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1 Spaces of functions

1.1 Banach spaces

Many natural spaces of functions form infinite-dimensional vector spaces.
Examples are the space of polynomials and the space of smooth functions.
If we are interested in solving differential equations, then, it is important to
understand analysis in infinite-dimensional vector spaces (over R or C).

First of all, we should recognize the following straightforward fact about
finite-dimensional vector spaces:

Homework Problem 1. Let x = (2',...,2™) denote a point in R™, and
let {z,} = {(z},....2™)} be a sequence of points in R™. Then x, — x if
and only if x°, — x* for alli=1,...,m.

(Recall the standard metric on R™ is given by |x — y|, where the norm
|| is given by |z| = /(z1)2 + - - - + (z™)2))

Thus for taking limits in R, we could even dispense with the notion of
the taking limits using the metric on R™, and simply define the x,, — =
by z! — ' for each i = 1,...,m. This reflects the fact that there is only
one natural topology on a finite-dimensional vector space: that given by the
standard norm.

For infinite-dimensional vector spaces, say with a countable basis, so that
r = (21,22 ...), it is possible to define a topology by x, — z if and only
if each ! — a'. It turns out that this is not usually the most useful way
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to define limits in infinite-dimensional spaces, however (though a related
construction is used in defining the topology of Fréchet spaces).

Finite-dimensional vector spaces are also all complete with respect to
their standard norm (in other words, they are all Banach spaces). Given a
norm on an infinite dimensional vector space, completeness must be proved,
however. There are many examples of Banach function spaces: On a measure
space, the LP spaces of functions are all Banach spaces for 1 < p < oo. Also,
on a metric space X, the space of all bounded continuous functions C°(X)
is a measure space under the norm

|| fllcocxy = sup | f(z)].
rxeX

The LP and C" form the basis of most other useful Banach spaces, with exten-
sions typically provided by measuring not just the functions themselves, but
also their partial derivatives (as in Sobolev and C* spaces) or their difference
quotients (Holder spaces).

Completeness of a metric space of course means that any Cauchy sequence
has a unique limit. More roughly, this means that any sequence that should
converge, in that its elements are becoming infinitesimally close to each other,
will converge to a limit in the space. As we will see, taking such limits is
a powerful way to construct solutions to analytic problems. Unfortunately,
many of the most familiar spaces of functions (such as smooth functions) do
not have the structure of a Banach space, and so it is difficult to ensure that
a given limit of smooth functions is smooth. In fact we have the following
theorem, which we state without proof:

Theorem 1. On R" equipped with Lebesque measure, the space C§°(R™) of
smooth functions with compact support is dense in LP(R™) for all1 < p < co.
In other words, completion of the space of smooth functions with compact
support on R™ with respect to the LP norm, is simply the space of all LP
functions for 1 < p < oo.

If we are working in L?, for example, it is possible for the limit of smooth
functions to be quite non-smooth: there are many L? functions which are
discontinuous everywhere. This poses a potential problem if the limit we
have produced is supposed to be a solution to a differential equation. In
particular, such a limit may be nowhere differentiable. Some of our goals then
are to understand (1) how to make sense of taking derivatives of functions
which are not classically differentiable (the theory of distributions and weak



derivatives), and (2) how to show that a limit function actually has enough
derivatives to solve the equation (bootstrapping).

Theorem 1 reminds us that the LP Banach spaces have a very large over-
lap, which of course includes many more functions than the smooth functions
with compact support. In particular, it is often useful to take the point of
view that these Banach function spaces are not so much different spaces but
different tools to study either the space of all functions or (via the comple-
tion process) the space of only very nice functions (e.g., smooth functions of
compact support).

In particular, two function spaces which are very closely related to each
other are L> and C°. As we will see below, they have essentially the same
norm. First of all, we show that C°(X) is a Banach space for any metric
space X.

1.2 The Banach space C°

Given a metric space X, define

C'X)={f:X —R: fis continuous and sup|f| < oo}.
X

Define the norm
[ fllcoxy = Sup |fl.

It is straightforward to verify that || - ||co satisfies the requirements for a
norm:

o ||fllco=0 = f=0,
o [Mllco = Al fllco,
o [lf +gllco < [Ifllco +ligllco-

Remark. If f; — f in C°(X), then we say f; — f uniformly on X, and
C°(X) convergence is the same as uniform convergence.

The main thing to check is that the norm gives C°(X) the structure of a
complete metric space:

Proposition 1. For any metric space X, C°(X) is a Banach space with
norm || - ||co.



Proof. We simply need to check the metric induced on C°(X) is complete.

Let d denote the metric on X, and consider a Cauchy sequence {f;} C
C°%X). In other words, for all ¢ > 0, there is an N so that n,m > N
implies || f, — finllco < €. By the definition of the norm, this is equivalent to
|fu(x) = fin(x)] < € for all x € X. Now for each z € X, {fi(x)} CRis a
Cauchy sequence, and since R is complete, there is a limit fo(z) = lim; f;(z).

Now we have produced a limit function f.,,. Now we need to show that
| fi = foollco — 0 and fo, € CY(X). The first statement is straightforward:
For all € > 0, there is an N so that for all n,m > N, for all z € X,

(@) = f(z)] <e.

Now let m — oo to see that

[fn(2) = foo(z)] <€

So we have that for all € > 0, there is an N so that for all n > N, and for all
r e X,

[fu(7) = foo(2)] <€

Since this is true for all x € X, we have
||fn - fooHCO = Su)l? |fn(x> - foo(m)| <,
e

and so || fi — foollco — 0.

We still need to prove that the limit function f., is continuous. So let x €
X and choose € > 0. Then there is an N so that for n > N, || f,, — foollco < €.
By the previous paragraph and the definition of || - || co,

1fu(2) — foolz)| <€ and |fu(y) — foo(y)| < € for all y € X.

Choose a particular n > N and since f,, is continuous at x, there is a § > 0
so that |f,(z) — fu(y)| < € for y so that d(z,y) < 6. Then for such y in a
0-ball around =,

|foo(@) = foo )] = |[foo(@) = fu(@)] + [ful@) = fu()] + [fu(y) — [ ()] |
< fool®) = fu(@)] + [fa(@) = )] + [fa(y) — foo(y)]
< €+ e+e=3e

So we have proved that for all € > 0, z € X, there is a § > 0 so that
d(z,y) <0 = |feo(x) — foo(y)| < 3e. This proves f is continuous. O
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The last bit of the proof can be remembered as this: Any uniform limit
of continuous functions is continuous.

Remark. The previous proposition works as well for functions whose range is
the complex numbers C, or a vector space R", or in fact any Banach space
B. The proof is the same. In this last case, we could refer to the Banach
space C°(X; B) as the Banach space of continuous functions from X into B.

Consider an open set 2 C R™. On €, the C° norm is essentially the same
as the L> norm, but is simpler to define because we can consider functions
as elements of CY, while we need equivalence classes of functions to define
L. In fact, more is true. Let €2 inherit the standard metric and Lebesgue
measure from R". For a measurable function f: Q — R, let [f] be the
equivalence class whose members are all functions from 2 — R which agree
with f almost everywhere.

Proposition 2. The map ®: C°(Q) — L>(Q) given by ®(f) = [f] is one-
to-one and preserves the norm.

Proof. First of all, note that it follows immediately from the definitions that
for f € C%Q), ®(f) € L>(Q). Also, we should show that || f]|co = ||®(f)||r~
to show ® preserves the norm.

The proof hinges on the simple fact that every full-measure subset V' of 2
is dense in Q. (Recall V' C Q has full measure if Q\ V has Lebesgue measure
zero.) This fact may be proved as follows: let V' C 2 have full measure.
Then there is no open ball contained in '\ V' (since open balls have positive
measure). This shows V' is dense in €. (Question: We need to use € is an
open subset of R" in this paragraph. Where did we use that 2 is open?)

Now we prove the map @ is injective. So if f and g are in C°(Q2), and
[f] = [g], then by definition, f = g on a set V of full measure. Let x € Q.
Since V' is dense, there is a sequence x,, — x, x,, € V. Then

f(z) = f(hin Tn) = hTILn f(x,) = liﬁn g(zn) = g(hlbn z,) = g(x)

since f and g are continuous and f(x,) = g(z,). So f and g coincide at each
point of Q and so f = g in C(Q).

Finally, we show that for f € C%(Q), || fllco = || f||z. In particular, let u
denote Lebesgue measure and compute (recall we often write || f||~ instead
of the more correct ||[f]||z=~ = [|®(f)]| =)

| fllL< = inf{a:|f(z)| < a for almost every z € Q}
= inf{a: p{z:|f(x)] >a} =0}
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But p{x : [f(x)| > a} = 0 implies that {z : |f(z)] > a} = 0 (Proof: If the
set is not empty it is an open subset of ) since |f| is continuous. The only
open subset of ) with measure zero is the empty set.) So now

[fll=@) = inf{a:p{z:|f(z)] > a} =0}
= inf{a: {|f(x)] >a} =0}
= inf{a: |f(x)| < a for all z € Q}
= i‘ég’f@ﬂ = [[fllco)-

(]

Remark. The previous Proposition is true for any measurable subset €2 of R”
with the following property: every nonempty open subset of €2 has positive
measure.

Remark. The map ® from C°(Q) to L>(12) is far from being onto. A typical
discontinuous function g cannot be changed on a set of measure zero to be
continuous. The following homework problem is to show this is the case with
the Heaviside function.

Homework Problem 2. Let g(x) be the Heaviside function on R. In other
words, let g(x) =0 if x <0 and g(x) =1 if x > 0.

(a) Show there is no function in C°(R) which is equal to g almost every-
where.

(b) Show that there is no sequence of functions f, € C°(R) which satisfy
fa — g in L®(R).

Hint for (b): Show that if f,, — g in L= (R), then {f,} is a Cauchy sequence
in C°(R). Then use Proposition 1 and show the resulting limit function
fso € C°(R) must be equal to g almost everywhere. (This amounts to showing
that ®(C°) is a closed subspace of L*.) Provide a contradiction.

1.3 Quantifiers

It is worth taking the time to look in some detail at C° convergence, and to
compare it to pointwise convergence. By contrast, C° convergence is often
call uniform convergence.



For a metric space X, f,, — f in C°(X), if for all € > 0, there is an N so
that
n>N = |fo—flleox) <e

In other words, for all € > 0, there is an N so that

n>N = supl|fu(z)— f(z)| <e
rzeX

So then f, — f in C°(X) implies that for all € > 0, there is an N so that for
re X,
n>N = |fulz)— f(2)] <e

A few easy manipulations imply in fact the following

Lemma 3. Let X be a metric space and let f, € C°(X). Then f, — f in
CY%X) if and only if for every e > 0, there is an N = N(¢) so that forx € X,

n>N = |fulz)— f(2)] <e
Homework Problem 3. Prove Lemma 3.

Since C°(X) is a Banach space, we know that the limit function f €
C°(X) as well, and thus the uniform limit of continuous functions is continu-
ous. C° convergence is called uniform convergence because the N in Lemma
3 depends only on € > 0 and not on x € X: thus N is uniform over all
e X.

We contrast this with pointwise convergence. If f,, are functions on X,
then f,, — f pointwise if for all € > 0 and = € X, there is an N = N (e, x) so
that

n>N = |fulz)— f(2)] <e

The difference between pointwise and uniform convergence is subtle but very
important: in pointwise convergence N = N (e, x) may depend on € and =,
while in uniform convergence N = N (¢) only depends on € and is independent
of x.

We have belabored this point because it is one of the major issues in
analysis: keeping track of which constants, or quantifiers, depend on which
other quantifiers. (It is even better to have explicit bounds (estimates) on the
behavior of quantifiers with respect to each other.) Of course it is desirable
(though not always possible) to have more uniform dependence of quantifiers,
as we see in the following standard example:

We have seen that the uniform limit of continuous functions is continuous.
On the other hand, a pointwise limit of continuous functions may be not be:
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Example 1. Consider X = [0,1] and f,(z) = ™. Then f, — [ pointwise
on [0, 1], where

0 forzel01),
f(x)_{l for x = 1.

So the pointwise limit f is discontinuous, and thus we see that f, /4 f
uniformly.

1.4 Derivatives

The theory of derivatives in one variable is fairly straightforward: if a function
f: R — R is differentiable at p (i.e., f'(p) exists), then f must be continuous
at p. For functions of more than one variable, however, consider the following
example:

Example 2.

x? + y?
0 for (x,y) = (0,0),

has first partial derivatives everywhere but is not even continuous at (0,0).

zy
f(([,y) — { Jor (l’,y) 7£ (0,0)

Even though f has all its first partial derivatives at (0,0), we do not
consider f to be differentiable at (0,0). For functions of more than one
variable, we introduce the following definition of differentiability, which is
stronger than just the existence of all the partial derivatives. Instead of R-
valued functions, we consider the slightly more general case of maps from R"
to R™. A basic reference is Spivak, Calculus on Manifolds, Chapter 2.

Let O C R™ be a domain, and let f = (f',..., f™): O — R™. Then f
is differentiable at a point a € O if there is a linear map D f(a): R — R™
which satisfies

o @+ ) = f(a) = Df(@)(1)]

=0
o A |

where h € R". Df(a) is called the derivative, or total derivative, of f at a.

Lemma 4. In terms of standard bases of R™ and R™, D f(a) is written as
the Jacobian matrix

Df(a)z(SZ(a)), i=1,....m, j=1,...,n.
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In particular, if f is differentiable at a, then all the partial derivatives 0 f"/0x?
exist at a.

Proof. Write D f(a) as the matrix (A;). Also consider apath h = (0,...,k,...,0),
where k — 0 sits in the j' slot. (In other words, h! = (5§-k‘, where (55- is the
Kronecker delta, which is 1 if [ = j and 0 otherwise.) We also use Finstein’s
summation convention. In m space, this summation convention requires that
any repeated index which appears in both up and down positions—such as
the [ in the last two lines below—is assumed to be summed from 1 to m.
Compute

i i1 j ny _ fi
gfj(a) _ llch%f(a,...,a —i—kk,...,a) f'(a)
a:' —
~bm [fi(at,...,al + k,...,a") — fi(a) — NIR'] + AR
B k—0 k
) )\félk
= 0+ lim J
k—0 k
= Nob =X

The key step, going from the second to the third line, follows from the as-
sumption that f is differentiable at a. 1

Another important result with essentially the same proof concerns direc-
tional derivatives. For a vector v = v/ € R", The directional derivative at a
in the direction v is the vector

D =i
vf(a) = lim ;
(Note we do not require ||v|| = 1 to define the directional derivative.) We

have the following lemma:

Lemma 5. If f is differentiable at a, then the directional derivative D, f(a)
exists and
 Of

D,f(a) =7’ e

As Example 2 above shows, the converse of Lemma 4 is not true without
extra assumptions on the partial derivatives. The following proposition gives
an easy criterion for a function to be differentiable:



Proposition 6. If f = (f',..., f™) has continuous first partial derivatives
Oft/0x? on a neighborhood of a, then f is differentiable at a.

Proof. For a component function f*, write
1 n)

fila+h) = fi(a) = fia' +h'a®....a") = fi(a',a®,.
—l—f(a —|—h1a—|—h2 Sa) — f(a +hta? .. a")
4o+ fi(a* + AL, a? +h2,...,a +Rh") —
fia* + Rt a®>+Rh2 . a" A )
Now consider the first term in terms of the function f(x!',a?, ..., a") of the

first variable z! alone. The Mean Value Theorem shows that there is a b!
between a' and a' + h' so that

hlafl

I (b',a?,... a").

fia* +ntd% ... a") — fi(a',d?, ... a") =

Similarly, for all other terms the difference equals

oft . A o
h? f( +ht,. ,aj_l—|—h]_1,b],a3+1,...,a")

oxI
for v/ between o/ and @’ + h/. So if we set ¢; = (a' + h',... a7t +
RI7Y W o/t . a™), then we have

8]”
h) hl
fila+h) Z aﬂ ),

where each ¢; — a as h — 0. So compute

Filat b~ fi(a) - §£j< W

oft of’
Z[aﬂ(-) L]
. ] = jn ]
ofi of 1
|58 - S| v
h—0 |h|

oft oft
> [~ 5 @)

IN
5.

IN
E.
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since each 9f%/d27 is assumed to be continuous at a.
So we have proved that each component function f? is differentiable at a.
To show f is differentiable, just note

0 4 . . afi
Flath) = f(@) = 22| |Flat b fia) — (@
A = Z; ) ’
which goes to 0 as h — 0. O

Recall a function is (locally) C'! if its first partial derivatives are continu-
ous. The previous Proposition 6 shows that such functions are differentiable,
and Lemma 5 then shows that directional derivatives work as expected for
C! functions.

Now, for functions f on €2 an open subset of R™, consider the norm
of
ox’

1 lleriey = I leoy + >
=1

co(Q)
and the space

CHQY) ={f: Q—=R:f 0f,...,0nf are bounded and continuous}.

Similarly, we can consider RP-valued C! functions, the difference being that
the functions f, 0;f have bounded values in RP.

Proposition 7. On any open set 2 C R™, C1(Q2,RP) is a Banach space.

Proof. 1t is straightforward to check | - |1 is a norm.

Since || fllcr = || f|lco and || f]|cr > H%”CO, then for any Cauchy sequence
{fo}in C*, {f,} and {42} are Cauchy sequences in C°. Therefore, since C°
is a Banach space, there are uniform limits

and fo,g; € C°. Since
1fller = Hf\lco+§ 5|
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(1) shows it suffices to prove that

O . 1
o %0 t=L..,m
As usual, we recognize that integrating has better properties than differ-
entiating. For z € Q, choose an g = x — (0,...,k,...,0), where the k > 0
is in the " slot. Since (2 is open, we may choose k small enough so that the
line segment from x, to x is contained in 2. Compute

foola) = lim fo(a)

i

: R0, 4 i-1 i+1 m
= lim fn(xo)—i—/ axi(a:,...,qz Jy, ™) dy
n y=xt—k
v=r 1 i—1 +1
- foo(m())—'_/ ) k‘gl(x ""7‘/177/_ 7y’xl+ 7"'7wm) dy (2)
y:acl—

The key step in the computation is the last one: f,(xg) — fool(zo) is easy,
and the integral converges by the Dominated Convergence Theorem: Since

gi € C°, there is a constant C' so that |g;| < C on Q. Moreover, since gi’; — g;

in C°, there is an N so that ]g];? —gi| < 1forall n > N. Thus ‘3’;? are all
bounded by the integrable function C' + 1, and the Dominated Convergence
Theorem applies.

Now we can differentiate (2) with respect to 2 and we see that %J; 2

= Gi
at each z € (). This completes the proof. 1

The last part of the proof is of independent interest. We record it as
Proposition 8. Let f,, be C! functions on a domain Q C R™. Then if f,, —
[ uniformly and Of,/0x" — g; uniformly fori=1,...,m, then g; = 0f/0x".

Remark. We can also define C*(2,R?) to be the space of all functions f :
2 — RP so that f and all its partial derivatives up to order k£ are continuous
and bounded. The norm is given by

Ifllex = l0aflco, (3)
la| <k
where oo = (o, ..., qy), each oy > 0, || = a3 + - - - + ayp, and
olel
01 = /

(31‘1)0‘1 e (axm)am
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(if some «; = 0, then there is no differentiation with respect to z°).

We can use the same proof as above to conclude that C* is a Banach
space. In particular, we can apply the theorem to F' = (f, f1,..., f,) and
then relate ||F||c: to || f||c2 to provide an inductive step.

C* is not a Banach space, as the analog of (3) would involve an infinite
sum.

We’ve used the following problem implicitly a few times above.

Homework Problem 4. Show that if f: R™ — R™ s differentiable at a
point a, then it is continuous at a.

Homework Problem 5. Let f be a real—valuedfunctéorg defined on a domain
in R%. Show that if the second mized partials fi2= % and fo1 =
are continuous in a neighborhood of a point y, then
0% f 0% f
(y) = (y)-
Ox'ox? 0x?0x!

Hint: If the two are not equal, assume without loss of generality that the
difference fia — fo1 > 0 at y. Then it must be positive on a rectangular
neighborhood. Integrate this quantity over the rectangular neighborhood, and

use Fubini’s Theorem and the Fundamental Theorem of Calculus to arrive at
a contradiction.

0z20x!

Finally, we introduce the Chain Rule. We need the following lemma first:

Lemma 9. Let A: R — R™ be a linear map. Then there is a constant
C = C(A) so that |Az| < Clx| for all x € R™.

Homework Problem 6. Prove Lemma 9. Hint: write down Ax in terms
of the matrix entries of A.

Proposition 10 (Chain Rule). Let g: O — R", f: U — O, where
O CcR™ and U C R! are domains. Assume f is differentiable at a € U, and
g 1s differentiable at f(a) € O. Then there is a composition of linear maps

D(go f)(a) = Dg(f(a)) o Df(a).
In terms of partial derivatives, this is equivalent to
dg" _ 9g" 0y’
oxt Oyl Oz’

where {x%} are coordinates on R!, {y?} are coordinates on R™, and we follow
the usual rules of Leibniz notation and Finstein summation.
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Proof. Let A = Df(a), B = Dg(f(a)). Now consider the remainder terms
in the definition of differentiable maps. For h € R!, k € R™,

¢(h) = fla+h)— f(a) = A(h),

(k) = g(f(a) + k) —g(f(a)) — B(k),

p(h) = (go f)la+h)—(go[f)la)— (BoA)(h).
Then since f and g are differentiable,

o)
S (4)

k)
g %)

and we want to show that

So compute

p(h) = g(fla+h)) —g(
(

So then

p()| - [$(fla+h) = )l | |Blo(R))]
I Id I

|B(¢(h))|/|h] — 0 as h — 0 by (4) and Lemma 9. On the other hand (5)
shows that for all € > 0 there is a d so that
k| <6 = [¥(k)| < elkl].

Therefore if |f(a + h) — f(a)] < § (which can be achieved if |h| < v since f
is continuous),

[W(flat+h) = fl@) _ eflath) = fla)
|l - I

AM)] | o(h)
( ) )
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Now if we let h — 0, using (4) and Lemma 9,

[(fa+h) = f(a))

lim su < Ce.
o [ -
Now we may let € — 0 to show that |p(h)|/|h] — 0 as h — 0. O

1.5 Contraction mappings

Another tool we need is a basic fact about complete metric spaces, the Con-
traction Mapping Theorem.

A fized point of a map f: X — X is a point x € X so that f(z) = x.
For a metric space X with metric d, a contraction map is a map g: X — X
so that there is a constant A € (0, 1) for which

d(g(x),g(y)) < Ad(z,y) for all z,y € X.

Remark. Tt is important that the constant A < 1 is independent of the = and
y in X. As we’ll see below in a homework exercise, the following theorem is
false if we let A depend on = and y.

Theorem 2 (Contraction Mapping). Any contraction mapping on a com-
plete metric space has a unique fixed point.

Proof. As above, denote our metric space by X with metric d, and let
A € (0,1) be the constant for the contraction map g¢: for all z,y € X,
d(g(z),9(y)) < Ad(z,y).
First we prove uniqueness. If x and y are fixed points of g (so g(x) = x,
9(y) = y), then
d(z,y) = d(g(z), 9(y)) < Ad(z,y).

So (I — A)d(z,y) < 0. Since A < 1 and d(z,y) > 0 (since X is a metric
space), we must have d(z,y) = 0 and so x = y (again since X is a metric
space).

To prove existence of the fixed point, we consider any point zo € X,
and consider iterates defined inductively by z,.1 = g(z,) for all n > 0. We
claim x,, is a Cauchy sequence and the limit =, of z,, is the fixed point. For
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n > m > 0, compute

d(zp, xm) < dxg,xh 1)+ +d(Tmi1, Tm)
= d(g(zp-1),9(@n—2)) + -+ d(g(zm), g(Tm-1))
< Ad(xp1,Tp2) + -+ Ad(T, To1)
< Nd(wp_o,Tp_z) + -+ Nd(@_1, Trnz)
< N'7d(xy,m0) + -+ 4+ Ad(21, 70)
n—1 0 m
= d(zy,x0) izm)\i < d(xq,x0) izm)\i = d(wl,xo)l)\_ 3

(Note that in this computation, we've used the exact sum of the geometric
series, and it is crucial that A € (0,1): the geometric series diverges for
A > 1.) Soif N is a positive integer, then for all n,m > N, d(z,,z,) <
d(xy, 20)AY /(1 — N), and this last quantity d(xy,z9)AY/(1—X) — 0 as N —
0o. Thus {z,} is a Cauchy sequence which has a limit z,, € X since X is a
complete metric space.

Now we prove that z, is a fixed point. Since z,, = lim; z; = lim; x;, 1,
we have

9(T0) = 9(h?1 T;) = ligﬂg(fm) = h?l Tit1 = Too

and so x4 is a fixed point. One point to note is that we have interchanged g
with lim, which is valid only if ¢ is continuous (this is a homework problem
below). O

Homework Problem 7. Show any contraction map is continuous.

Homework Problem 8. Newton’s method is an iterative method for finding
zeros of differentiable functions. For an initial xq, we proceed by the recursive

definition

frw:)
Then the limit lim x,, should produce a zero of the function f.

A differentiable function f: R — R has a nondegenerate zero at x if
f(z) =0 and f'(x) # 0.

Assume f: R — R is a locally C? function (i.e., f" is continuous on all
of R). Show that every nondegenerate zero x of f has a neighborhood N, so
that for any initial o € N, Newton’s method converges to x. Hints:

Tiy1 = T —
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(a) The main point is to exhibit the Newton’s method iteration as a con-
traction map on a complete metric space (recall a closed subset of any
complete metric space is complete). You must find an appropriately
small neighborhood of x on whose closure Newton’s method is a con-
traction map.

(b) You will need the following lemma: For a C* function g: R — R,

l9(y) — g(2)]

y#z€lab = TF—"2 < max|¢(w)]

ly — 2| we[a,b]
(¢) Show that any fized point of Newton’s method is a zero.

(d) Show the zero you have produced via Newton’s method must be the orig-
inal zero x.

1.6 Differentiating under the Integral

Proposition 11. Let f = f(y,z) be a locally C* real-valued function for
y € R", z € O an open subset of R™. Then on a measurable Q CC O C R™
equipped with Lebesgue measure dx,

0
x) dx:/Qa—;i(y,a:)dx.

Jo fy,x)dx is C* as a functzon of .

oyt

Remark. Q CC O means that the closure € in R™ is a compact subset of O.

Proof. Compute. Let e; be the standard i*" basis vector on R™.

aii/gf(y,:c)dx = IICILI(IJ {/nyrkeI, dx—/f% dx}

_ fly +kei,x) — f(y, @)
n kHO/ k d

3yi I (y, ) pointwise. We need to
show that the integrands are bounded in absolute value by a fixed integrable
function to use the Dominated Convergence Theorem. This follows from the
Mean Value Theorem, which shows that the integrand is equal to

(i)
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for g = (y', ...,y 04yt Lo y"), b between y' and y' + k. Since f is C?,
df /Oy' is continuous, €2 is compact, and § stays in a compact neighborhood
of y, then the absolute value of the integrand is bounded by a constant M.
Since fQ M dx < oo, the Dominated Convergence Theorem shows that

0 /Qf(y,:r)dm — zlc%/gf(wkei’w)_f(y’x) I

oy’ k
- [ lertenSun,
q k—0 k
of
= -(y, x) dx
Qayz(y )

To show that [, f(y,x) is C' as a function of y, note that its partial
derivatives
_ [ 9f

gi(y) = o 6_y2

are continuous in y by the Dominated Convergence Theorem again, since if
Yy — Yo, then

(y,x)dx

lim g;(y) = lim / af.(y,x) dx
Y=o v—y0 Jq Oy
of
= lim — d
/Q N (y, x) dx
of
= A d
/Qayz (y07 ) T
= gi(%)
because Of /0y’ is continuous in y. O

Remark. The last argument also shows that if f = f(z,z) is a continuous
function of z and z, and x € 2 a compact subset of R", then the function

Z /Qf(z,:c)dq:

1S continuous.
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1.7 The Inverse Function Theorem
We need the following lemma first:

Lemma 12. If f is a C' function from a ball B in R"™ to R™, which satisfies

of

<
oI ¢

on B, then fory,z € B,

[f(y) = f(2)] < Cmnly — z].
Proof. If y, z € B, then the line segment {ty + (1 —t)z: 0 < ¢ < 1} between
them is also contained in B (see Homework Problem 13 below). Then use
the Chain Rule to compute for i =1,...,m,

1fiy) = fi(2)] = /O%fi(ter(l—t)z)dt‘

/Ol(yj - zj)gz (ty + (1 —)2) dt’

< Cnly—z|.

(Note this argument is essentially the same as the use of the Mean Value
Theorem.) Now apply

(]

Theorem 3 (Inverse Function Theorem). Let f: O — U be a C' map
between domains in R™. Assume that for a € O, Df(a) is an invertible
matriz (i.e., det Df(a) # 0). Then there are neighborhoods O > a and
U' > f(a) so that f: O" — U is a bijection and f~' is also a C* map. For
every b€ O, D(f7)(f(b)) = (Df(b)~".

Proof. First of all, we may reduce to the case that a = f(a) = 0 and D f(a) =
I the identity map from R™ to itself. (This can be achieved by replacing f(x)

by (Df(a))"'(f(z 4+ a) — f(a)). Then use the Chain Rule and the fact that
the derivative of the linear map (D f(a))™! is (D f(a))™! itself.)
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Now consider g(x) = x — f(z) and note that Dg(0) = 0 the zero linear
transformation. Since g is C!, there is an r > 0 so that |z| < 2r implies
g 1

- < —
ozl (x)‘ 2m?’

fori,j=1,...,m. (6)

Let B(r) = {x € R™ : |z| < r}. Then Lemma 12 and ¢(0) = 0 imply that
9(B(r)) C B(r/2).
Now let y € B(r/2) and consider

gy(x) = g(x) +y=2— f(x) +y.
Then

e g,(x) = x is equivalent to f(xz) = y, and so a fixed point of g, is
equivalent to a solution to f(z) =y.

o If v € B(r), |gy(x)| < |g9(z)| + |y| < r, and so g, is a map from the
complete metric space B(r) to itself.

e Lemma 12 and (6) imply g, is a contraction map (with A = 1/2). In
other words, for x1, 2, € B(r),

9y (21) — gy(x2)| = |g(21) — g(22)] < %|5€1 — Ty| (7)

Therefore, for each y € B(r/2), there is a unique fixed point z of g,,, which

shows there is a unique solution = to f(z) =y in B(r).
Now we show x = f~1(y) is continuous: for xy,zy € B(r), we have, by
the definition g = x — f and (7)

21 —@o| < fg(z1) — g(@2)| + | f(21) — f(22)]
< glen = x|+ [ f(21) = fla2)l,
slor— o < | f(xn) — fla2)],
17 ) = )]l < 2l — e (8)

for y; = f(x;). Thus f~! is continuous.
To show f~! is differentiable at y, with total derivative (D f(x5))™1, we
need to show that

lim 17 ) — [ () — (Df(22) " (1 — 1)

=0.
Yy1—y2 ‘3/1 - y2|
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To show this, compute

[ ) = F M (ye) — (Df(22) " (1 — 12)]
= |21 — x5 — (D f(22)) " (f(21) = f(22))]
= |(Df(22)) D f(2) (21 — x2) + (31 — 1)
< C|Df(xo)(x1 — x2) + (y1 — y2)| (by Lemma 9)
= C|D f(z2)(x1 — x2) + f(21) — f(22)] (9)

Therefore,
[f 1) — fH(w2) — (Df (22)) " (31 — 12))

Y1 — 42|
TN ) = ) — (Df(@2) "y — gp)l o — 2
|71 — T2 ly1 — o

This goes to zero as y; — y2 by (8) and (9), since f is differentiable at x5.
Finally we show the total derivative (D f(z))™! is continuous in y. We
can think of Df as a map from z to R™, which represents the space of
m x m matrices. D f(z) is continuous in z (f is C''), and thus is continuous
in y. The determinant function det: R™ — R is continuous, since it is a
polynomial in the matrix entries. So det D f(z) is bounded away from zero,
by compactness of m We are left to prove the continuity of the matrix
inverse operation for square matrices with determinant bounded away from 0.
This follows from the formula from the inverse in terms of cofactor matrices:

Each entry of the inverse matrix A~ = (a;;)~" is of the form

(m — 1)**-order polynomial in the a;;
det(aij) '

(]

Homework Problem 9. [f, in the Inverse Function Theorem, f is a smooth
(C*) map, then f~1:U" — O, the C! local inverse of f, is also C*. Hints:

(a) If A = A(s) is a family of invertible n x n matrices which depend
differentiably on a real parameter s, differentiate the equation AA™t =T
to show

d(A’l) 4dA
=—AT"—A"".
ds ds

21



(b) Use the formula for D(f~') to show that f~' is C*°.
Hints: It may be helpful to use the following notation. If f = f(x) =
f(zt ... 2"), we may write (y',....y") =y = y(x) = f(z). And so
fYy) = x may be written simply as y = y(x). To show f~* is C?, for
example, you should write

82(f71)k B a2xk
oyidyl  Oyidy

in terms of (the components of) the first and second derivatives

af oy
oxt Ozt

0*f 0%y

M row ~ dwiow

and verify that the resulting expression is continuous.

Remember to use the Chain Rule, as in e.g.,

0 oo
oy Oyl Oz’

and recall that Df~' = (Df)™! can be written as

o\ _ (0"
oy ) \ ozl ‘

It will also be helpful to use Einstein’s summation notation. In partic-
ular, the matriz notation used in part (a) is insufficient, as there may
be quantities with more than 2 indices which need to be summed.

Theorem 4 (Implicit Function Theorem). Suppose f: R" x R™ — R™
is C' in an open set containing (a,b), and assume f(a,b) = 0. Assume the

m X m matrix .
< o (a,b)), 1<ij<m

Oxnti

s invertible. Then there is an open set O C R™ containing a and an open
set U C R™ containing b so that for each x € O, there is a unique g(x) € U
so that f(z,g(x)) =0. g is locally C*.

Homework Problem 10. Prove the Implicit Function Theorem. Hints:
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(a) Consider F': R" x R™ — R" x R™ defined by F(x,y) = (z, f(x,y)) and
apply the Inverse Function Theorem to F'.

(b) Show that, on a suitably small neighborhood, F~1 is of the form F~(x,y)
(x,p(x,y)) for p: R" x R™ — R™.

(c) Show that g(z) = p(x,0) satisfies the conditions of the theorem.

1.8 Lipschitz constants and functions

A closely related concept to the contraction map is the Lipschitz constant.
A map f: X — Y has Lipschitz constant

dy(f(@), 1)

L =
z,x' € X x#x! dX (.I, xl)

Here of course dx and dy are the metrics on X and Y respectively. An
equivalent definition is that L is the smallest constant so that

dy(f(z), f(z") < Ldx(xz,2") for all z,2" € X.

A function with finite Lipschitz constant is called Lipschitz. A basic fact is
the following;:

Lemma 13. Any Lipschitz function is continuous.

If f: X — X, then the Lipschitz constant gives a criterion for a mapping
to be a contraction mapping:

Lemma 14. f: X — X is a contraction map if and only if the Lipschitz
constant L of f is strictly less than 1.

Idea of proof. The Lipschitz constant is the smallest value of A for which f
is a contraction map. ]

If f: R — R, then the Lipschitz constant is simply

L — o 2 = £0)
z#y |z -y

Y

which of course is suggestive of the definition of the derivative. In fact, the
following is true:
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Homework Problem 11. The Lipschitz constant of a locally C* function
f: R — R is equal to sup g | f'(z)].

Hint: To show the two quantities are equal, you need to relate the sup of
the derivative to the sup of the difference quotients. To relate the derivative
f(z) to difference quotients, use the definition of the derivative. To relate a
given difference quotient to a derivative, use the Mean Value Theorem.

The previous problem shows that any differentiable function with bounded
derivative is Lipschitz. The converse is false, as we see in the following ex-
ample.

Example 3. The function x — |x| is a Lipschitz function from R to R. This
follows from the observation that for each x # y € R,

I

<1
|z —yl

(This can be proved using the Triangle Inequality.)

Example 4. For any constant o € (0,1), the function from R to R x +— |z|®
1s not Lipschitz. In particular,
|l — 0]

lim = lim |x

|a—1
x—0 ‘x — 0’ z—0

= OQ.

In terms of the graph of a function, a function whose graph has a corner
(as does x +— |z|) is Lipschitz, while a function whose graph has a cusp (as
does x +— |z|¥) is not Lipschitz.

Another basic fact we establish is this: the conclusion of the Contraction
Map Theorem may be false if the Lipschitz constant is equal to 1. An easy
example is the map x — x + 1 from R — R. The Lipschitz constant is
obviously 1, and there is no fixed point. A related, but somewhat more
surprising fact, is outlined in the following problem:

Homework Problem 12. Find an example of a differentiable function f:
R — R so that for each x # y,

|f(z) = F(y)|

<1,
|z — 9

and yet f has no fixed point. Prove your answer works.
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Hint: The point of this problem is that there should be no uniform L < 1
which works for all x and y. To construct such a function f, use Problem
11 above. In particular, first construct the derivative f' and then integrate
to find f. (You’ll need sup, |f'(z)| = 1; why?) Use the Mean Value Theorem
to relate values of f' to difference quotients.

A subset C of a real vector space is conver if every line segment connecting
two points in C is contained in C. More formally, C is convex if

ryecl, tel0,1]] = tr+(1—-tyeC.

Proposition 15. Any globally C* function from a convex domain Q C R"
to R™ 14s globally Lipschitz.

Proof. Lemma 12 above shows that for any x,y € €Q,

of
o0 (2)

(@)= f(y)| < Crmla—y], for C = sup {‘

:ZEQ,iSn,jﬁm}.

C < oo since f is C'. Thus f is Lipschitz. O

Consider X a locally compact metric space and Y any metric space. Then
we say a function f: X — Y is locally Lipschitz if f satisfies one of the two
following equivalent definitions:

1. f is Lipschitz when restricted to any compact set of X. In other words,
if K C X is compact, then there is a constant Ly so that

o' € K = dy(f(x), f(2") < Lgdx(z,2").

2. Each z € X has a neighborhood on which f is Lipschitz.
We prove these two definitions are equivalent below.

Corollary 16. On any domain Q C R™, any locally C*t function f is locally
Lipschitz.

Proof. Any ball is convex (see the following homework problem), and so if
f is C! on a small ball, then it is Lipschitz on the ball by the previous
Proposition 15. 0

25



Homework Problem 13. Show that any ball B,(r) ={y € R" : |[y—z| < r}
1S convez.

Proposition 17. Let X be a locally compact metric space and Y be any
metric space, then for maps f from X to Y, the two definitions (1) and (2)
above are equivalent.

Proof. To prove (1) = (2), consider € X. Since X is locally compact,
there is a neighborhood O of x with compact closure. By the definition of
locally Lipschitz, f is Lipschitz when restricted to O, and is thus Lipschitz
on O also.

To prove part (2) = (1), let K C X be a compact subset. Given that
all points in X have neighborhoods on which f is Lipschitz, we need to prove
that f is Lipschitz on K. The set of all neighborhoods of points in K on
which f is Lipschitz forms an open cover of K, and thus there is a finite
subcover Oq,...,0,. The set

PzKXK\(CJOix(’)Z)

i=1
is compact, and so the function

dy (f(z), f(z"))

dx(z,z")

which is continuous on P, attains its maximum M on P.

Consider any = # 2’ € K. Then either (z,2') € P or z,2’ € O; for
some ¢ = 1,...,n. Let L; be the Lipschitz constant of f|p,. Choose L =
max{M, Ly,...,L,}. Then for every z # 2’ € K,

dy (f(z), f(z"))

dx(z, ")

<L

and f is Lipschitz on K. 1
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