Discrete Structures: Sample Questions, Final Exam

1. Show the results of a PREORDER search for the labeled positional
binary tree in Figure 1 of the picture page.

2. Consider the following example. Let G = {V, S, (integer),+—} for

S = {07172737475767 778797_'_7_}7
V= SU{(integer), (unsigned-integer), (digit) },

and let part of the production relation given in BNF notation be given

by

(unsigned-integer) = (digit)|(digit)(unsigned-integer)
(digit) == 0]1]2]3|4/5|6]7|8|9

Design the production relation for (integer) so that an integer can be
either an unsigned integer, or an unsigned integer preceded by a + or
— (not both). So +324, 009, —8922 are all valid integers, but +—87,
00—2+, and + are not valid integers. Write the remaining part of the
production relation in BNF notation.

3. Consider G = (V, I, vy, ), where V = {vg,w, a,b,c}, I = {a,b,c}, and
— defined by

Vg — aw, w +— bbw, w +— be.

(a) Write the production relation in BNF notation.

(b) Draw the syntax diagrams of vy and w separately, and then draw
a master syntax diagram for vg. (Recall a master diagram is one
that involves no nonterminal symbols.)

(c) Show that the sentence ab’c is in the language L(G). Draw a
derivation tree for this sentence.

(d) Describe the language L(G) in words, and find the regular expres-
sion over I = {a, b, ¢} it corresponds to.

(e) Find a Moore machine M = (S, I, F, vy, T) which produces this
language L(G). Draw the state diagram and the labeled digraph
for M.



. Given the BNF representation for the master syntax diagram given in
Figure 2 of the picture page. You may provide nonterminal symbols
as needed (in addition to vg) to use in the BNF productions, and you
may use several BNF statements if needed.

. Construct a Moore machine M that will accept any string ending in
ab from input strings of a,b,c. In other words, I = {a,b,c}, and
L(M) = (aVbVc)*ab. Draw the labeled digraph of M and draw its
state transition table.

. Consider the regular expression 0(0V 1)*1 over the input set 7 = {0, 1}.

(a) Construct a Moore machine with input set I whose language cor-
responds to this regular expression.

(b) Construct a Type 3 grammar G = (V, I, sy, —) corresponding to
the Moore machine constructed the previous part.

(a) Define a monoid.

(b) Let I be a set, and let I* be the set of strings on /. Show that [
is a monoid with operation given by catenation (i.e., if w, z € I*,
define w* z = w - 2).

(a) Let f: Z — {0,1,2} be the mod 3 function. Complete the follow-
ing table:

| f(n) [ f2n+0) | f2n+1)]
0 0
1
2 2

For example, the lower left corner means that if n is an integer
with f(n) = 2, then we must have f(2n + 1) = 2. This can be
proved as follows: f(n) = 2 if and only if there is an integer k so
that n = 3k + 2. Then

2n+1=23k+2)+1=6k+5=(6k+3)+2=32k+1)+ 2,

and so the mod 3 function f applied to 2n + 1 is 2.
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(b) Consider the Moore machine with input set I = {0,1} given in
Figure 3 of the picture page.
We think of elements of I* as binary integers. Provide a proof by
mathematical induction that the Moore machine accepts exactly
those binary integers which are divisible by 3. (Hint: we may
identify sq as the set of integers that are 0 mod 3, s; as the set of
integers which are 1 mod 3, and s, as the set of integers which are
2 mod 3. What does this have to do with the table you completed
above?)

Consider the finite state machine whose state transition table is

‘ a b ¢
So|So S1 S2
S1 181 So So

S92 | S Sg S1

List all the values of the transition function fgpce.

Evaluate the expression 3 4 — 6 + 6 12 < 4, which is in reverse Polish
(postfix) notation.

For the Moore machine M given in Figure 4 of the picture page, con-
struct a type 3 grammar G = (V,I,sg,—) so that L(G) = L(M).
Express the production relation in terms of both — notation and BNF
notation.



12. True/False. Circle T or F. No explanation needed. For (a)-(g), refer
to the digraph of the Moore machine M = (S, I, F, so,T) represented
in Figure 4 on the picture page.
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f02(81) = S2.

f11112(80) = (f112 © fll)(So)-

0100 € L(M). (Recall L(M) is the language of M.)

121 € L(M).

There is a Type 3 grammar G with terminal symbols
I =1{0,1,2} so that L(M) = L(G).

If w € I* contains an odd number of 2’s, then we must
have w € L(M).

f201(81) = S2.

In BNF notation, (vg) ::= (v1)a is an acceptable pro-
duction relation for a Type 1 phase structure grammar.
In BNF notation, (vy) ::= (v1)a is an acceptable pro-
duction relation for a Type 2 phase structure grammar.
In BNF notation, (vg) ::= (vj)a is an acceptable pro-
duction relation for a Type 3 phase structure grammar.
Let G = (V,S,vg,—) be a phase structure grammar
with S = {a,b,c}, V = SU{vy, v}, and the production
relation determined by

Vg — avgy, Vg — avy, U1 — bcvg, v — c.

Then vy = abe.

For the grammar G in part (k), the regular expression
for the language L(G) is (a V abe)*c.

The string xxy is in the regular set determined by the
regular expression (zz V (zy)* V xzy*)*.

0*(1V A) is a regular expression over the set I = {0,1}.
37x4—9x%x65x 2+ is avalid mathematical expression
in reverse Polish (postfix) notation.



