ + .- > + boy1 ().

4. Derive the formula for the Laplace transform £{t}. (In other words,
compute it from the definition, and don’t just look it up in the table.)

Solution: Compute

L{t} = / et dt u=t, dv=e"dt
0
T 1
= lim e St dt du=dt,v=—=e"",
T—o0 Jo S

T T
- / —le_Stdt>
0 0 S

1
= lim (——te_St
T—o0 S
16 st

1 1
= lim (——TeST—i-—Oes'O— —e”

T
T—o00 S S 32 0)
1 1 1
= lim (—— TesT — —€_ST> +0+ —
T—o0 S 52 52

1
= = for s > 0.
s

5. Consider the differential equation

22%y" + xy + (x — )y = 0.

(a) Write down the indicial equation for z = 0 and find its roots ry, rs.
Solution: The indicial equation is 2r(r — 1) +r 40 = 0, and the
roots are r; = %, ry = 0.

(b) Find the recurrence relation for a solution of the differential equa-
tion of the form

lz|"(ao + a1z + a2x2 +- - taga”+-),



where 7 is a root of the indicial equation.
Solution: For x > 0, write

y = aoxr+alxr+1_|_..._|_anx7"+”+...’
y = rapx” 4 (r+Dagx" + -+ (r+n)apa" T F
' = r(r—Dax" 2+ (r+Drax™  +-+ T +n)r+n—Daa™™ 4.

The equation is 222y + zy’ + 2y — 2%y = 0, and so we have the

following general terms:

22%y" © 2(r4+n)(r +n— a2,

/
zy o (r+n)aat",
ry o apr T
—2%y . —aur T

We need to shift the last two terms to get the "™ power: a,_;x" ™"

and —a,,_o2"™. So the recurrence relation is
2(r+n)(r+n—1Da, + (r+n)a, + ap_1 — ap_o =0,

and

4. — —Qp—1 + Ap—2 o —Qp—1 + Ap—2
" 2r+n)(r+n—1D+0+n)  20r+n)2—(r+n)

For each exponent r1, o, write down the first three nonzero terms

of the solution to the differential equation.

Solution: For r; = %, choose ay = ¢q, and apply the recursion

formula. (Note that a_; = 0, as there is no such term.)

—ag+ a_1 1
@ = gy 3= R0

207-(3) 3

—a1 + ag 2

ay = —Fp5—=r = ——CI.
2032 - (3) 15

So the solution is

1 1 2
2 1— = 22 )
\x|2cl< 3x+15x +

)



For r5 = 0, choose ag = ¢ and apply the recursion formula (again
a_1 = O)

a . —CL0+G_1__C
1 - 2'12_1 - 29
—ai + ag 1
a = —— = — Co.
2 2.22_2 3°

So the solution is

L o
02<1—m+§x —i—)



