Discrete Structures: Sample Questions, Final Exam

Solutions

1. Construct the labeled tree of the algebraic expression

(((x —y)* 2) =3)/(19 + (x * x)).
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2. Show the results of a PREORDER search for the following labeled
positional binary tree.

Solution: AXQXBZBYFAP



3. Consider the following example. Let G = {V, S, (integer), —} for

S = {07172737475767778797+7_}7
V= S U{(integer), (unsigned-integer), (digit) },

and let part of the production relation given in BNF notation be given
by

(unsigned-integer) = (digit)|(digit)(unsigned-integer)
(digit) == 0[1]2|3]4/5/6]7]8|9

Design the production relation for (integer) so that an integer can be
either an unsigned integer, or an unsigned integer preceded by a + or
— (not both). So +324, 009, —8922 are all valid integers, but +—87,
00—24, and + are not valid integers. Write the remaining part of the
production relation in BNF notation.

Solution:

(integer) ::= (unsigned-integer) | +(unsigned-integer) | —(unsigned-integer)

4. Consider G = (V, I, vy, —), where V = {vg, w,a,b,c}, I ={a,b,c}, and
— defined by

Vg — aw, w +— bbw, w +— be.

(a) Write the production relation in BNF notation.
Solution:

(vg) == alw)
(w) == bb{w) | bc

(b) Draw the syntax diagrams of vy and w separately, and then draw
a master syntax diagram for vy. (Recall a master diagram is one
that involves no nonterminal symbols.)

Solution:
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(c) Show that the sentence ab’c is in the language L(G). Draw a
derivation tree for this sentence.

Solution: ab’c € L(G) since

vy = aw = abbw = abbbbw = abbbbbc = ab’c.

(The first = follows from vy — aw, the second two =’s follow from
w +— bbw, and the last = follows from w — be.) The derivation
tree is below:

(d) Describe the language L(G) in words, and find the regular expres-
sion over I = {a, b, ¢} it corresponds to.



Solution: In deriving a sentence in L(G), the first step must
always be vy +— bw, and the final step must involve w +— bc
(since this is the only production with only terminal symbols on
the right). The only choice is how many times to use the step
w — bbw. This step can be used n times, where n = 0,1,2,. ...
The sentence produced is then a(b?)"bc = ab®"*'c. Thus

L(G) = {ab*""'c | n=0,1,2,...}.

The regular expression corresponding to L(G) is a(bb)*be. (The *
represents n as above.)

(e) Find a Moore machine M = (S, I,F, vy, T) which produces this
language L(G). Draw the state diagram and the labeled digraph
for M.

Solution:
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Here is a description of the states of the Moore machine in words.

e 5 is the starting state. No inputs have been received yet.

e At sy, there has been an initial a input possibly followed by
an even number of b’s.

e At s, there has been an initial a input, followed by an odd
number of b’s (the first b comes from s;, and an even number
is supplied by the loop between s, and s1).

e s3 is the only acceptance state. An initial a, an odd number
of b’s and a final ¢ have been input here.



e s, is the garbage state. Any wrong input at any stage lands
here, and any further input makes it remain here. (Because
of the structure of the regular expression a(bb)*be, any wrong
move leads to the garbage state.)

The state transition table of this Moore machine is

a b c

S0 |S1 S4 54
S1 | S4 S2 S4
S2 | S4 S1 83
§3 | S4 S4 5S4
S4 | S4 S4 S4

5. Consider the rooted tree (7', vy) given below.

(a) List all the level-2 vertices of the tree.
Solution: vy, vs, vg, v7.

(b) List all the leaves of the tree.
Solution: vy, v1a, vg, Vs, V10, V11, V7.

(c) List all the siblings of vs.
Solution: vy, vs.

(d) Draw the digraph of the subtree T'(v4) with root vy.

Solution: This is the subtree with vertices vy, vg, vg, V3.



6. Given the BNF representation for the master syntax diagram given
below. You may provide nonterminal symbols as needed (in addition
to vp) to use in the BNF productions, and you may use several BNF
statements if needed.

Solution: The solution below adds two more nonterminal symbols w
and y. These extra symbols will be placed at the junctions in the
master diagram where a recursive loop joins another arrow. There are
2 such places in this diagram: In the upper center-left (at the junction
right after the a and b, we place the symbol w). Also, in the lower right
of the master diagram, we place a y at this recursive junction. (See
the diagram below.) To see what happens to the nonterminal symbols
Vg, W, Yy, now we trace along the possible paths in the master diagram,
ending whenever we come to a nonterminal symbol (or the end of an
arrow of course).



We find the following production relations, in BNF notation. (Recall
A represents the empty string.)

(vo) == ablw)
(w) == Al{y)
(y) w= d(w) | dd{y) | dc(y)

Below are the syntax diagrams of vy, w, y:
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It is also possible to simplify this expression by getting rid of w. In
this case, the production relations will be

(vg) == ab | ably)
(y) == d|dly) | dd(y) | de(y)



7. Construct the digraph of the positional binary tree for the following
doubly linked list. Label each vertex with the corresponding data.

INDEX | LEFT | DATA | RIGHT
1 11 0
2 10 M 7
3 0 Q 0
4 8 T 0
5 3 \% 4
6 0 X 2
7 0 K 0
8 0 D 0
9 6 G 5
10 0 C 0
11 9 Y 0
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8. Construct a Moore machine M that will accept any string ending in
ab from input strings of a,b,c. In other words, I = {a,b,c}, and
L(M) = (a VbV c)ab. Draw the labeled digraph of M and draw its
state transition table.
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We describe each of the states:

e sy is the starting state. In addition, it represents any state in
which we must “start over.” Since we are looking to accept only
strings ending in ab, if a ¢ is input or if a b not preceded by an a
is input, we must start over.

e sy is the state at which the previous input is an a. Then if a b is
input next, we go the acceptance state.

® s, is the only acceptance state, and the 2 previous inputs must be
ab.

The state transition table for this Moore machine is

‘ a b ¢
So|S1 So So
S1 151 S22 So

S2 151 So So

9. Consider the regular expression 0(0V 1)*1 over the input set I = {0, 1}.

(a) Construct a Moore machine with input set / whose language cor-
responds to this regular expression.

Solution:
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We describe the states:

e 5 is the starting state.

e s; is reached after a 0 is entered (as long as the initial input is
0). Then if a 1 is entered, the state advances to the acceptance
state so.

® 55 is the only acceptance state. It is reached only if the initial
input is 0 and the final input is 1.

e s3 is the garbage state. If the initial input is 1 (i.e. not 0),
then the machine goes to the garbage state and must stay
there.

(b) Construct a Type 3 grammar G = (V, I, sg,—) corresponding to
the Moore machine constructed the previous part.
Solution: G = (V) 1, sg,—), where V =1US, S = {sq, s1, S2, S3}
The production relation +— is, in BNF notation

(so) == 0(sy) | 1(s3)
(s1) == 0(s1) | 1(s2)
(s9) == 0(sy1) | 1(s2) | A
(s3) == 0(s3) | 1(s3)

(Note that in this grammar, if the garbage state s3 is ever reached,
then further production leads to an infinite loop.)

(a) Define a monoid.
Solution: A monoid is a mathematical structure (A, *), where A
is a set and * is a binary relation on A satisfying the following
properties:



11.

(b)

e x is associative; i.e. for all a,b,c € A, (axb) xc=ax (bx*c).
e There is an identity element e € A for the operation *. L.e. e
satisfies a x e = e x a = a for every a € A.

Let I be a set, and let I* be the set of strings on /. Show that [
is a monoid with operation given by catenation (i.e., if w,z € I*,
define w* z = w - 2).

Solution: In order to show [* is a monoid, we must check the
two properties above: that - is associative, and that there is an
identity element.

To show - is associative, recall what catenation does. It takes
two strings in I and sticks them together back to back. So if
W=4ay...0y,2=>01...b, € I*, then

W-2Z=2ay...a,by...b,,.
Thus if we have another string x = ¢;...¢, in I, we find
(w-2)-x = (a1...ayb1...by) (c1...¢p)
aj...apby...bypci...cp
= (ar...an) (by...bpc1...cp)
= w-(z-7)
Since this works for all strings w, z, x € I'*, we find - is associative.

The identity element for - is the empty string A. It is easy to see
that for any string w € I, w- A = A-w = w. This shows that I*
is a monoid with operation -.

Let g: Z — {0,1,2} be the mod 3 function. Complete the follow-
ing table:

‘ g(n) | g(2n +0) |g(2n +1) |

0 0 1
1 2 0
2 1 2

For example, the lower left corner means that if n is an integer
with g(n) = 2, then we must have g(2n + 1) = 2. This can be
proved as follows: g(n) = 2 if and only if there is an integer k so
that n = 3k + 2. Then

2n+1=23k+2)+1=6k+5=(6k+3)+2=3(2k+1)+2,



and so the mod 3 function g applied to 2n + 1 is 2.

Solution: The extra entries are in bold above. For the first row,
right entry, if g(n) = 0, then g(2n + 1) = 1. This is because

n=3k = 2n+1=2(3k) +1=302k +1

and so 2n + 1 is 1 mod 3.

The second row, center entry: if g(n) = 1, then g(2n + 0) = 2,
since

n=3k+1 = 2n+0=23k+1)=23(2k)+2

and so 2n + 0 is 2 mod 3.
The second row, right entry: if g(n) = 1, then g(2n+1) = 0, since

n=3k+1 = 2m+1=2Bk+1)+1=32k+1)

and so 2n + 1 is 0 mod 3.
The third row, center entry: if g(n) = 2, then g(2n+0) = 1, since

n=3k+2 = 2n+0=2Bk+2)=302k+1)+1

and so 2n + 0 is 1 mod 3.

Consider the Moore machine with input set I = {0, 1} given below.
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We think of elements of I* as binary integers. Provide a proof by
mathematical induction that the Moore machine accepts exactly
those binary integers which are divisible by 3. (Hint: we may
identify sq as the set of integers that are 0 mod 3, s; as the set of
integers which are 1 mod 3, and s, as the set of integers which are
2 mod 3. What does this have to do with the table you completed
above?)



Solution: Here is the statement to be proved by mathematical
induction:

P(m) For a string w € I* of length m representing a base-2 integer
n,, with m digits, the mod 3 function g determines the state of
fuw(s0) by the following table:

9(nw) | fu(s0)

0 So
) 5
2 S9

First note that if w = a,,_1 ... ag is a binary number with m digits,
then
Ny = am,12"71 + ...+ (1,121 + (1020.

For the empty string A, then n, should represent adding up no
terms, which is 0.

Base case of the induction (m = 0): P(0). The only string of
length 0 is A, and we have that g(n,) = ¢(0) = 0, while fi(sg) =
15(s0) = so. So the basis step P(0) is checked in this case.

(If this discussion about the empty string is too slick for you, you
could also do m = 1 as the base case: P(1). The only 2 strings
of length 1 are the single bits 0 and 1. Check g(ng) = ¢g(0) = 0,
fo(so) = s0; g(n1) = g(1) =1, fi(sg) = s1. So the case P(1) works
as well.)

Now for the induction step: Assume P(k) is true for k& > 0, and
we will use this to prove P(k + 1).

The key idea is to notice what happens to the binary numbers
when another bit is added to the end. If w is a sentence in I*
represented the integer n, in base 2, then w - 0 represents the
integer n,.0 = 2n, = 2n, + 0. (The corresponding fact in base
ten is that if write a 0 at the end of a decimal integer p, the new
integer is 10p.) Similarly, n,.; = 2n,, + 1. (If d is a decimal digit
and p is an integer in base 10, then d written after p produces the
integer 10p + d.)

The induction step is then checked by the fact that the table on



the left computed above

| g(n) ‘ g(2n +0) ‘ g(2n+1) | 0 1
0 0 1 So | So S1
1 2 0 S1|S2 So
2 1 2 S2 | 81 S2

corresponds exactly to the state transition table on the right (which
comes from the digraph of the Moore machine). Let w be a string
in I* of length k. Thus, when a 0 is added to the end of the
string w, the integer n,, goes to 2n,, +0, and g(n,,) goes to g(2n,,)
according to the table on the left. On the other hand, when a 0
is added to the string w, the state f,(so) goes to the next state
fuwo(so) = fo(fw(so)) according to the table on the right. The ta-
bles match up exactly, and this shows that if the digit 0 is added
to w to form a binary integer of k + 1 digits, then this part of
P(k + 1) holds.

Similarly, when a 1 is added to the end of w, the corresponding
values also match up, and thus we have the following: If w is a
string of k bits, and P(k) holds, then either adding a 0 or a 1 to
the end gives an integer for which (%) holds as well. Since every
string of k+ 1 bits is formed from adding a 0 or 1 to a k-bit string,
this shows that P(k + 1) holds.

Therefore, by induction, P(m) holds for all integers m.
The language

LM)={weTI"| fu(s0) = s0}

since sg is the only acceptance value. The induction statement
P(m) shows that for any string of bits w of any length m, the
elements of L(M) are exactly those w so that g(n,) = 0. Since
g is the mod 3 function, these are exactly those binary integers
which are divisible by 3.

12. Consider the finite state machine whose state transition table is

‘ a b ¢
So|So S1 S2
S1 181 So So
S2 | S2 S0 S1




List all the values of the transition function fgpcc.

Solution:

S fabcc(s)

13. Evaluate the expression 3 4 — 6 4+ 6 12 <+ 4+, which is in reverse Polish
(postfix) notation.

Solution: Compute

34 —-6+612 + +
(-1)6 +612 = +
5612 + +

5 0.5+

5.5

14. For the Moore machine M given below, construct a type 3 grammar
G = (V,1,sg,—) so that L(G) = L(M). Express the production rela-
tion in terms of both — notation and BNF notation.

Solution: G = (V,I,sg,—) with I = {0,1,2}, V. = TUS, S =
{so, 51, S2, s3}, and +— given by

So OSQ, So 181 So 283,

S1 — 052, S1 180, S1 — 253,
So > 089, So > 18y, Sg > 28y, 89— A,
s3+> 081, s3> 181, 83+ 283, s3> A



In BNF notation, — is expressed as

e e e
o o~ (N ]
©w » 9 @«

~ ~ ~ ~—



15. True/False. Circle T or F. No explanation needed. For (a)-(g)), refer
to the digraph of the Moore machine M = (S, 1, F, sg,T) represented
in the previous problem.

(a)

T F
T F
T F
T F
T F
T F
T F
T F
T F

foa(s1) = 5o

Solution: T.

f11112(80) = (f112 © f11)(30)~

Solution: T. This can either be checked directly or you
can recognize that this follows from the fact that f,.., =
fur © fu for w =11 and v’ = 112.

0100 € L(M). (Recall L(M) is the language of M.)
Solution: T. fy100(s0) = 52 € T' = {52, 53}

121 € L(M).

Solution: F. fio1(sg) = s1 ¢ T.

There is a Type 3 grammar G with terminal symbols
I ={0,1,2} so that L(M) = L(G).

Solution: T. This follows from Theorem 1 in Section
10.5.

If w € I* contains an odd number of 2’s, then we must
have w € L(M).

Solution: F. 20 ¢ L(M) since fo(sg) = s1 ¢ T
f201(51) = S2.

Solution: F. f201(81) = Sp.

If (T, vg) is a rooted tree on a set A, then the relation T’
is irreflexive.

Solution: T. Theorem 2 in Section 7.1 (Otherwise, if
vTv for some vertex v this creates a nonunique path
from vy to v.)

If A = {1,2,3,4,5,6} and R is the relation
{(1,2),(1,4),(3,5),(3,6)}, then R is a tree on A.
Solution: F. If R were a tree, then the root would be
the unique element with in-degree 0. In this case, both
1 and 3 have in-degree 0, so R cannot be a tree.



In BNF notation, (vg) ::= (v1)a is an acceptable pro-
duction relation for a Type 1 phase structure grammar.
Solution: T. For a Type 1 grammar, all that is required
is that the length of the string on the right v;a be greater
than or equal to the length of the string on the left vy.
In BNF notation, (vy) ::= (v1)a is an acceptable pro-
duction relation for a Type 2 phase structure grammar.
Solution: T. For a Type 2 grammar, all that is required
is that the left hand side vy must be a single nonterminal
symbol.

All the vertices of a complete binary tree have out-degree
either 0 or 2.

Solution: T. Every vertex of a complete 2-tree which
is not a leaf (out-degree 0) has out-degree exactly 2.
Every vertex of a tree has in-degree 1.

Solution: F. The root of a tree has in-degree 0, not 1.
In BNF notation, (vy) ::= (v1)a is an acceptable pro-
duction relation for a Type 3 phase structure grammar.
Solution: F. For a Type 3 grammar, the right hand side
via must have the nonterminal symbol v; at the far right
of the expression.

Let G = (V,S,v9,—) be a phase structure grammar
with S = {a,b,c}, V = SU{vg, v}, and the production
relation determined by

Vg — avy, Vg — avq, V1 = bC’Uo, V1 — C.

Then vy = abe.

Solution: F. The only way a string containing bc can
be produced from vg is via v, — bcvg. But then the pro-
ductions for vg all begin with a, so if bc is in a sentence
in the language, it must be followed by an a.

For the grammar G in part (k), the regular expression
for the language L(G) is (a V abc)*c.

Solution: F. abce is in the regular set for this regular
expression, but as in part (k), abce is not in the language

L(G).
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The string xzy is in the regular set determined by the
regular expression (zz V (zy)* V zy*)*.
Solution: T. x and zy are both in the regular set for
the expression zy*. So both x and zy are in the regular
set for the expression zz V (zy)* V zy*. The outermost
* at the end of the expression (zz V (zy)* V zy*)* means
that xzV (zy)* Vay* can be repeated twice, the first time
producing x and the second time producing zy. Thus
xxy is in the regular set.
0*(1V A) is a regular expression over the set I = {0,1}.
Solution: T. Recall A the empty string can be used in
regular expressions for any set.
37x4—-9x%x65 x 2+ is a valid mathematical expression
in reverse Polish (postfix) notation.
Solution: F. There are not enough binary expressions.
Compute

37 x4 -9 x65x2+

214 =9 x 65 x 2+

179 x 65 x 2+

153 65 x 2+
153 30 2+
153 32

So we are left with 2 numbers and no binary expression
with which to combine them.



