4 The Calculus of Variations

4.1 The variational principle

In this section, we want to consider the problem of constructing a function

which minimizes a given functional. (A functional is a map from functions
to R.)

Example 15. Let Q@ CC R" be a domain with smooth boundary. Then we
consider the class

F={fec*(Qnc’%Q): f=g ondQ}
for a given C? function g on 9. Consider the graph of f
{(z, f(2)) € @ x R}.

By pulling back the Euclidean metric on R™™, we can consider the n-volume
of the graph. We have computed above

Vol(f) :/{2\/1 IV e,

Then we want to consider the following question: Is there an f € F which
minimizes Vol(f) over all of F?
If it exists, f must satisfy

< Vol(f +€h) =0

de | _q

for every h so that f +eh € F. We compute and integrate by parts to find
a differential equation f must satisfy. First of all, f + eh € F if and only if
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h € C*Q)NC%Q) and h =0 on ON).

d

= — 1 h

0 = €:OVO(f—l—e)

d

= — /\/1+|Vf—|—th|2dxn
d€ e=0JQ
d

_ 4 /\/1+|Vf|2+26df-Vh+e2|Vh|2dxn
dE =0 JQ

B / 2V f-Vh+ 2¢|Vh|?
Q 2y/1+|Vf+eVh]?
Vf-Vh

i,
a1+ |Vf? !
Vf VS
= — | WV | ——= | dz, h| ———| - ndV
/Q <\/1+|Vf|2> ’ +/aQ <\/1+|Vf|2) !

Vf
- v 2L ) da,.
LA v <\ﬂ+ﬂVfP>:%

This last integral must be equal to zero for every h € C°(Q) which vanishes
on 0N). We claim this forces

n

G N
VIV

on Q.

To prove the claim, note that since f is C?%, g is continuous on . We
prove the claim by contradiction. If g is nonzero at any point x € §2, assume
without loss of generality that g(x) > 0. Then by continuity, g > 0 in a small
ball B centered at x. Now it is easy to find a smooth bump function h whose
support is contained in B. In this case

/hgdxn:/hgdxn>0,
Q B

which provides the contradiction.
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Thus any function f which minimizes the functional Vol satisfies the
Euler-Lagrange equation of the functional

. (v_f> 0
V1I+FIVS?

This equation is known as the minimal surface equation.

So a solution to our problem satisfies the minimal surface equation, and
the boundary condition f = g on 0S2. This sort of boundary condition of
specifying the value of a solution f is called a Dirichlet boundary condition.
The problem of finding a solution to the equation with this boundary condition
15 a Dirichlet boundary value problem. Note that the Dirichlet boundary
condition 1s essential in making sure the variational function h vanishes on
the boundary, and thus there are no boundary terms when we integrate by
parts. There is another useful type of boundary condition, the Neumann
boundary condition, in which the normal derivative V f -n = 0. Notice that
this also makes the integral over OS2 vanish in the integration by parts.

In the previous example, we computed the Euler-Lagrange equation for
Vol. There may be solutions to the Euler-Lagrange equation which are not
minimizers of Vol, since we have only checked the first-derivative test. A
solution to the Euler-Lagrange equation may correspond to a local maxi-
mum, a saddle point or a local but non-global minimum. We’ll see below
specific techniques for finding a global minimizer, which we apply in another
geometric problem.

The Euler-Lagrange equations come from the first variational formula
that a minimizer must satisfy: Given a family f. with f = fy, then if f
minimizes a functional P,

This is the formula of the first variation, which comes from the first derivative
test in calculus. We may also use the second derivative test. A minimizer f
as above must satisfy the second variation formula

d2

e=0
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Homework Problem 38. Consider a variational problem for C? functions
y = y(x) from a domain [a,b] and fized endpoints y(a) = yo, y(b) = y1.
Assume the function is of the form

for F' a smooth function of 2 variables.
(a) Compute the general Euler-Lagrange equation for J.

(b) Multiply the Euler-Lagrange equation by y' to show that any solution to
the Fuler-Lagrange equation must satisfy
dG
0
dz

for a function G depending on F,y and their derivatives.

(c) A graph y = y(z) of a C' positive function determines a surface of
revolution around the x-axis with surface area

Ay) = 27T/ yv/ 1+ (v')?de.

Compute the Euler-Lagrange equation for A (assumey is C?) and com-
pute its general solution. (The graph of this solution is called a cate-

nary.)

4.2 Geodesics

Given a C! path v: I — X for I = [a, 3] an interval and X C RY a manifold
with Riemannian metric g induced from the Euclidean metric on RY, the
length of the path ~(I) is given by

B B B
o) = [ Rladi= [ Vel a = [\ JasG e d.

(In the last formulation, note the use of local coordinates. So the last for-
mulation is strictly only true when +(I) is contained in a single coordinate
chart.) L(v) is called the length functional which take paths v to R.
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Proposition 49. The length of a path is independent of the parametrization.
In other words, if ¥(1) = y(t(7)) for t = t(r) a C' diffeomorphism onto I,
then L(¥) = L(7).

Proof. Let t = t(7) with t(@) = a, t(3) = . Assume that & < ( and since
is a diffeomorphism, then dt/dr > 0. Then compute

5 47 d7
~ 7 dy
L(7) = / 9(575) dr
_ /B dydt dydty
- L\ \Gtaraar
_ /ﬁ dy dy\dt
- LoVI\ GG ) ar

= L(v).
The case when dt/dr < 0 and & > 3 is similar. O

So this definition corresponds to the usual definition of the arc length of a
parametric curve. In particular, it is invariant under change of parametriza-
tion. This particular feature turns out to cause trouble analytically. In the
following sections, we’ll seek to find paths minimizing arc length by con-
structing a sequence of paths approaching a length-minimizing one. The fact
that a potentially minimizing path has many different parametrizations will
make the analysis more difficult, since it will be difficult to find a sequence of
paths which approaches a particular minimizing path among all the possible
parametrizations. Another analytic objection to the length functional is that
it is the L! norm of the length of the tangent vector 4. L? norms tend to
behave better, since we can use the structure of Hilbert spaces.

Assume for convenience that the interval I = [0,1]. This can always be
achieved by using a linear map to take a given I to [0, 1].

Thus we introduce a related functional, the energy of a C! path v: [0, 1] —
X. Define

1
£0) = [ 1l
0

The energy is related to the length by the following proposition.
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Proposition 50. For a given homotopy class C of curves v: [0,1] — X, a
C! curve vy is the minimizes E in C if and only if it minimizes L among C'*
curves in C and the speed |¥(t)|, is constant.

Before we start the proof, we recall a little about homotopy classes.

Two continuous curves v;: [0,1] — X ¢ = 0,1 are homotopic if +;(0) = p,
7i(1) = g for i = 0, 1, and if there is a continuous function (called a homotopy)
G:[0,1] x [0,1] — X so that G(0,t) = vo(t), G(1,t) = 1 (¢) for all t € [0, 1],
and G(s,0) = p and G(s,1) = ¢ for all s € [0,1]. (More generally, if YV
and X are both metric spaces, then two continuous maps fo, f1: Y — X
are said to be homotopic if there is a continuous map F: [0,1] x Y — X
with F(0,y) = fo(y), F(1,y) = fi(y) for all y € Y. In the present case, the
space Y = [0, 1] and we impose the extra conditions that the values at the
endpoints t = 0, 1 are fixed at p, ¢ respectively as well.)

Since we are measuring length and energy, we are only interested in curves
~; which are C'!, while we allow the homotopy G to be only continuous.

Proposition 51. The condition of two paths being homotopic is an equiva-
lence relation, and thus we may consider homotopy classes of paths.)

Proof. We need to show the property is reflexive, symmetric, and transitive.
If v: [0,1] — X is a continuous path, then it is homotopic to itself via the
homotopy G(s,t) = ~(t) for s € [0,1]. This shows the reflexive property.

If 74 is homotopic to y; via the homotopy G, then we see ~; is homotopic
to 7o via the homotopy G(s,t) = G(1 — s,t). This shows the symmetric
property.

Finally, to show the transitive property, if 7o is homotopic to v; via a
homotopy G and 7, is homotopic to 7, via a homotopy F', then we construct
a homotopy from 7, to v, by the formula

G(2s,t)  for s€]0,1/2]
H(s,t) = { F(2s—1,t) for sell/2,1]

Note this definition is well-defined, since for H(1/2,t) = ~1(t) for either
definition above. This observation also shows that H is continuous. It is
straightforward to show H is a homotopy. ]

A (" diffeomorphism t = (1) of [0, 1] is called orientation preserving if
dt/dr > 0. Another fact about homotopy we’ll presently use is the following
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Lemma 52. If 3(1) = v(t(7)) fort = t(1) an orientation-preserving diffeo-
morphism of [0, 1], then 4 and v are homotopic.

Proof. For s,7 € [0,1], define 1(s,7) = sT + (1 — s)t(r). Then we will
show that G(s,7) = v(¢(s, 7)) is the required homotopy. First of all, since
t(7) is an orientation-preserving diffeomorphism, we see t(0) = 0, ¢(1) = 1.
Now check that for s,7 € [0,1], ¥(s,7) € [0,1]: because 0 < 7 < 1 and
0 <t(r) <1, then

0=5(0)+(1—5)0<st+(1—=29)t(r) <s(1)+ (1 —s)(1) =1.

This shows the homotopy G is well-defined. It is obvious for 7 € [0, 1]
that G(0,7) = 7o(7) and G(1,7) = (7). Also compute for s € [0,1],
G(s,0) = v(0) and G(s,1) = 7(1). O

Also, note the following

Lemma 53. For any C' path v, E(y) > L(v)? and they are equal if and
only if |¥(t)|, is constant.

Proof. Apply Holder’s inequality

1o = [ ol ([ M)é ([ rga) = vEe)

with equality if and only if 1 is proportional to |¥(t)|,, which is the same as
[¥(t)|4 being constant. O

VI

Proof of Proposition 50. Lety € C satisfy E(v) < E(v/) for ally € C. Given
7, let . be the constant speed reparametrization of v (this exists by Problem
39 below). Then we have by Proposition 49 and Lemma 53

L(7e)* = L(7)? < E(y) < E(ve) = L(7.)*.

Thus all the inequalities in the above equation must be equalities and L(7y)? =
E(v). Then Lemma 53 implies v must have constant speed. So we’ve shown
so far that if v minimizes F, then v has constant speed.

Let v minimize E. For each C' curve o/ € C, let 7/ be a constant speed
reparametrization. Then since v has constant speed, Lemma 53 and Propo-
sition 49 show

L(y)> = E(y) < E(y,) = L(v.)* = L(v')*.

So we’ve shown that if v minimizes E in C, then v minimizes L in C.
We leave the converse statement as Problem 40 below. O
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Homework Problem 39. Let v: [0,1] — X, v = ~(t) be a path into a
Riemannian manifold X. Assume |¥(t)|, # 0 for all t € [0,1]. Show that
there is a reparametrization t(T) so that t(0) = 0, (1) = 1, dt/dr > 0, and
‘Z—Z g 15 constant.

Hint: Show the constant must be equal to L(y). Then show the condi-
tion is an ODE in 7 = 7(t). (Note that if dt/dr > 0, then t(7) is strictly
increasing and thus has an inverse on [0, 1].)

Homework Problem 40. For a given homotopy class C of curves - :
[0,1] — X, assume vy has constant speed |¥(t)|, and v minimizes L among
C! curves in C. Then v minimizes E among C' curves in C.

Now we compute the first variation of the energy functional. Let v be
a smooth curve from [0,1] to X so that v(0) = p, v(1) = ¢. X C R" has
the Riemannian metric pulled back from RY. Assume 7 minimizes E in a
homotopy class C, and that v is C2. Then for each smooth family ~.(t), we
have

d
2| B> =0.
de| . (7e)

Consider a variation of the following special form. Near a point in ([0, 1]),
pick local coordinates x: O — U C R". Then there is a small time interval
I = ~10) C [0,1]. Assume for simplicity that I doesn’t contain either
endpoint 0 or 1. In terms of the local coordinates =, z(y(t)) = v(t) € U C R",
for t € I. Then let h: R — R™ be a smooth function so that supp(h) CC I.
For € near 0,
21(6) = 2(t) + eh(t) CU

for t € I. We define v, outside of O to be simply v. Apply the first variational
formula

%ﬂﬂw==%dﬁwmmwmﬁ
- % B /1 9ig (7(8) + eh(0))[¥ () + e’ (0)][3 (1) + eh? (¢)] dt
- [ | eemo] so o

+[mwwmwmw
+ [ a5 0 ) a
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Now we integrate by parts in the last two integrals. Note that since h has
compact support, all the boundary terms involving A vanish. Compute

[aooioswe = - [|Eamso| rosoa
- [asto @ i

We may plug this in to find for a minimizer

d
- 2 F
0 de|. (7e)
8g2 7 ag’b 7 7 ag’b <111
= /{a LpkaiyT — i VWY = gigh' s — S — gmh]}dt
I

i ;i OGkj i g
/h’“{—axhvﬂ o =Myl — g A ~ Bg7 AR — g ¢ dt.
I

Since this is true for each h with compact support in I, then we must have
for each k =1,...,n, and for all ¢ in the open interval I,

99ij i.j agkj i i Ok )

Since gr; = g;x, we have

i L/ 0gy  Ogry  Ogir\ .i.;
0 = gui + = (D Dy TIik) i
JikY +2( oz * Ozt N oi )T

o1 Ogri  0Gir.  0gii \ ;.
0 4 — ke ] Z, i Yy
Y ( oz 0w oz )T

= fy Fz] ’7 ’7 )
1 Ogr; | 09k 0y
4 _ ke J i iJ

0=

ort  Oxd Oz
Fé are called the Christoffel symbols of the metric g;;, and

AT =0 (26)
is called the geodesic equation for the metric g. Note
¢t

Any curve satisfying this second-order system is called a geodesic on the
Riemannian manifold X.
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Remark. Our definition of geodesic requires a specific parametrization to
solve the equation (the constant speed parametrization). Many other authors
define a geodesic to be a curve which satisfies the first variational equation
of arc-length. These geodesics are the same as our geodesics as subsets of the
Riemannian manifold, but the parametrization is not required to be constant
speed.

Note that this analysis does not work at the endpoints 0 and 1. There,
we simply have the conditions 7(0) = p and (1) = ¢ to remain in the class
C. This is essentially a Dirichlet boundary condition on the problem.

Homework Problem 41. Compute the Euler-Lagrange equations for the
length functional L(7). Show that any v : [0,1] — X which minimizes L
must satisfy

F(t) + TH0)F (0)F (t) = c(®)7 (1)

fort € (0,1) and c(t) a real-valued function of t.

Homework Problem 42. Let (X, g) be an n-dimensional smooth compact
Riemannian manifold. By Nash’s Theorem, we may assume that g = i*6 the
pull-back of the Euclidean metric § on RN for some embedding i: X — RV,
If (p,v) € TX (ie.p € X and v € T,X), show that the solution to the
geodesic equation (26) on X with initial conditions v(0) = p and (0) = v
exists for all time.

Hints:

(a) Show that if y(t) solves the geodesic equation (26), then the speed |§(t)|,
s constant in t.

(b) Reduce the problem to the case the initial speed |v|gp) = 1.
(¢) The unit tangent bundle UT X is defined by
UTX = {(p,v) € TX : o]y = 1}
Show UT X is compact as long as X is compact.
(d) Mimic the proof of Theorem 15 to complete the proof.

Example 16. Fuclidean space is R™ with the standard Euclidean metric
§ = by da’ da?. In this case, all the Christoffel symbols Ffj vanish, since each
term involves differentiating the components of the metric tensor, all of which
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are constant. Therefore, the geodesic system is simply Y% = 0. Solutions to
this ODE are simply linear functions of t, and so geodesics are of the form
v =tv+w for v,w € R". So geodesics on Fuclidean space are straight lines
traversed at constant speed.

Example 17. For hyperbolic space, recall the metric g;; = (z")"28;; on {z €
R™ : 2™ > 0}. Compute the Christoffel symbols:

g = (a")250,
gijr = —2(z")736;07,
Iy 5(2")26" (gieg + 9o — 9ijie)
3 (220 [=2(2") 72 (0:00] + 6407 — 0307)

= —(9@")*1((55(5;I + (5;?(5? — 0" G5).

Now consider i, j, k distinct integers in {1,...,n}.
ko _
S
=Tk = —(@")7'o,
Ff@ _ (wn)—lékn’
O o= )
First, we look for solutions in which ¥ =0 fork=1,...,n—1 (so only

Y™ waries in t). It is plausible to look for such solutions since the coefficients
gi; of the metric depend only on x™.
In this case, for k <n, compute

0=4" = T4’

T ¥ 4"
Thus if ¥ = --- = 4"~1 = 0, then the geodesic equations for 5% for k < n

are automatically solved.
Now compute the geodesic equation for 4™ :

S L P
1-n-n

= (2")7 A",
= () (27)
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This is a second-order nonlinear equation in "™, and we do not have any
general technique to solve such an equation. We can, however, make some
educated guesses. In particular, note that

(") ="+ 3",

and that each of these terms is similar to those in the geodesic equation (27)
above.
In particular, compute for a function f of ¥"

0 = (f(yY")3") (28)
= fOMA"+ ()T,
I L .

0= e T (29)

This last equation is the same as the geodesic equation (27) if

(") 1

f(m) ok

and this is now a first-order separable equation for f. We may solve to find
f= (""" is a solution.
Now plug into (28) to find

o -
,yn
(log "),
Ct+D = log~",
,7n — AeCt

for A a positive constant (since in hyperbolic space, we have ™ = ~" > ()
and C' any real constant. Therefore,

Y= o TIERTL =

solves the geodesic system on hyperbolic space.
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So far we have only found geodesics in the special case that 41 = - =
A"l = 0. To find all the geodesics on hyperbolic space, we introduce the
notion of an isometry of a Riemannian manifold.

Given a Riemannian manifold (X, g), a diffeomorphism ®: X — X is an
isometry if ®*g = g. Isometries of H" are well understood, and we introduce
a specific type. For o > 0, let

x

LaixHaw,

where x € H" C R™ and |z|* = ()2 + - - + (2")? comes from R™. It is easy
to see that i, 1s a diffeomorphism of H™. To show that it is an isometry, let

y = to(x). Then
R <Z?:1(dyj)2>
vg=1u | =—"—1.

lyl?
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Dropping the pull back 1}, notation, we compute

| 2
i g
. 6yj .
dy = L ai,
Y ox' .
" |26 — 22iad
B N T
=1 ‘l‘l
"L |z f267 — 22
(dy])Q o a? 7 d 7
= el
RS |2|267 — 2zt d L |]?6] — 24k e o
- @ Z FE z Z Bk z
i=1 k=1

9 n
O{ ) y . . . . . . . ]
= W Z [4&')11‘]‘5(1}7)2 — 2|af;|2',I;Za,l.]5.]7f _ 2|$|2wk$353 + |I’|4555‘]1i| A dl»k
i,k=1
2 n n
- % {4(37j)2 Z z'e® dat da® — 2|z|?2? da? sz do
i
i,k=1 i1

— 2|z|?2? da? Zxk dz* + |:c|4(dxj)2}

k=1

2 n n
- > {4(xj)2 Z o' dot da® — 4|x|?a? da? Zx’ dx’ + |x|4(dxj)2} :

|z[® : :
i,k=1 =1

99



Z(dyj)Q = ](;? {4 (Z; z7) ) (Z z'a® dat da >

i,k=1

—4|x|? Z 2lxt da* da? + |x|* Z (da?) }

3,j=1

o2
- T {4|x|2 Z rie® dat da® — 4]z Z o' dat da®

1,k=1 i,k=1

+ |2t Z(divj)2}
j=1
2 n

Z?:1 (dy’)? |37 Z?:1 (dxj)z

(y")? a2y

Therefore, 15,9 = g and 1, 1S an isometry.

Moreover, it is trivial to check that any translation x — x + xg is an
isometry of H™ if the last component xj = 0. Also, note that the composition
of two isometries is again an isometry (indeed the set of isometries of a
Riemannian manifold X forms a subgroup of the diffeomorphism group called
the isometry group).

Proposition 55 below shows that for any geodesic 1p: R — H", then 1,01
s also a geodesic. Recall we know so far that

v = (76,..., g_l,AeCt)

are geodesics for A >0, C € R. Compute for a > 0,

oy=al = a7, Ae)
P ()2 4 () A2
The image 1, o ¥(R) is then the half-circle in R™ which intersects {x™ = 0}
perpendicularly at

(7.7, 0)
()2 4+ (1)
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Then if we apply the isometry given by adding a constant xy with g = 0,
then every half-circle in H™ which intersects {x™ = 0} perpendicularly at both
endpoints is the image of a geodesic path in H".

All together, for constants

YooY a2l CER, Aja >0,
the path fort € R

a(yp, % Ae)
()2 + -+ (15 7)? + AZe2Ct

Y(t) = + (g, ..., 25", 0) (30)
is a geodesic in H", and the image ¥(R) is a ray or a half-circle in R"
perpendicular to {x™ = 0}. All such rays and semicircles are represented by
such geodesic paths.

We claim that we have found all the geodesics in H"™. The way to check
this 1s to recognize that the geodesic system, as a second-order ODE system
with smooth coefficients, has a unique solution for each initial value problem

A = —TEAY,  4(0) =y, (0) = vo.

Then if we can check that every initial condition (yo,ve) € TH™ occurs as
(1(0),1(0)) for a geodesic ¥ (t) in (30), uniqueness of the geodesic system
will imply that we have found all the geodesics in H™.

So we must check that every (yo,v0) € TH™ = H" x R™ can be represented

by (1(0),4(0)) for a ¥(t) in (30). For a given point yo € H", and vector
vy € T, H" = R", consider first the case when

1 _ — =1 _
Vg =---=1v, =0.

In this case, we can choose A > 0 and C so that

Y(t) = (y(l), . ,yg_l, AeCt)

satisfies 1(0) = yo and ¢(0) = vy. Otherwise, yo and vy span a plane P in
H". Let L = Pn{x™ = 0}. It is straightforward to check that there is a unique
semicircle in the plane P which hits L perpendicularly, passes through yo and
is tangent to vy at yo. This is the image of some geodesic 1(t) in (30). Then
we can adjust C' and A to ensure that 1(0) = yo and 1(0) = vy. Therefore,
every initial condition (yo,vo) s achieved by a geodesic on our list, and we
have found all the geodesics in hyperbolic space.
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The following proposition was discussed in Example 17 above.

Proposition 54. Consider a Riemannian manifold (X,g). Given p € X,
v € T,X, there is an € > 0 and a unique geodesic v : (—e€,€) — X with

7(0) =p, ¥(0) = v.

Remark. In general, the geodesic v may not exist for all time, although we
have seen that all the geodesics on hyperbolic space (Example 17) and on
compact Riemannian manifolds (Problem 42) do exist for all time.

A map ¢: X — Y for manifolds X and Y with Riemannian metrics g
and h respectively is a local isometry if every point in X has a neighborhood

O on which ®: O — ®(0O) C Y is an isometry.

Proposition 55. If ®: X — Y is a local isometry of Riemannian manifolds,
then for every geodesic: (—e,€) — X, o is a geodesic on'Y . Any geodesic
on ®(X) CY is of this form.

Proof. In local coordinates on X and Y, we can write the isometry as y =
y(x). Note this is the same form as a coordinate change, and the condition
that the map is an isometry is simply that the metric pulls back as a (0, 2)
tensor when changing coordinates.

Therefore, the proof boils down the the following fact: for a local isometry,
and for any C? path ~, the quantity

wh = 4* + TEA
transforms like a tangent vector (i.e. a (1,0) tensor) under changes of coor-
dinates. Therefore,
D0
Oxk ox* oy’
and w*(z) = 0 for k = 1,...,n is equivalent to w!(y) =0 for [ = 1,...,n.
This is because g%,i is nonsingular for y = y(z) a diffeomorphism.

In order to compute how w* transforms, we use the following index con-
vention. Indices 4, j, k,... are with respect to the x variables, while indices
I,J,K,... are with respect to the y variables. For example, g;; is the metric
in the x coordinates, while g;; is the metric in the y coordinates.

First of all, note

dx' Oz’ i 9y" oy’

grj = Gij 8—yla—yJ> g g 9 Ol
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Compute

g _ 0915
I1J,K —6y 7

_ 0 ( 0xox
T gyK Yij oyl Oy’
dgi;j Ox' O O*at Ox) ort 0%’
=7t Gij + Gij
oyK oyl oy’ oyl oyx oy’ oyl Oy’ oy
0t o0 O O Ox' P20
Gij.k oYK dy! oy’ Gij dyl OyK oy’ 9ij oyl Ay’ K

Then compute

9k 1 91k, — 911K

oz* ox' 027 OPat Ox) ozt 0%/
Ik BT ayR 0y 0 ByToyR By By 7yt
Jisk oy’ oyt oyK Jij oyl oy’ oy Jij oyl oy’ oy
oz* 0x' O 0%xt Ox) ozt 0%a)
0k G B BB 07 T B
B ozk 0zt O ox¥ Ox' 07 Ox* Ox' O’
= 900 G g g7 4 5y T 5y 9% o a7
0%xt Ox)

2 G ————.
+ 9ij ayI@yJ ayK
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Then the Christoffel symbols

F%J = % gKL(gKJI + 91k,.0 — 91J.K)
L 8y 8y ok ox' 07 N ok 0x' Ox’
39" azm ozt \ T gyt oyT oYK dy’ Jisk oy’ oyt oy
oxF oxt 07 Lo Pzt 07
Tk Gk ayT g7 " 299 9yToy7 gk
1 e OY" Oxk O Oxk Ozt
= 359 Imik 5 Ta7 T 9imk 37 AT
2 ot oyl dy oy’ Oy
ox' 07 Lo 0%z’
¢ oyt 0x' Ox7 N oyl 0?2’
Y 0zt Oyl Oyl Ozt Oyl oy’
Note that the second term in the last formula shows that the Christoffel
symbols do not transform as a tensor. In fact, this is fortunate, as the extra

non-tensorial term will cancel out a similar term coming from the second
derivative §*.

Note that
I dy’ v
7= %’Y 5
d [ oy*
L _ 4 (YY" N
o= (axg(v)’y)
_ 8yL 1y a2yL cjef
= 9t + 0xt oI L
Compute
DL 41s0 ¢ oyl 0zt 07 oyt 0%at o oy’ i oy’
7 7 oxt oyl oy’ 0xt Oyl oy’ ox™ ' QxP

jgyL 82 k ayL ayl ay
= Iy o T907 Ok e
ox 8y Oy’ OxF Ox Ox

Therefore, 4% + T'%,4'4” will transform like a tensor if we can show that the
non-tensorial terms cancel: We need to show

azyL ank ayL ayl ayJ B

0xtoxd  oyloy’ Oxk Oxd Ozt

(31)
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This equation follows from the formula for the first derivative of an inverse
matrix. If A represents the first derivative of a matrix A (with respect to
any parameter or variable), then

(A™h) = —A7tAA™ L

(Proof: Differentiate the equation AA~" = T to find AA~' + A(A~") = 0.)
Then since (9y’/0z*) is the inverse matrix of (9z°/dy*),

82 yL _ o ayL
Or'dxi —  Oxd <8;1:f>
Oyt [ 0 [(0aFN\T oy’
T ak L?:cj (8yJ>] Ozt

_ oyt Toy' 0 (0x\] 0y’
 Oxk |oxd oy \ oy’ )| 0zt

Upon plugging in, this proves formula (31) and the proposition. O

Remark. There is also a more geometric proof of the previous proposition.
Recall that we derived the geodesic equation as the Euler-Lagrange equation
of the energy functional. So any path which minimizes the energy satisfies the
geodesic equation. It is easy to see that the energy of a path is invariant under
an isometry; therefore, the notion of energy-minimizing path is invariant
under isometries.

The problem is that there are geodesics which do not minimize the en-
ergy. (They may be saddle points of the energy functional.) This can be
surmounted by restricting to small domains by using the following fact from
Riemannian geometry: Every point in a Riemannian manifold has a neighbor-
hood O so that all geodesic paths in O are energy-minimizing for endpoints
in O. (In Riemannian geometry books, this fact is usually stated in terms
of the length functional instead; to translate to the present situation, re-
call that energy-minimizing paths are length-minimizing paths parametrized
with constant speed.)

Homework Problem 43. Given a smooth function on a Riemannian man-
ifold, the Hessian of f is defined locally by the formula

T F

Show that the Hessian of f is a symmetric (0,2) tensor.

H(f);
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Homework Problem 44. Compute all the geodesics on S2.

Hint: Use the expression for the metric in local coordinates (y*,y?) from
Example 13. Compute the Christoffel symbols. Analyze the case when y? = 0
and only y* varies. Solve the resulting second-order ODE for v' = y'. Then
move these geodesics around via the isometry group of S2.

(The isometry group of S* is given by the orthogonal group of 3 X 3 ma-

trices
O3)={A: AAT =1}

Show that each such linear action is an isometry of R which takes the unit
sphere S? to itself. For every line L though the origin in R®, show that
rotating by an angle 6 around the line L is a linear map in O(3). Show
that every initial condition (p,v) € T'S? of the geodesic equation on S* can
be realized by the examples you computed above, when acted on by such a
rotation in O(3).)

4.3 The direct method: An example

We have computed the Euler-Lagrange equations of the energy functional.
Now we introduce an example of the direct method in the calculus of varia-
tions.

The direct method is this: Given a functional £': C — R, if there is a
lower bound I = inf,c¢ E(y) > —oo, then there is a sequence of paths v; so
that E(vy;) — I. The direct method is to show that there is a subsequence
of {7;} which converges to some 7, and to show that the limiting v € C and
that E(y) = I. Thus we have constructed a minimizer v over the class C
of the functional E. There are subtle points to deal with along the way.
Typically, the class C is a closed subset of a Banach space, and in passing
to the limit of a subsequence, the limit v we construct may be in a weaker
Banach space (for example, a sequence in C'' may produce a limit only in
C°, which will be problematic if the functional involves any derivatives).
A related issue is that in passing to the limit 7;, — 7, we may not have
E(vi;) — E(v). In particular, below we will have to deal with the situation
in which we only know lim; .. E(7;;) > E(7)—so that the functional is only
lower semi-continuous under the limit. Thus we will typically need to spend
time improving the regularity of the limit v and showing some semi-continuity
of the functional under the limiting subsequence.

The direct method of the calculus of variations is very useful in solving
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elliptic PDEs. The problem we approach involves geodesics, and thus the
solution we produce be a solution to an ODE. This will allow us to proceed
with much of the general picture of the calculus of variations while avoid-
ing some of the more technical points. In particular, we will learn about
distributions, weak derivatives, Hilbert spaces, and compact maps between
Banach spaces in solving our problem.

Given a smooth manifold X, a loop is a continuous map from the circle S!
to X. Each such loop is equivalent to a continuous map v: R — X which is
periodic in the sense that y(t+1) = 7(t) for all t € R. We will abuse notation
by using the same ~ for v: S' — X and the periodic v: R — X. (This is
because S' is naturally the quotient R/Z, where Z acts on R by adding
integers to real numbers.) Two loops 7,71 : S' — X are freely homotopic if
there is a continuous homotopy

G:[0,1] xS' — X, G(0,t) = v(t), G(1,t) = v(t).

The condition of being freely homotopic is an equivalence relation, and thus
each loop on a manifold X is a member of a free homotopy class.
Here is our problem:

Problem: Find a curve of least length in a free homotopy class of loops on
a compact Riemannian manifold.

The problem may have no solution on a noncompact Riemannian mani-
fold. There may be loops of arbitrarily small length in a given nontrivial free
homotopy class, corresponding to a loops slipping off a narrowing end of the
manifold.

Homotopy classes are objects defined by continuity, and the following
result should come as no surprise.

Proposition 56. For a smooth compact manifold X C R, there is an e > 0
so that if two loops 7o, v1: S' — X C RY satisfy

|70 — 71||00(§1,RN) <€,
then vy and v, are homotopic as loops in X.

Proof. We apply the e-Neighborhood Theorem (19): For e > 0, let X be the
open subset of RY consisting of all points distance less than e from X. There
is a € > 0 small enough so that every point in X€¢ has a unique closest point
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in X. Then the map m: X¢ — X which sends a point in X€ to its closest
point in X is a smooth map of X€¢ to X, and it fixes each point in X C X°¢.
Let v and ~; be loops on X satisfying

70 — nllcostryy < e
Then consider the homotopy in RY
G(s,t) = (1= s)v(t) + sn(t) € RV,

For s,t € [0,1], the distance in RY

G(s,t) = 70(t)] = s|y(t) —n(t)] <1-e
So G(s,t) € X for all s, € [0,1], and we may define a homotopy in X by
G(s,t) = n(G(s,1)).
L]

Remark. The homotopy G(s,t) constructed is a smooth homotopy if 7o and
~1 are smooth. Thus the same theorem works with smooth homotopy classes
(as considered in Guillemin and Pollack).

Corollary 57. If v; are a sequence of loops in a free homotopy class in
X CRY, and

lim [y = v[cosr ry) = 0,
then the loop v 1s in the same free homotopy class.

Proof. For the € > 0 of Proposition 56 above, there is a ~; so that

”%’ - 7’|CO(S1,RN) < €.

Apply Proposition 56 to show + and ~; are in the same free homotopy class.
O

The e-Neighborhood Theorem, together with the mollifier technique of
approximation, allow us to prove an important foundational result in topol-

ogy:
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Theorem 20. Let f: R® — Y be uniformly continuous, where Y C RV is
a compact submanifold without boundary. Then f is homotopic to a smooth
map from R" — Y.

Proof. Since f is uniformly continuous, for all € > 0, there is a 6 > 0 so
that if |z — 2’| < 0, then |f(z) — f(2’)] < e. The e-Neighborhood Theorem
shows that there is an € > 0 so that the map 7: Y¢ — Y is well-defined and
smooth. Let 0 be the corresponding ¢ from the uniform continuity of f.

Let p be a smooth nonnegative bump function with support in the unit
ball B;(0) in R™ so that [;,pdx, = 1. Then for o > 0, define p,(z) =
a "p(z/a). Note supp p, = B,(0). Define

fo(z) = Rnf(y)pa(aﬁ —y) dy, = /{ .y }f(y)pa(ﬂf — ) dypn.

(Note each f is RN-valued.) If a < 6, then |f(y) — f(z)| < € for y in the
domain of integration, and so

e = [ S,
= [ W) f@lee ) o,
) po (T — 1) dy,
o @)y

- /{ < }[f(y) — F(@)]pal® —y) dyn + f(2)

since

[ nvdn= [ pte-vdn = [ =1
{yi|$*y\§a} n n

for the substitution z =z — y. So

(32)

=l = | )= Sl =,

< [ VO @t )

< e/ palx — 1) dy, = €.
{y:]z—y|<a}
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Therefore if o € (0,8), then f*(z) € Y. Then we check that f(z) =
7(f*(x)) is the desired homotopy. In particular, as & — 0, f*(z) — f(z)
uniformly by (32) (view € as varying to zero instead of fixed for this inter-
pretation). Since 7 and f* are smooth, then fo‘ is smooth for small a > 0.
In particular, we have shown that

[ f*(x) for a > 0 small
Flo2) = { flx) fora=0

is the desired homotopy. 1

Theorem 21. Let f: X — Y be a continuous map between smooth mani-
folds. Then f is homotopic to a smooth map from X — Y.

Sketch of proof. We may assume X C R by Whitney’s Embedding The-
orem. Then there is a v > 0 so that m; : X¥ — X is well-defined and
smooth. Define g: RM — RY by g(p) = f(mum(p)) for p € X¥ and g(p) =0
for p ¢ X”. Note g(p) is uniformly continuous on a neighborhood of X.
Apply the mollifier argument as above to g and show that the homotopy
constructed in the proof of Theorem 20, when restricted to X C R™, has the
desired properties. [l

The discussion above about energy and length still holds. Assuming the
minimizer is smooth enough, then a constant-speed length-minimizing loop
is the same as an energy-minimizing loop. Thus we may as well consider
energy-minimizing loops, and we have the equivalent problem.

Problem: Find a curve of least energy in a free homotopy class of loops on
a compact Riemannian manifold.

So far in our discussion, the formulation of length and energy depend
on the loop v being C' (so that the derivative 4 is C° and thus can be
integrated). If we look more closely, the energy is defined as the L? norm of

’}/ 1
B(y) = / 412 dt.
0

Therefore, we really do not need + to be continuous, but only L?. In terms of
v itself, we need to develop a theory of how to take a derivative which ends
up not being continuous, but only L2. For this purpose, we define derivatives
in the sense of distributions, or weak derivatives.
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4.4 Distributions

On R™, we consider each smooth function ¢ with compact support to be a
test function. For any C' function f on R™ and test function ¢, we have the
following formula by integrating by parts:

f,i¢ dx, = — f¢,z‘ dzxy,. (33>
R” R

For two locally L' functions f and h on R™, we say f; = h in the sense of
distributions if for all test functions ¢,

[ modn, = [ o,do,
n Rn

Let D(R™) be the vector space of all smooth functions with compact
support in R™. A distribution on R" is a linear map from D(R") — R. (We
often allow C-valued test functions and consider complex linear maps to C;
complex-valued functions are useful when doing Fourier analysis.) Recall a
measurable function f is locally L' if over every compact subset K of the
domain of f, [, |f| < oo. Any locally L' function f on R" gives a distribution
by sending

fro= flo)= | [fodr,.
R
Notice that there is a slight abuse of notation: f(¢) for ¢ a test function is

not to be confused with f(z) for z € R". Two locally L' functions f, fo are
said to be equal in the sense of distributions if for every test function ¢,

figde, = | fopdz, < (fi — fo)pdx, =0,
R™ Rn R

Remark. On R¥, note that any locally LP function for p > 1 is also locally
L'. This is because for K cC R", %—1— é = 1, and f locally LP, Holder’s
inequality states

/K|f|dxn§(/Kldxn)é</K\f|pdxn);<oo.

Example 18. Any locally finite Borel measure du on R™ defines a distribu-
tion by sending

¢ [ ¢du

R”
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for any test function ¢.
An important example of this is the inaptly named §-function, or unit

point mass, at the origin. The d-function is a measure on R™ so that for any
subset 2 C R™,
1 if 0€Q

5<Q>:{ 0 if 0¢0Q.
So the distribution defined by this measure is

d: ¢ ¢(0),

which is just evaluation of ¢ at the origin. The following problem shows there
is no locally L function which is equal to the d-function.

Homework Problem 45. Show that there is no L' function f on R™ so
that

fodx, = ¢(0) for all » € D(R™).
Rn

Hint: Consider a smooth nonnegative function p: R™ — R with support
in B1(0) the unit ball centered at 0 and so that fRn pdx, = 1. Use this p to
define p.(x) = e "p(x/€). If there were such an L' function f, recall that if

f@) = | fW)p(r—y)dy,,

R

then f¢— f in L' as e — 0.

(a) Show that for all x # 0 that f(x) = 0 for € small enough. (Follow the
proof of Proposition 58.)

(b) Suppose a family of continuous functions f¢— f in L'(R™) as e — 0T,
and let O C R™ be a measurable subset on which €= 0 identically on
O for all € sufficiently small. Show that f = 0 almost everywhere on O.
(Split up the relevant integrals on R™ into integrals on O and R™\ O.)

(c) Show our f =0 almost everywhere on R™.

(d) Find a contradiction.
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We have just seen that distributions are more general than functions.
In particular, it is possible to differentiate any distribution by mimicking
formula (33). A distributional derivative of a function may no longer be a
function, but it will be well-defined as a distribution. Given a distribution f
defined by a map f: ¢ — f(¢) € R, the partial derivative f; in the sense of
distributions is defined to be the distribution

fir o= —f(d,)
It is this innovation which allows us to define the derivatives of L? functions.

Remark. Note that the equation (33) motivating the distributional derivative
is essentially the same as the integration by parts used to calculate the Euler-
Lagrange equations for v+ e€h. Thus if A is smooth with compact support, we
can still integrate by parts even if v is no longer regular enough for ordinary
differentiation; we simply consider the derivatives to be taken in the sense of
distributions.

Homework Problem 46. Consider the Heaviside function

(1 i 2>0
h<°”7)_{0 if x <0,

Show that the derivative h' (taken in the sense of distributions) is the §
function on R.

Homework Problem 47. Consider for any test function ¢ € D(R),

1 1 <1
PV | — = li — d — dr ) .
(5)@=tm ([ Sowars [ o)
Part (a) shows that PV (L) is a distribution. It is called the principal value
of %
(a) Show PV (1)(¢) converges for all smooth test functions ¢. (Hint: The
potential problem is clearly at © = 0. Use Taylor’s Theorem to write

¢ = ¢(0) + O(x), where O(z) represents a term so that O(z)/x con-
verges to a real limit as v — 0.)

(b) Show that the first derivative in the sense of distributions of PV (%) is
given in terms of ¢ € D(R) as

lim UOO (—%) o(x) da + [O (—%) 8(x)dr + 2 9(0)]
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One more thing is needed to complete the picture of distributions as
generalizations of functions. Recall that every locally LP function for p > 1
defines a distribution. The following proposition shows this map is injective.

Proposition 58. If two locally L' functions fi and fy on R™ define the same
distribution, then fi = fo almost everywhere.

Proof. We first consider the case when f; and f, are both globally L! on R".
Then recall that we can use a mollifier to approximate each in L' by smooth
functions. In particular, if p is a smooth nonnegative function with compact
support so that fRn pdx, =1, then define

1 T . .
Then each ff is a smooth L' function on R™ and ff — f; in L' as ¢ — 0.
Now for each fixed x € R", p.(x —y) is a smooth test function with compact
support in y, and ff(x) is simply the evaluation of this test function by the
distribution f;. Since fi = f in the sense of distributions, then f(z) = f5(x)

for all x € R™. So then
If1 = follpr = lim 1fi = fallo = lim 0 = 0.

Then f; = f, in L', which is equivalent to f; = f, almost everywhere.

If fi and fo are only locally L', consider a smooth function 8z with
compact support which is identically equal to 1 on B = {|z| < R}. It is
easy to check that the condition f; = f, in the sense of distributions implies
Brfi = Brfs in the sense of distributions. Then since each f; is locally L,
each Bgfiis globally in L'. We apply the argument of the previous paragraph;
so Brfi = PBrf2 almost everywhere on R™. This implies that f; = f, almost
everywhere on the ball Bg. Now let R — oo to conclude that f; = f, almost
everywhere on R". 1

So far, we have discussed distributions on R™. On the circle S', the
definitions are similar, the main difference being that since S' is compact,
our test functions are simply all smooth functions on S'. In particular, we
can think of test functions on S! as smooth periodic functions on R with
period 1. In this way, an L' function f on S! acts on test functions by

f:¢—>/01f¢dt-
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One thing to check is that integration by parts still works. If f is C'!' on S!
and ¢ is smooth on S!, then

1
pdt = b d
[ foat = [ joa
1

- —/0 fodt+ (f9)

0

- -/ fodt+ f(1)e(1) — £(0)$(0)
= — | foat
Sl

because f(0) = f(1) and ¢(0) = ¢(1) since f and ¢ are periodic. So we
have the same basic formula as in (33), and we may define distributions and
distributional derivatives in the same manner as above.

Now we return to our problem. We want to consider all loops 7: S' —
X C R¥ so that

1
BO) = [ Wt = i, < .
Therefore, we consider the Sobolev space
LI(SYRY) = {7: 8" = RV : |17z = [Il72 + [1F1l72 < o0},

where the derivative 4 is taken in the sense of distributions. Note that
v € L*(S',RY) implies that 4, when defined in the sense of distributions,
may be represented as a function (and an L? function at that).

We may consider each component 7!, .., vV separately, and it should be
clear that 7; — ~ in L?(S', RY) if and only if each 4% — 4 in L(S',R) for
each a =1,..., N. Thus we may work with each component of v separately
in RY. Below we will see that L? is a Hilbert space, but for now we are
content to show that every function in L?(S') is continuous. Recall that
elements of L?(S') are only equivalence classes of functions, two functions
being equivalent if they agree almost everywhere.

Proposition 59. Fvery element of L3(R) contains a continuous representa-
tive.
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Remark. This proposition is an important example of the Sobolev embedding
theorem, which gives a means to embed Sobolev spaces L} (R") into appropri-
ate C* spaces £ = {(p, k,n). In particular, the present result depends strongly
on the fact that the dimension of the domain R of the functions is one. (There
are elements of L2(R?) which do not have continuous representatives.)

Proof. Let f € L3(R). So [, |f|>dt = C? < co. Then compute for ¢, > t;

[f(t2) = f(t)] =

< ([vors) ([

< Clty—1y)2.

So this formula shows f is continuous, as long as we can justify using the
Fundamental Theorem of Calculus

fﬁﬂ—f@)z[Qﬂwﬁ

We achieve this by defining g(t fo s)ds. The previous argument
implies that ¢ is continuous. NOW we argue that there is a constant K so
that f — g = K almost everywhere. This will show there is an continuous
representative g + K in the equivalence class of f.

First we show that ¢ = f in the sense of distributions. Consider a test
function ¢. Then

i(6) = —/wawawﬁ

o0

s

= ( )b (t) ds dt + f'(s)gz}(t)dsdt

by Fubini’s Theorem, for the regions in the plane

Rlz{(s,t>2820,t28}, RQI—Rl.

116



Then again by Fubini, and since ¢ has compact support,

L (Lo (s
:_/( ds+/q5
:/¢

Therefore, g = f in the sense of distributions.

The following proposition, applied to f — g, shows that there is a constant
K so that f = g + K in the sense of distributions. Then Proposition 58
above shows f = g + K almost everywhere, and thus there is a continuous
representative in the equivalence class of f. [l

Proposition 60. If a distribution h on R satisfies h = 0 in the sense of
distributions, then there is a constant K so that h = K as distributions.

Proof. Let ¢ be a test function with integral [, ¢dt = 1. Let K = h(¢).
Then for a test function v with fR Y dt = L, compute

h(¥) = h(t) — L) + Lh(6) = h(t — Le) + LK.

But now

/oo(w—[@)dt:L—L-l:O,

and thus the function

\(t) = / W(s) — Lo(s))ds (34)

—00

is a smooth function with compact support—Proof: Let supp(¢¥ — L¢) C
[T, T]. It is clear that x(¢f) = 0 for ¢ < T. For ¢t > T", note that x'(t) =
Y(t) — Lo(t) = 0 and so x is constant on (77,00). Then (34) shows that
X(t) = 0 ast — oo, and so x = 0 on (17, 00).

Then since x = ¢ — Lo,

h(¢)) = LK + h(¢) — L) = LK + h(x) = LK — h(x) = LK
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since h = 0 in the sense of distributions. But then

h(z/;):LK:K/Rwdt:/RKwdt.

and h = K as distributions. O

Homework Problem 48. Prove Propositions 59 and 60 above for distribu-
tions on St instead of on R. Here are the key steps:

(a) Let f:S'" — R be an L* function, and assume_ that the distributional
derivative f is L? as well. Represent f and f as periodic functions
from R — R. For anyt € R, define

o) = [ Js)as

Show that g is periodic and continuous (and so defines a continuous
function on S'.) Note that the constant function 1 is a test function
on St.

(b) Show that f = g in the sense of distributions. In other words, for every
smooth periodic test function ¢ € D(S'), show that

/Olqudt:—/olgq'sdt.

(c) If h is a distribution on S' which satisfies h =0 in the sense of distri-
butions, show there is a constant K so that h = K as distributions. In
other words, show that for every periodic smooth 1): R — R,

h(v) = /01 K dt.

Now since any L? map from S* — X C R¥ is continuous, each one is in
a free homotopy class of loops on X. With that in mind, we formulate our
final version of the problem:

For X c RY a smooth submanifold with Riemannian metric pulled back
from the Euclidean metric on RY, define

L3(S', X) = {7 € L(S", RY) : 4(8") € X},
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Here we assume that v is continuous, as we may by Proposition 59 above.

Problem: Let X C RY be a smooth compact manifold equipped with the
Riemannian metric pulled back from the Euclidean metric on RY. Let C be
the class of loops v: S — X in a free homotopy class on X and in L(S*, X).
Find a loop of least energy in C.

Proposition 61. Lety € L3(S', X) be energy minimizing in a free homotopy
class on X for X C RN a smooth manifold without boundary. Then ~y solves
the geodesic equation

Gke (’Yk + Ffﬂi”'yj) =0
forall £ =1,...,n, in the sense of distributions.

Proof. First of all, note that we can choose v to be continuous by Problem
48 above. Thus it makes sense that v is in a free homotopy class. Since
~ minimizes energy, then for each h smooth with compact support so that
v(supp h) CC a single coordinate chart in X, that

E(y+¢€h) =0.

e=0

de

Compute the first variation as in the derivation of the Euler-Lagrange equa-
tions in Subsection 4.2 above:

/!Jz‘j,khkﬁi"vjdﬂr/ gijhiﬁjdtJr/gim"'hjdt:O.
St St !

Since the components of h are smooth with compact support, they act as
test functions, and we may then integrate by parts in the second and third
integrals, in the sense of distributions, to conclude that

Gre (’Yk + Ffj"Yi"Yj) =0
in the sense of distributions. ]
Remark. In the previous proposition, we cannot immediately remove the
metric term gre = gre(7y), because we only know that gr(7) is continuous in ¢
(since 7y is continuous in ¢ by Proposition 59). In general, we cannot multiply
a distribution by a continuous function—in this case, the inverse matrix

g™ (y)—and get another distribution (this only works if the distribution is
induced from a Borel measure). See the following homework problem.
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Homework Problem 49. Note that if \: R™ — R is a smooth function, and
f is a locally L' function, then the product \f is also a locally L' function.

(a) If \: R™ — R is a smooth function, and p is a distribution on R™, then
show that it is possible to define the product Ap in such a way that if p
is induced from a locally L' function, then \p is induced from the usual
product of two functions.

(b) Let d be the 6-function on R. Compute its first derivative § in the sense
of distributions.

(¢) Show that if g: R — R is a continuous function which is not differen-
tiable at 0, then the formula for the product developed in part (a) above
does not give a reliable answer for the product gé of the continuous
function g and the distribution 5.

4.5 Hilbert spaces

Recall that a Hilbert space is a Banach space whose norm comes from a
positive definite inner product. We now show that L?(S',R) is a Hilbert
space. Recall that L?(S*, R) consists of all L? functions on S* whose derivative
in the sense of distributions is also L2. This suggests a natural inner product:

(fih)r2 :/81 fhdt+/§1 fhat.

Then plug in f = h to find

11 = [ APdes [ 177 = (5 s

and so the norm on L? is induced by the inner product. Below in Corollary
67, we show that any positive definite inner product defines a norm.

Remark. L3(S',RY) is also naturally a Hilbert space, with inner product
given by

Uity = [ e [ (i

where (-, -) is the inner product on R,
It is also useful to define complex Hilbert spaces, in which the inner
product (-,-) is Hermitian and positive definite. A Hermitian inner product
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on a complex vector space V' is a map from V x V — C which satisfies for
AeCand f,g,h eV,

(Af+g,h) = XNf.h)+ (g, h),
(f;hg+h)y = Mf,g9)+ (f,h),
(frg) = {9, f)

These three conditions are respectively that the inner product is complex
linear in the first slot, complex antilinear in the second slot, and skew-
symmetric. The first two conditions together are called sesquilinear.

Then L3(S', C) is a complex Hilbert space with inner product

>~

—~

(f,9)= [ fgdt+ [ fgdt.
St St

We can also define the Sobolev space L?(R",R) by the inner product

(o) = [ fodun+ > [ figde,
R i=1 YR?

the derivatives taken in the sense of distributions. The elements of L?(R™ R)
are then equivalence classes of functions in L? so that all the first partials in
the sense of distributions are also in L?.

We will work with L#(S!,R) instead of L#(S!,RY), since convergence
in L2(S*, RY) is equivalent to each component converging in L2(S', R). The
proofs that follow will work with minor modifications for the spaces L?(S*, RY)
and Li(S', C).

We focus on LZ(S',R), which we refer to simply as L2.

Proposition 62. L?(S!,R) is a Hilbert space.

Proof. We've exhibited an inner product on L?, and it is easy to check that
it is positive definite (if we consider elements to be equivalence classes of
functions, two functions being equivalent if they agree almost everywhere).
Thus the remaining thing to check is that the metric L?(S',R) is complete
(and so it is a Banach space).

First of all note that f, — f in L? is equivalent to f, — f in L? and
fn — f in L2,
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Let f, be a Cauchy sequence in L?. Then by the definition of the norm,
it is clear that f,, and fn are both Cauchy sequences in L?. Then we have
limits f, — f and f, — ¢ in L2. In order to show that f, — f in L2, it
suffices to show that f = ¢ in the sense of distributions.

Let ¢ be a test function, and note that f,, — f in L? implies by Holder’s
inequality that

106) = 1) = | [ = D10t < 5 = Flislolr — o

as n — oo. We use this fact for both f, — f and f, — g to compute for a
test function ¢

o0) = [ godt = tm [ fuod

n—oo Sl
= —lim [ f,odt
n—oo Jq1
= — | foudt
st
= —f(9) = f(9)
Therefore, g = f in the sense of distributions. O

Remark. Essentially the same proof shows that L?(R™, R™) is a Hilbert space.

A Hilbert basis of a Hilbert space is a generalization of the idea of an
orthonormal basis. For a real Hilbert space H, a Hilbert basis is a collection
of elements {e,}aca Which are orthonormal in that

<6a’ eﬂ) = 5aﬂ

and so that every element v € H can be written as
v = Z v%e,

for v® € R. Here A is an index set, which may be finite, countably infinite, or
uncountable (and of course the convergence of any infinite sum is controlled
by the norm). A Hilbert space which has a countable (finite or infinite)
Hilbert basis is called separable. The following is true:
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Proposition 63. FEvery Hilbert space has a Hilbert basis. In fact, every
orthonormal set in a Hilbert space can be completed to a Hilbert basis.

We omit the proof, which is similar to the proof of the corresponding
fact for vector spaces (any linearly independent set can be completed to a
basis). In particular, Zorn’s Lemma is needed in the case of non-separable
Hilbert spaces. But see Problem 54 below for a proof of this Proposition
for separable Hilbert spaces, and for a discussion of how this special case is
adequate for the proofs of the results in this section.

Theorem 22 (Pythagorean Theorem). If v,w € H a Hilbert space, and
(v,w)y =0, then
[]l* + [Jw]|* = [lv +w]]*.

Proof. Compute
lv+wl[* = v+ w,v+w) = (v,0) + 20, w) + (w,w) = [[v]|* + [Jw|>
O

Lemma 64 (Bessel’s Inequality). If {ey,...,e,} is a finite orthonormal
set in H, then for all y € H,

lyll* = > Gy el
=1

Proof. Check that for w = > 7" (y,e;)e;, (y — w,w) = 0. Then apply
the Pythagorian Theorem to y = (y — w) + w, and note that ||w]]? =

Z?:l |<ya ei>|2' O

Corollary 65. If e; is a countable orthonormal set, then

o
lyll* =D [y, el
=1

Proof. Use Bessel’s Inequality and take limits of partial sums. (Il

Theorem 23. Given a Hilbert space H with a Hilbert basis {€}aca, for
every element v € H,

vo= Z(v,ea>ea, (35)

acA

ollFr = (v,0) = Y (v ea)l?, (36)

a€cA
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where the (possibly uncountable) sums are defined by using Homework Prob-
lem 50 below. Moreover, if there are v™ € R so that Y, 4 [v*|* < oo, then
V=) caV%q converges to an element of H.

Remark. For each v € H, only a countable number of the coefficients v® =
(v, e4) are nonzero. This is due to the following fact:

Homework Problem 50. Let A be an uncountable set, and for each o € A,
let x,, > 0.

a) If A C A is a finite set, let Sy = , To. Show that if the set
acA
{Sa : A" C Ais a finite set}
is bounded, then x, = 0 for all but countably many o € A.

(b) Use part (a) to define

Zxa = sup{Sa : A" C A is a finite set}

acA

as an element of [0,00| for any x, > 0. In particular, if the sum is

finite, show that
D Ta= D Ta
acA

acA

where A = {a € A : x4 > 0} is countable. Show that if A is infinite,
the right-hand sum is the usual sum of a convergent countably infinite
series (for any bijection between A and the natural numbers).

Hint for (a): FEach x, > 0 satisfies x, € [2",2""') for some n € Z.
Deriwe a contradiction if the number of positive x,, is uncountable.

Remark. Note that

Zxa:/Axdc

a€cA

for dc the counting measure on A. If A’ C A, then the counting measure
c(A") = |A’| the cardinality of A’ (and so ¢(A’) = +o0o when A’ is infinite).
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Proof of Theorem 23. First assume that v* € R and Y, [v%]* < co. Then
Homework Problem 50 above shows that all but countably many of v® are
zero, and so we may write v as a countable sum Y .-, v'e;. Let v, = Y 1" | v'e;.
Then for n > m

2

= Z [o'f* < Z o',

1=m+1 i=m+1

n

E v'e;

1=m-+1

an - UmHZ =

Here, the second equality is by the Pythagorean Theorem. Since the series
> ooy [0*]? converges, the tail of the series Y ° . [v']* must go to zero as
m — o0, and thus {v,} is a Cauchy sequence in H. Since H is complete, v,
converges to the limit v € H.

Now let v € H and v* = (v, e,). Then Bessel’s Inequality shows that for
all finite subsets A" C A, that

Do < of®

acA’

So for the collection {|v¥|?*},ca, the set S of finite partial sums is bounded.
So Homework Problem 50 shows that all but countably many v* = 0. Denu-
merate the countable number of nonzero terms as v*,v?, ..., and the corre-
sponding elements of the Hilbert basis as ej, es, .. ..

Since the sequence Zf\il |02 is bounded and increasing, it has a finite
limit as N — oo. We have shown above that the series >_;°, v'e; converges
to a limit v' € H. Compute

(v—21',e;) = Jim. <v — Zvjej,ei> =" — /8 = 0.
j=1
And for any e, & {ey, e, ...}, compute

<U - U/7€a> = lim <U - Zvjej,ea> =0.

J=1

So for all e, in the Hilbert basis,

(v,eq) = (V, €4 —<Zv el,ea>: ve.
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Now the definition of Hilbert basis shows that there are v* € R so that
Y aca V% = v. By the same analysis as above, all but countably many
v® are zero, and we may write v = Y 0'e;. Moreover, as in the previous

paragraph,
o0
v = (v,eq) = <Z @iei,ea> =°
i=1

and so (35) is proved.
To prove (36), note that (35) shows that v = lim, ., v, in H, for v, =
> (v,e;)e;. Since the norm is continuous, then

n o0
[ol* = lim fo|* = lim Y [v,e)P =) [v,edP =D [(v,ea)l.

acA

This concludes the proof of the theorem. 1

Corollary 66. Ifv =73 " v'e, w=> .o w'e for{e;} a Hilbert basis of a
separable Hilbert space, then

(0.9}
(v,w) = Z v'w'.
i=1

Proof. Compute

o+ wl® = [l + 20, w) + ],
w) = Hlo+wll? = [lolf* = ]}
= I3[+ ) - () - ()
=1

(o0}
= E viw'.
i=1

Remark. The formula for a complex Hilbert space is
(v, w) = Z v,
i=1
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Remark. Homework Problem 50 shows that this result still holds for non-
separable Hilbert spaces, since the number of basis elements with nonzero
coefficients for v and/or w is countable.

Here is another basic result in Hilbert spaces:
Homework Problem 51 (Cauchy-Schwartz Inequality). If v,w € H a
real Hilbert space, then |{(v,w)| < ||v||||w]|, and there is equality if and only
if v and w are linearly dependent.

Hint: Use calculus to compute the minimum value of |[tv + w|? as a
function of t, and note the minimum value must be nonnegative.

Remark. The Cauchy-Schwartz Inequality is also true for complex Hilbert
spaces, but for the proof, note that the minimum value of |[te®v + w||?, for
t € R and 6 so that e (v, w) = |(v,w)|, is nonnegative.

Corollary 67. Any positive definite inner product on a real vector space V
produces a norm by the formula ||v]|* = (v, v).

Proof. The main thing to check is the triangle inequality. Let v,w € V and
note that

[o 4wl < fJof| + [Jw]
= lv+wl* < oll* + 2fvllllwll + [lw]?
= ol +2(v,w) + lwl® < [lol* + 2[vll Jwll + [lw]®
= (v,w) <|Jvff[Jw]]
O

The main results we will use regarding Hilbert spaces involve another
topology on the Hilbert space which is different from the topology defined
by the metric. The usual metric convergence of sequences is called strong
convergence. So a sequence v; — v in H strongly if

|vi — v||lg — 0.
On the other hand, a sequence v; € H is weakly convergent to a limit v € H
if
(v, wy — (v, w) for all w € H.
If v; — v strongly, then v; — v weakly (Homework Problem 52 below), but

the converse is not true in general, as the following example shows:
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Example 19. Let H be a Hilbert space with a countably infinite Hilbert basis
e1,€s,.... Then e; — 0 weakly in H, but {e;} does not converge strongly.

Proof. Let w € H. Then since |w]|* = > o2, [(w, e;)|* < 0o, we must have

i=1
each term [{(w,e;)|? — 0 as i@ — oo. This shows e; — 0 weakly in H as
1 — 00.

To show {e;} does not converge strongly, note that
les —ejlln = V2 fori#j

by the Pythagorean Theorem. Thus {e;} cannot be a Cauchy sequence in
H, and thus cannot converge strongly. 1

Homework Problem 52. Show that if v; — v converges strongly in a
Hilbert space H, then v; — v weakly in H.
Hint: Use Cauchy-Schwartz.

Theorem 24. Let {v;} be a sequence in a Hilbert space H satisfying ||v;|| <
K for a uniform constant K. Then there is a weakly convergent subsequence
to a limit v which satisfies ||v|| < K. In other words, the closed ball of radius
K is compact in the weak topology on H.

Proof. Let {e4}aca be a Hilbert basis. Problem 50 shows that for each of
{v1,vq,...}, only a countable subset A, , A,,, -+ C A have nonzero coeffi-
cients in the Hilbert decomposition. Then the union

U
i=1

is also countable, and it represents all the basis elements with nonvanishing
coefficients for all the v;. Denumerate these elements as ey, es, ..., and write

o0
v; = E vle;.
J=1

Since there is a constant K so that ||v;|| < K, then Theorem 23 shows
for each N

N .
> WP <K (37)
j=1
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Thus, since the interval [-K, K| C R is compact, there is a subsequence
{1v;} of {v;} so that
lim jo; =o' € [-K, K].

1—00

Now there is a subsequence {,v;} of {1v;} so that

lim ov) =o', lim ov? =%, o> + [?)? < K2
This is because ;v? € [—K, K], which is compact, and the bound follows from
(37). Recursively, we may define for each N a subsequence {yv;} and a real

number vV so that

{nv;} is a subsequence of {(y_1)v;},
ihr?ONvi =/ forj=1,...,N, (38)
' P+ 4 VP < K2 (39)

We use a diagonalization procedure to find a weakly convergent subse-
quence. {;v;} is a subsequence of {v;}, and we will show that it converges
weakly to v = > 77 v'e; and v € H. Note by construction that {;v]} — v’
as i — oo for each j = 1,2,.... This is because, for each j, {;v;}32; is a
subsequence of {;v;}7°, (after the J™ term at least) and by condition (38)

That v € H follows directly from (39) and Theorem 23. Now we show
v; — v weakly in H. Let w € H, and let € > 0. Write

|(vi, w) — (v, w)| = [(vi — v, w)|
< )G = o)
aEA

Z\ vl — o)) |
n

< Z\ vl — o)l | 4 Z |(v] — o)’

Jj=1 j=n+1

Here the third line follows from the second since v = v* = 0 if e, &

{61,62, .o }

Since ||;v;]] < K and ||v]| < K, then ||;v; —v| < 2K and Cauchy-Schwartz
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shows that

> ] = v)d] < (Z Iivff—vj\2> <Z ij\2>

1 1
00 ' ' 2 o0 ' 2
(Z ! —vﬂ|2) ( > lw’l2>
j=1 Jj=n+1

1
< (3 o)

Jj=n+1

IN

Since w € H, 3377 |[w’[* < 3 o4 [w®]* = [[w]|* converges, and there is an n

so that )
00 2
(Z \w”|2> <e
j=n+1
Now for j =1,2,...,n, each ,Uf — v’ as i — 00. So we may choose an [

so that for all ¢ > I, |;u] — v;| < e. Therefore, for i > I,

|(ivi, w) — (v, w)| < Zl(ivf—vj>wjl+ Z [
j=1 j=n+1
< e(jw'| + - 4 [w"|) + 2Ke

Since n, K, and |w!|+ - - -+ |w"| are independent of i (note that dependence
on w is allowed for weak convergence), (;v;, w) — (v, w) as i — oo and thus
;v; — v weakly in H. O

Theorem 25. Let v; — v weakly in a Hilbert space. Then

[o]] < lim inf [|o;].
i—00

In other words, the Hilbert space norm is lower semicontinuous under weak
convergence.

Proof. The proofis to translate the current problem into Fatou’s Lemma. Let
{€a}aca be a Hilbert basis of our Hilbert space H. Then put the counting
measure ¢ on the index set A. Let f: A — [0,00), f: a — f, be a
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nonnegative real-valued function on A. Then it is straightforward to check

that
[ rac=% 5.

a€cA

and thus each sum may be thought of as an integral with respect to the
counting measure.
In our case, if

v; = E v eq, v = E V%4,

acA acA

we may view v; as a function from A — R by v;: @ — v¢. (The same holds
for v.) Theorem 23 shows

ol =D o ol =) ot (40)

acA acA

Now since v; — v weakly, then

v = (v, eq) — (V,€4) =0

(07

as i — oo for all a. Thus with respect to the counting measure on A, v; — v
everywhere on A. Thus each terms in the sums in (40) is nonnegative, and
for each a, |v2|? @2, the limit v; — v satisfies the hypotheses of Fatou’s

Lemma with respect to the counting measure, and so

—>’U

liminf ||v;||*> = liminf E v |?
1—00 1—00
acA

= liminf/|vi|2du
A

1—00

> / w2 dp =3 o = ]2

a€cA
]

Note that the above proofs depend heavily on the existence of a Hilbert
basis, Proposition 63, which we did not prove. The following problem outlines
a standard procedure for getting around the proof of Proposition 63, by
proving the existence of a Hilbert basis for any Hilbert space with a countable
spanning set. A subset S of a Hilbert space H is said to be a spanning set if
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the (strong) closure of finite linear combinations of elements in S is equal to
all of H. For example, in the proof of Theorem 24, we need only deal with
the closure H' of the span of {v1,vs,...}. The existence of a Hilbert basis
of H' is sufficient for the proof of Theorem 24.

Homework Problem 53. Show that any strongly closed linear subspace of
a Hilbert space H is again a Hilbert space (with the same inner product).

We say a subset {v,}aca C H is linearly independent (in the sense of
Banach spaces) if any convergent sum

Z b%v, =0
acA

implies b® = 0 for all & € A. Note in particular, the implication holds for any
finite sum (and thus this notion of linearly independence in this Banach-space
sense implies linear independence in the usual vector-space sense).

Homework Problem 54 (Gram-Schmidt Orthogonalization).

(a) Let H be a Hilbert space with a countable spanning set {vi,va,...}
which is finite or countably infinite. Show that there is a subset of
{v1, v, ...} which is a linearly independent spanning set of H.

(b) Given a linearly independent spanning set {vi,vs,...} on a Hilbert
space H, define f; and e; recursively by

fi

f1 = U1 €1 = 7,7
’ 11l
fa =9 — (v, €1)eq, €y = L,

1 fo

n—1 f
fn =Up — Z<Un’ei>€ia €n = = .
1Ful

Show that this recursive definition can be carried out (in particular,
show that f, # 0). Then show that {e1,es,...} is a Hilbert basis for
H. In other words, show that (e;,e;) = d;; and that any v in H can be
written as a convergent sum v = 221 vie,.
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The use of the previous problem isn’t strictly necessary for our purposes,
as L}(S*,R) is separable (though we won’t prove that it is).

Recall that for every Banach space B, the dual space Banach space B* is
the space of all continuous linear functionals A: B — R, with norm given by

_ (@)
Br = Sup :
ze\(o} 1Z]lB

[IA]

Also recall that for any p € (1,00), the dual Banach space of LP(R") is
LY(R") for p~t + ¢! = 1. Thus L*(R") is dual to itself. This fact is true for
all Hilbert spaces, as the following problem shows in the separable case.

Homework Problem 55. Let H be a separable real Hilbert space. Show
that the dual Banach space H* is naturally equal to H. In particular, the
inner product provides a map from H — H* by

T A = (-, 2).

Show that this map preserves the norm, is one-to-one and onto.
Hint: Use a Hilbert basis {e;}2,. The most significant step is showing
the map is onto. If X corresponds to an x € H, show that x must satisfy

T = Z)\(ei)ei. (41)

If X € H*, then since X is continuous, it is a bounded linear map (see Problem
56 below), and so |A|| g+ is finite. Then apply the definition of ||| g to A
acting on the partial sums of (41). Show the series (41) converges in H.

A sequence v; in a Banach space B converges to v € B, in the weak*
topology if for every A € B*, A(v;) — A(v). The previous problem shows that
Theorem 24 is a special case of the following more general theorem about
Banach spaces:

Theorem 26 (Banach-Alaoglu). In a Banach space B, the unit ball {x €
B : ||x||p < 1} is compact in the weak™ topology. In other words, if x; is a

sequence in the unit ball, then there is a subsequence x;; and a limit v € B
so that for all X € B*, X(w;;) — Ax) as j — oo.
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Example 20 (Fourier series). In the following theorem, we compute per-
haps the easiest nontrivial example of a Hilbert basis on an infinite-dimensional
Hilbert space. L*(S',C) is a complex Hilbert space with inner product given

by
(f.9)= : fgdt.

Theorem 27. The complex exponential functions
{e*™kt . ke 7}
form a Hilbert basis of L*(S',C).

Proof. Tt is clear that each e?™** € L*(S!,C), and we compute

<€27mkt’ e27m€t> _ / eQﬂ*lkteZﬂ-z’Zt dt
st

1
_ / e27ri(k—€)t dt
0

e27ri(k—€)t
=0 kAL
=), 0 UF7

1
/ dt =1 ifk="L
0

Therefore, {€?™**}2° _ forms an orthonormal set in L*(S!, C).
We must show that every element f € L?(S!,C) can be written as a
Fourier series

1

e}

f _ Z <f; 627rikt>€2m'kt’

k=—00

with the convergence in the L? sense.

First, we address this problem for smooth functions f € C*(S!,C). Re-
call that C*>°(S', C) is dense in L*(S*, C) (which may be proved by mollifying
L? functions).

Lemma 68. If f € C=(S',C), then for every polynomial P = P(k),

lim P(k)(f,e*™*) = lim P(k){f,e*™**) = 0.

k—oo k——o0
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Proof. We use the following claim: For any L? function f, the Fourier coef-
ficients (f, e?™**) — 0 as k — £o0. This follows from Bessel’s Inequality

o0
> KLE™PE <Nl < oo

k=—o00

If f is smooth, then f is also smooth (and thus is in L?), and integration
by parts gives us

1
<f7 eQTrikt> — / fefQWikt dt
0

1
- /1 f(e—QTrikt>'dt + f(t)e—Qm'kt
0

0
= 2mik(f, ™) 1 0.

Now by the claim, (f, e?™*) = 2xik(f, ™) — () as k — f0c0. Now we may
apply induction to show that

khlf K™ (f, Xy = 0 for each n =10,1,2,....

Thus any polynomial P(k) times the Fourier coefficients also goes to zero as
k — too0. O

The previous lemma shows that for any smooth function f € C*(S!, C),

the Fourier series
oo

g(t) _ Z <f; 627rilct>e27rikt

k=—o00

converges uniformly: This is because there is a constant C' > 0 so that

C

2mikt <
() <

(why?), which shows that the CY norm of the Fourier series satisfies

Z H<f> €2mkt>e2mkt||co < Z T2 < 0.

k=—o00 k=—o00
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So the sup norm of the tails of the series

[e.9]

Z <f 627rikrt>627rikt
)

k=—00

must go to zero, as they are bounded by the tails of an absolutely convergent
series.

Therefore, uniform convergence implies that g(¢) is continuous (and thus
is in L? as well-—why?). (In fact, g(t) is smooth-—see Homework Problem 58
below.) If we let

o0

h(t) = f(t) = g(t) = f(t) = Y {f.¥™ )™,

k=—o0

then by the same techniques in the proof of Theorem 63 above, we see that
(h,e*™ ) =0 for all k € Z.

The following lemma shows that h = 0:

Lemma 69. Given a function h € C°(S*, C) all of whose Fourier coefficients
(h,e*™*) =0, then h = 0 identically.

Proof. We prove by contradiction. If h is not identically zero, then there is
a point 7 € S' at which h(7) # 0. Then we know that at least one of the
following is true:

Reh(r) >0, Reh(r)<0, Imh(r)>0, Imh(r)<0O.

Assume that Re h(7) > 0 (the other cases are similar), and let a(t) = Re h(t).
Since « is continuous, there is a § > 0 so that

aft) > sa(r) >0 ifte(r—0,740).

We will construct an approximate bump function to prove a contradiction.
For n a positive integer, define

bn(t) _ [% + %COS 27T(t . T)]n _ [% + i€—27ri7'627rit + i627ri7'6—27m't}” )

It is obvious that b,(t) is real-valued, periodic with period 1 (and so defines
a function on S'), and is equal to a finite Fourier series. Moreover, note that

T+ Llcos2rn(t—7)€0,1]
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always, and is equal to 1 only if £ = 7 in S'. Thus the powers b,(t) — 0 as
n — oo away from t = 7, while b, (7) — 1. This is the property that makes
b,, similar to bump functions centered around t = 7.

Now compute

Re (h,by)| = |Re /Slh(t)bn(t)dt‘
_ /Sla(t)bn(t)dt‘
_ / Tj a(t)ba(t) dt + /S s O dt'

/ ()b (1) dt‘
S\ [r—8,7+4]

/ ()b (1) dt‘ |
S\ [T—8,7+4]

(Note the last inequality follows since the integrand is positive.) Also, we
have the following bounds:

v

/T " b0 dt‘ _

-0

)

> / + a(t)bn(£) dt —

telt—2t+2% = a(t)>ia(r) >0, by(t)> (24 Lcosmd)",

tEt—0,t+6 = l|at)| < C, by(t) < (5+ 3cos2md)".

for some constant C' (since « is continuous). The bounds on b, follow by
examining the graph of the cosine function. The key point is that

T+ Llcosmd > 1+ Lcos2md > 0. (42)
Now compute
T+g
|Re (h,b,)| > a(t)b,(t) dt — / a(t)b,(t) dt
T—% S\ [r—8,7+0]

v

d30(7)(5 + 3 cosmd)" — (1 —26)C(5 + 3 cos2md)".

Now (42) shows the ratio of the first term over the second goes to +o0o as
n — oo and thus there is an n so that |Re (h,b,)| > 0.

Now the contradiction is this: Since b, is a finite Fourier series, (h,b,) is
a finite linear combination of Fourier coefficients (h, e2™**) which we assume
are all zero. Thus (h,b,) = 0, and we have a contradiction. O
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Since h is the difference between the smooth f and its Fourier series, we
have shown

Lemma 70. Let f € C*(S',C). Then

oo

f(t) _ Z < 1, 627rikt> 62m‘kt7

k=—o00

and the series converges uniformly in t.

Uniform convergence on S' implies L? convergence (since S! has finite
measure; why does this imply L? convergence?). Therefore, as in Theorem
23, we have

1= [ 1= 3 Lo,
k=—o00
for f € C>=(S',C).

To complete the proof of Theorem 27, first define the Hilbert space (? =
L*(Z,C) for the counting measure on Z. In other words, ¢ is the set of all
complex-valued integer-indexed sequences {v" }rez so that 7 [v¥]? < oo,
Then we have the operation F of defining Fourier series:

F: L*S',C) — ¢, Fif e ff = (f,e2mikty,

Moreover, on the dense subset C*(S',C) c L*(S*,C), F is an isometry.
Bessel’s Inequality and the fact that {€?™*'} is an orthonormal set in L?(S*, C)
shows that for all f € L*(S!,C),

IFIZ = D 1™ P = 17 ()l

k=—o00

Therefore F is a bounded linear map from L*(S',C) to ¢2. A linear map L
from a Banach space B; to another Banach space Bs is called bounded if
there is a positive constant C' so that for all v € By,

1£(v)][5, < Cllv]|s,-

A linear map between Banach spaces is bounded if and only if it is continuous
(see Problem 56 below). Therefore, F is continuous.
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Also, define the linear map G: ¢ — L*(S!,C) by

o0

g(v) _ Z Uk627rikt.

k=—00

The proof of Theorem 23 shows that G preserves the norms. In other words,

1G (V)| 21,0 = [[v]|e2-

Let f € L*(S',C). Since smooth functions are dense in L? there is a
sequence f, — f in L? for f, € C=(S!,C). Since F is continuous, then
F(fn) — F(f) in £* as n — oo. In other words,

0 = lim |F(f2) = F(/)IZ
= Jlim || fo = flI7
= lim [19(fa) = G(/)2

Now recall that

[e.9]

g(fn) _ Z <fn7 627rikt>627rikt _ fn

k=—o00

since f,, is smooth. Therefore,
0= Tim G(£) ~ G(f) 2 = lim [Ifu G-
So in L2, N
o= G(f) = 3 frem.

k=—00

Since we assumed f,, — f in L?, this shows

o0

f: Z fkeZWikt

k=—o00

in L2, and since the sum converges in L?, finite linear combinations of the
orthonormal set {e?™*'} are dense in L2(S!, C), and {e?™*'} is a Hilbert basis
of L?(S',C). So Theorem 27 is proved. O
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Homework Problem 56. Let L: By — By be a linear map between Banach
spaces. Show that L is bounded if and only if L is continuous.

Homework Problem 57. Using the notation of the proof of Theorem 27
above, show that F: L*(S',C) — (? is an isometry and that F o G is the
identity map.

Homework Problem 58. Let f* € C for all k € Z, and assume for all
n > 0 that
lim k" f* = lim k"f*=0.

k—oo k——o0
Then the Fourier series

[e.o]

f(t) _ Z fke27rikt

k=—00

converges uniformly to a smooth function from S' — C.

Hint: The key is being able to change the order of the deriwative d/dt
with the summation ZZ‘;_OO. Recall that the summation Zzo:_oo can be in-
terpreted as an integral over Z with respect to the counting measure du. Thus

for all t € S,
£6 = [ e aue),
Z

To show that f(t) € CY(S',C), show that there is a constant C > 0 so
that o

k
< .
= 5

Mimic the proof of Proposition 11: Show that the absolute value of the dif-
ference quotient

£k p2mik(t+h) _ fhe2mikt

h
is uniformly < C’lﬂ’j,'g*';,” for a constant C". (Apply the Mean Value Theorem
2mikt

to the real and imaginary parts of e separately.) Show that the series

i C'(Ik[ + 1)

1+ k3

k=—o00

converges by using the procedure in the proof of Lemma 70 above.
Use induction to show f(t) is smooth.
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4.6 Compact maps and the Ascoli-Arzela Theorem

Recall that every element of L?(S') = L?(S!,R) has a continuous represen-
tative (Proposition 59). So there is a natural linear map L?(S') — C°(S).
In this section, we show that this map is compact. A linear map between
Banach spaces A: By — By is called compact if the closure of the image of
the unit ball in B; is strongly compact in By. In other words, if v; € By
satisfy ||villg, < 1, then {A(v;)} has a strongly convergent subsequence in
By: i.e. there is a subsequence {v;, } and an element w € By so that

lim [A(w;) ~ wla, = 0.

The basic observation which allows us to conclude that the natural inclu-
sion map L3(S;) — C°(S') is compact comes from the proof of Proposition

59. If f € L3(S"), then
to .
| o dt‘
t1
t2

([ vorar) ([ )
< ( / !f'(t)Ith)% (tr— 1)

1
< [ fllze(te — )2

(Note that the first equality was justified in the proof of Proposition 59.)
Therefore, f is continuous. But moreover, for every e > 0, we may choose

2
s (<
<||f||L%>

ta—t1| <6 = [f(ta) = f(t)] <e

So the modulus of continuity o does not depend on ¢, and depends only on
the norm || f|| 2, and on no other information about f.

A family of functions €2 of functions from a metric space X to a metric
space Y is called equicontinuous at a point x € X if for all € > 0, there is a
0 > 0 so that

[f(t2) = f(t)] =

IA

[N

so that

dx(z,2') <6 = dy(f(x), f(z") <e
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for all f € Q. The point is that ¢ does not depend on f. Such a family
of functions €2 is called equicontinuous on X if it is equicontinuous at each
point x € X.
Note that if €2 is equicontinuous on X then each f € €2 is continuous.
The computations above show

Lemma 71. The unit ball in L?(S') is equicontinuous on S!.

Theorem 28 (Ascoli-Arzeld). Let X be a compact metric space, and let
Q be an equicontinuous family of real-valued functions on X. Assume there
is a uniform C so that |f(x)] < C for all f € Q and x € X. Then each
sequence { f,} C Q has a uniformly convergent subsequence.

Proof. We'll prove the theorem with the help of a few lemmas.
Lemma 72. Any compact metric space has a countable dense subset.
Proof. Let X be the compact metric space. For € = 1/n, obviously
X = U B.(z), B.(z) ={y € X : dx(x,y) < €}.
reX

For each positive integer n, this open cover of X has a finite subcover con-
sisting of balls of radius 1/n centered at points @, 1, ..., Zpm,. The union

00
U{xn,la s 7xn,mn}
n=1

is a countable dense subset of X. O

Lemma 73. Let P be a countable set, and let f,: P — R be a sequence
of functions. Assume there is a constant C' so that |f,(p)| < C for all
n = 1,2,... and all p € P. Then there is a subsequence of {f,} which
converges everywhere on P to a function f: P — R.

Proof. See Problem 59 below. 1

Lemma 74. Let {f,} be an equicontinuous sequence of mappings from a
compact metric space X to R. If the sequence {f,(z)} converges for each x
in a dense subset of X, then {f,} converges uniformly on X to a continuous
limit function.
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Proof. First we show that f,(z) converges pointwise everywhere to a function
f(z). Let y € X and let € > 0. Then by equicontinuity, there is a § > 0 so
that

dx(z,y) <6 = |fulz) = fuly)| <e.

(Note ¢ is independent of n.) Since f, converges on a dense subset of X,
there is an x € Bs(y) for which f,(x) converges. Therefore, {f,(z)} is a
Cauchy sequence in R, and so there is an N so that

n,m>N — |fn(x>_fm(x)| < €.
Therefore, for n,m > N,

|fn(y) - fm(y)| < |fn(y) - fn($)| + |fn(x) - fm(x)| + |fm(x) - fm(y)l < 3e.

Therefore, {f,(y)} is a Cauchy sequence in the complete metric space R, and
so it converges to a limit which we call f(y).

Let y € X and € > 0. Then equicontinuity shows that there is a § > 0 so
that

TEBy) = |ful@) — fuly) <e (43)
for all n. By letting n — oo, we also have
€ Bsy) = |flx)—fy)l<e (44)

These Bs(y) form an open cover of X, and so there is a finite subcover

k

X =JBsw)

i=1
since X is compact. Choose NN large enough so that
n>N = |fuly) = fly)l<e i=1... k (45)
Then for z € X, x € Bs,(y;) for some y;, and so (43), (44) and (45) show
[fu(@) = f(2)] < [ful) = fulya) |+ [falyi) = Fwa) | + 1 (w) — f(2)] < 3e.

Since the same N works for all x € X, the convergence is uniform.
f, as the uniform limit of continuous functions, is continuous. 1

This completes the proof of Theorem 28. (I
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Homework Problem 59. Let P be a countable set, and let f,: P — R
be a sequence of functions. Assume that for each p € P, there is a constant
C = C, so that | fo(p)| < C for alln=1,2,.... Show there is a subsequence
of {fn} which converges everywhere on P to a function f: P — R.

Hint: Use a diagonalization argument.

An important version of the Ascoli-Arzeld Theorem is the following:

Theorem 29. Let X be a metric space so that there is a countable number
of open subsets O; satisfying

xX=Jo, 0iccOy, (46)
=1

and let 2 be an equicontinuous set of real-valued functions on X. If for a
sequence of functions {f,} C Q, there is a uniform C so that |f,(x)] < C
for allm and all x € X, then there is a subsequence of {f,} which converges
pointwise to a function f: X — R, and the convergence is uniform on every
compact subset of X.

Remark. Recall A CC B for A a subspace of a topological space B means
that the closure A relative to B is compact.

Remark. A sequence of functions converging uniformly on compact subsets
of X is said to converge normally on X.

We relegate the proof of Theorem 29 to the following problem:

Homework Problem 60. Prove Theorem 29.

Hint: Consider X, O; as in the previous theorem. Note we may apply
Theorem 28 to each of the compact sets O;. Use a diagonalization argument
to find a uniformly convergent subsequence on each O;. Show that every
compact subset of X s contained in some O;.

Remark. For every smooth manifold X (which is Hausdorff and sigma-compact),
there are a countable collection of open sets O; satisfying condition (46). See
the notes on “The Real Definition of a Smooth Manifold.”

The Ascoli-Arzela Theorem provides the following.

Proposition 75. If C > 0 and {f,} is a sequence of functions in L?(S', R)
which satisfy || full 2 < C, then there is a uniformly convergent subsequence.
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Proof. This follows from the Ascoli-Arzela Theorem and Lemma 71 above,
once we know in addition that there is a constant K so that [f,] < K
pointwise. First of all, note that

1 1
| fn(t2) = fu()] < ([ fullp2lta — ta]2 < Clta — ]2
shows that for every t,,¢; € S,

|fulte) = fult)| < C

since we may choose ty, %, € [0,1). Since

1 3
([ 1) =1l < sl <
0
there must be a t; € S so that |f,(t;)| < C. Then for any t, € S',

[fu(t2)] < [fu(t)] + | fult2) — fulti)] < 2C.
Thus the hypotheses of the Ascoli-Arzela Theorem are satisfied. O
Corollary 76. The inclusion L(S',R) — C°(S',R) is compact.
Proof. Take C' =1 in the above theorem. 1

Corollary 77. Let C > 0 and let X C RY be a compact manifold, and let
Yo € L3(SY, X) C L3(S', RY) satisfy E(vy,) < C. Then there is a uniformly
convergent subsequence of {v,}, and the limit is a continuous function =y :
St — X.

Proof. Recall
||7n||%§(g1,RN) = ||7n||%2(sl,RN) + ||7n||2L2(sl,RN) = ||%||%2(51,RN) + E(7).

Since 7,,(S') € X and X is compact, there is a constant K so that |y, ()] < K
for all n and t. Therefore,

22 5w, < /S Kt = K,

and moreover,
||7n||%§(s1,RN) <C+K?
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independently of n. So each component function 72 for a = 1,..., N satisfies
HWZHL%(S%R) <vC+ K2

Then Proposition 75 shows that there is a subsequence {17,} of {7} so
that the component 17} converges uniformly. Let {57, } be a subsequence of
{17} so that 57! and 97} converge uniformly. By induction, as in the proof
of Theorem 24, there is a subsequence {7, } of {7,} so that yy? converges
uniformly for @ = 1,..., N. Since this subsequence converges uniformly on
each component in RY, yv, converges uniformly as n — oo to a limit ~ in
CO(SH, RY).

Since X is closed in RY and the subsequence converges pointwise, the
limit v: S' — X. 1

It is also useful to define the Holder norm for functions f: S! — R

|f(t) — f(t2)]
01 o = +sup ————— -
17 llgo @y = I llee + sup =2

N[=

(Here we define
dgl(tl, tz) = llgrelg |(t1 + k) — t2|

This definition is necessary, since we identify the real numbers ¢ and ¢t + k£ on
the circle S'. For example, dg:(0,0.9) = |1 —0.9] = 0.1.) It is easy to check
that this defines a norm. Define the space C’O’%(SI) to be all f from S! — R
so that HfHCO’%(SI) < 00.

C%2(S') is a Banach space (Proposition 78 below), and the calculations
above show that there is a natural continuous inclusion map from L3(S') —
C%3(SY). Moreover, the natural inclusion map from C%2(S!) — CO(S!) is
compact. Then Problem 63 below shows that composition inclusion from
L3(S') — C°(S!) is compact.

In general, for any metric space X, a € (0, 1], we can define

CO,Q(X) = {f: X =R ||f]coa < o0},
| fllcoe = sup|f(z)] + sup M

zeX z#yeX dX ('Tv y)a

These are called Holder spaces and Holder norms respectively.
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Example 21. This is the standard example for X = [—1,1] C R. f(z) = |z|*
is in C%%(X).

Proof. 1t clearly suffices to bound the difference quotient

Q(x’ ):Mv x;«éye [_171]'

We will show that this is always < 1. First, simplify to the case z and y
have the same sign, since if they have opposite signs, ¢(z,y) < q(—=z,y).
We may assume x and y have the same sign. By possibly interchanging
(z,y) < (—x,—y) and switching = and y, we may assume x >y > 0. Then
write

z® —y” 1—p” Yy
q(x,y) = = : p==¢€][0,1).
(x—y)* (L—p° x
Then we compute
_ a—1
dg _ol=p")
dp  (1—p)tt —
Therefore, the max of ¢(p) is achieved at p =0, ¢ = 1. U

We also say f(x) = |2|® is locally C% on R, since the o Hélder norm of
f is finite on any compact subset of R.

In the case a = 1, note that a function in C%! is simply a C° function
which is globally Lipschitz.

Homework Problem 61.

(a) Show that the inclusion C'(S') — C°(S') is compact (Hint: use the
Mean Value Theorem,).

(b) Show that every bounded sequence f, € C'(R) (i.e., there is a uniform
C so that || fullcr < C for all n) has a subsequence which converges
uniformly on compact subsets of R to a continuous limit f. Hint: It is
easy to show that R satisfies condition (46).

(c) Find an exzample of a bounded sequence of functions f, € CY(R) which
does not have a convergent subsequence in C°(R). Thus the inclusion
CH(R) — C°(R) is not compact. (Hint: How is this situation differ-
ent from parts (a) and (b)? You must use the noncompactness of R.
Therefore, the interesting behavior of the f, should be “moving off to

infinity.”)
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It is also useful to apply Holder norms to the derivatives of a functions.
In particular, on R", we may define for k& a positive integer, o € (0, 1],

£llcra = > 1105fllcoa,

1B|<k

where, as in (3) above, we use the multi-index notation to denote all the
partial derivatives of f of order < k.

Remark. Tt is not useful to define C%® for o > 1, as the following problem
shows.

Homework Problem 62. Let o > 1, and let f: R — R. Assume that

aup L@ =)

=(C < .
Ty |z —y|*

Show that f is a constant function.
Hint: Use the definition of the derivative to show that f'(x) = 0 for all
x.

Proposition 78. Let X be a metric space and o € (0,1]. Then C%*(X) is
a Banach space.

Proof. 1t is straightforward to show that || - ||co.a is a norm. As always, we
must check completeness carefully.

Let {f,} be a Cauchy sequence in C%*(X). We want to show that there
is a limit f € C%* and that || f, — f||co« — 0 as n — co.

First of all, it is obvious from the definition of the Holder norm that
{f.} is a Cauchy sequence in C°(X), and since C° is complete, there is a
continuous limit function f, and f, — f uniformly.

Now we show f € C%*. Let e > 0. Then there is an N so that

m,n>N = |f;— fullcoe <€ (47)

Then for all m > N, || fuullcoe < ||fn]|coe + € = C.. By the definition of the
Holder norm, for all z,y € X,

|[fm(2) = fn(y)] < Cedx (2,)*.

Taking m — oo shows that f € C%*. Now (47) also implies that for all
z,y € X,
|fm(x) - fn(‘r) - fm(y) + fn(y)| < GdX(ZE7y)a,
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and so again let m — oo to show for all z,y € X, and for all n > N,

|f(z) = fulz) = f(y) + fuly)| < edx(z,y)".

Since we already know f,, — f in CY, this is exactly the additional statement
we need to show f, — f in C%°. Il

Remark. If X is a smooth manifold, then it is possible (by using an atlas and
a subordinate partition of unity) to define C*%(X). If X is compact, then
Cha(X) — C*(X) is a compact inclusion.

Homework Problem 63. Let A: By — By and ®: By — Bz be linear maps
between Banach spaces.

(a) Assume A is continuous and ® is compact. Then ® o A is compact.
(b) Assume A is compact and ® is continuous. Then ® o A is compact.

Homework Problem 64. Let A : By — By be a compact linear map of
Banach spaces. Show A is continuous.

Hint: It suffices to show A is bounded. For By(0) the unit ball in By,
consider the image of the compact set

AB;(0) CC By
under the norm map || - ||5,: B2 — R.

Remark. The Holder spaces C*2, for o € (0, 1), and the Sobolev spaces L,
for p € (1,00), play a very important role in the theory of partial differen-
tial equations. In particular, the behave much better than the more obvious
spaces C*. Our simple proofs that L2(S') embeds continuously in C%2(S!)
and compactly in C°(S!) constitute some of the easiest cases of Sobolev em-
bedding theorem. The Sobolev embedding theorem allow us to embed certain
Sobolev spaces, in which derivatives are defined only in the sense of distri-
butions, to Holder and C* spaces, in which we may take derivatives in the

usual sense. These spaces are crucial to the regularity theory of solutions to
PDEs.
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4.7 Convergence

Now we have finally developed the tools needed to solve our problem. Recall

Problem: Let X C RY be a smooth compact manifold equipped with the
Riemannian metric pulled back from the Euclidean metric on RY. Let C be
the class of loops v: S' — X in a free homotopy class on X and in L?(S*, X).
Find a loop of least energy in C.

Our strategy is as follows: Define

L = inf E(v).

veC

Since E(v) > 0 always, L > 0. Now there is a sequence of 7; € C so that
E(v;) — L. We want to find a subsequence 7;; which converges to a limit
v € C so that E(v) = L. Moreover, we expect v to be a geodesic—it should
satisfy the geodesic equations not just in the sense of distributions, but also
in the usual sense. Therefore, by the theory of ODEs, v should be smooth.

First of all, we show the existence of a limit +. Corollary 77 shows that
there is a subsequence of v; which converges uniformly to a continuous 7 :
S' — X. (For simplicity, we just refer to this subsequence as 7; again.) Since
v; — v uniformly, Corollary 57 shows that v is in the same free homotopy
class. Thus we have

Proposition 79. There is a subsequence of v; which converges uniformly to
a limit v in the same free homotopy class.

Proposition 80. Let X C RY be a compact manifold. If ~;: St — X satisfy
E(v;) — L, then there is a constant K independent of i so that ||7vil| p2@ny <
K.

Proof. Since X is compact, there is a uniform C' so that ||v;|| 21 rvy < C.
Since E(v;) — L, {E(v;)} is a bounded sequence. Therefore,

||%‘||i§(51,RN) = E(v) + H%H%Q(Sl,RN)
is bounded independent of 7. [l

This proposition shows there is a further subsequence of +; which con-
verges weakly to a ¥ € L?(S',RY) by Theorem 24. (Explanatory note: a
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further subsequence means that we take a subsequence not just of the origi-
nal ;, but of the subsequence taken in the paragraph above Proposition 79.)
We still refer to this further subsequence as ;. Then Theorem 25 shows that
the Hilbert space norm

171l 25t mvy < h{gglf 17ill 2 (st mvy-

Note a potential problem: We have taken a subsequence of the original
~; to converge uniformly to a continuous v, and then we take a further sub-
sequence to converge weakly in L2 to 7 in L?. We must show v and 7 are the
same. This will follow from the fact that they must be equal in the sense of
distributions, and thus are equal almost everywhere (Proposition 58). Since
both v and 4 are continuous, they must be equal everywhere. In particular,
we require

Proposition 81. v =7 in the sense of distributions.

Proof. 1t suffices to show each component v* = 4% in the sense of distribu-
tions fora=1,..., N.

For each a =1,..., N, 7% — 4% uniformly as i — oo. So if ¢ € D(S!) is
a smooth test function, then

R @) = | [ F =)o

S

which goes to 0 as i — oo by uniform convergence. Therefore,
7(9) = lim 77(¢). (48)

Also, v¢ — 4 weakly in L?(S'). Let ¢ € D(S') C L3(S') be a test
function. Let f; =% — 4% Then f; — 0 weakly in L?. Compute

(fi, P12 = /;1<fi¢ + fid) dt = /Sl(fz¢ — fio)dt = fi(¢ — ),

the last term denoting f; acting in the sense of distributions. Therefore, for
all ¢ € D(S!),

< 1ol ="l e,

lliglo fi(o — Cb) = }E?o<fu ¢>L§ = 0.

By Proposition 82 below, for every 1) € D(S'), there is a ¢ € D(S') so that
¢ — ¢ = 1. Therefore, for all b € D(S?),

lim fi() =0 = lim42() = 5(),

Therefore, by (48) above, 7 = 7 in the sense of distributions. 1
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Proposition 82. For every ¢ € D(S'), there is a ¢ € D(S') so that 1 =
¢ —¢.

Proof. Recall D(S') = C*(S',R). Moreover, Lemma 70 and Problem 58
show that

C>(S',C) = { Z fre2mikt . k1—1>r:iloo k" =0forn=1,2,... } . (49)

k=—o0

The convergence of each such series is uniform, and the sum commutes with
the derivative d/dt.
Therefore, if

¢ _ Z qgke%rikt e C«oo(Sle)7

k=—o00
then
b = Z (_477.2]{:2)&]6627”'“’
k=—00
¢_¢ _ Z (1 +4ﬂ_2k,2)$k€27rikt‘
k=—00
So if .
w _ Z ¢k627rikt e OOO(Sl,C),
k=—o00

then we may let

~

— . wk 2mikt
¢= Z 1 rdniz

k=—o00
so that ¢—q5:¢.
We must prove that ¢ € C°(S!,C). Let n be a positive integer. Then
1k 1.|n
kEI:Eooqb k1" = kErinoo 1 +4n2k2

because |¢¥||k|""2 — 0. So ¢ is smooth. (Note that we went from a |k|"
limit to a k"2 limit. This is because the differential equation is of order

two.)
We have considered C-valued functions so for. It is easy to check that
Y € C°(S', R) implies ¢ € C*(S', R). O
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Remark. The previous proposition uses a standard technique for solving
constant-coefficient differential equations on S!. The differential equation
then breaks into an algebraic equation for each Fourier coefficient, each of
which can be typically be solved.

This also works for functions on the n-torus (S!)". In this case, the Fourier
series is summed over Z", and we can solve constant-coefficient PDEs. Also,
on R"™, the Fourier transform turns constant-coefficient PDEs into algebraic
equations of the Fourier transform variable.

Homework Problem 65. LZ(S*, C) is the complex Hilbert space defined by
the inner product

(f.9)rz = /Sl(fg + fg+ fg)dt.

The elements of L(S*, C) are all complex-valued functions f on S' which are
L? and whose first and second derivatives f and f in the sense of distributions
are also L* functions. (You may assume L3(S',C) is a Hilbert space, as in
Proposition 62.)

Show that if f, — f converges weakly in L3(S', C), then for all ¢ € D(S?),

fu(9) = [(9).
Hint: Mimic the proofs of Propositions 81 and 82.

To recap, so far we have a sequence of loops 7; in C so that

lim E(y;) = L=inf E(a),

i—00 aeC

lim y; = ~ uniformly and weakly in L?(S', RY).

1—00

Moreover, v € C the same free homotopy class of L? loops containing the ;.
Since v; — ~ uniformly, we have

17 = T2t gy = / [y —y1*dt < sup | — W =0,
S

and so ; — 7 in L2.
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Now Theorem 25 shows that
HWHig(saRN) < h{ﬂglfH%H%%(sl,RN)
= timinf [B(3) + 932015
= L+|1lZe v,
EM) = Ilzz@ v = Iz my)
< L.

Since L is the infimum of the energy of all loops in C, and v € C, then
E(vy) > L as well. So E(v) = L. Thus we have proved

Theorem 30. Let X be a compact Riemannian manifold without boundary.
Then in each free homotopy class of loops, there is a v € L3(S*, X) which
minimizes the energy.

Corollary 83. This minimizing -y salisfies the geodesic equations (in local
coordinates on X )

gre (3" +T5347) =0
in the sense of distributions.

Proof. See Proposition 61. Il

Note in the proof of Theorem 30 above, we implicitly use the fact that
the map from L3(S') — L?(S') is compact, by using the inclusions

Li(S") = C(S") — L*(8Y),

the first of which is compact and the second of which is continuous. The
following problem gives a direct proof.

Homework Problem 66. Show directly that the inclusion L*(S',C) —
L3(SY,C) is a compact linear map.
Hints:

(a) Use the characterization of L2(S',C) in terms of Fourier series from
Proposition 87 below.

(b) If Ifi(®)llez < 1, then use a diagonalization argument to produce a

subsequence { f;,} so that for each k € Z, the Fourier coefficients lej
converge to constants g* € C as j — oo.
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(c) For all e >0, show that there is an N so that if |k| > N, then

> I <e

k=N
for all f such that || f]| 2 < 1.

(d) Conclude that the subsequence { f;;} converges strongly to

§ :gke27rzkt

keZ
in L?(S,C).
Remark. The proof presented in the previous problem works for Sobolev
spaces in higher dimensions (for functions on the n-dimensional torus S' x

.-+ x S1), whereas the use of the Sobolev embedding theorem for the compact
inclusion L3(S', C) — C°(S',C) is only available in dimension n = 1.

4.8 Regularity

Now we show that 7 is smooth. First of all, note that I'%; is a smooth in each
set of local coordinates  on X. Also, since v € L(S',RY), then we know
that v is continuous in ¢ € S*, and so Ffj (7) is continuous on S!.

Until now, we’ve been lax about distinguishing between v = (y1,...,7") €
X c RY and 7 in local coordinates. There is an important point in which
we should make a distinction. Recall we are working on a coordinate chart
¢: U — O C X CRY, where Y C R™. Our notation has been this: v* is the
a®™® coordinate of v in RY O X, while 4% has been shorthand for (¢! o 7)°
the i*" coordinate of ¢~! oy in R” D U.

In the previous subsections, we have dealt with the L? norm of v in RY,
while in local coordinates, we should deal with the L? norm of ¢! o in
U CR" Let ¢~': O — U be restriction of the smooth map

y=@",y"): Q= U,
where Q is an open subset of RY which contains O € X C RY. (Recall
we may do this by the definition of smooth maps from O to R™.) Let z =
(xt,...,2Y) represent coordinates on RY. Compute for k =1,...,n

a k_ayk-(z
0o =527

where a is summed from 1 to N.
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Proposition 84. Let ¢: U — O be a smooth coordinate parametrization of
X. Let I C R be a compact interval, and let K C O be compact. Then there
are positive constants Cy, ..., Cs so that

Cil[Yl 2y + Cs > ¢~ o ez rny + Co = Col Yl 2 rmy + Cs - (50)

for all v so that v(I) C K. (The point is that Cy,Cs, Cs, Cy, Cs are indepen-
dent of v.)

Corollary 85. |7/ 21~y is bounded if and only if o=t o Yz rmy s
bounded.

Remark. A related, simpler notion is the following: Two norms || - ||z, and
| - ||z, on a single linear space B are called equivalent if there are constants
Ci > Cy > 0 so that for all x € B,

Cillzlls, = llzllz, = Callzls,-

Remark. As long as we restrict to compact subsets of coordinate charts,
the norms in RY O X and in local coordinates on R™ are equivalent. The
corollary holds for all the Banach function spaces we have discussed, not just
for L?. Also, a similar proposition holds for Banach spaces of functions from
X to R, not simply spaces of maps from S! to X:

For K CC O, the norms on L?(K) and L3(¢ 1K) are equivalent under
the map

L3(K) - [}¢7'K),  frfoo.

Proof of Proposition 8. We claim it suffices to prove the bound (50) sepa-
rately for the L? norm of v and for the L? norm of 4. Proof: if A = |||z

and B = ||¥||L2, then
[Ylle = VA2 + B2
Then it is easy to check that for A, B > 0,
1
V2

In other words, the norm on v given by the sum of the L? norm of v and the
L? norm of ¥ is equivalent to the L? norm. It is straightforward to use this
fact to prove the claim.

(A+B) <VA?+B2< A+ B.
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Since ¢! is C' on K, it is locally Lipschitz and thus globally Lipschitz
on K (see Proposition 17). So for C' the Lipschitz constant and zy a point
in K, for all x € K,

< ¢ (zo)| + Cla — wo|
< '+ Clxl,
C" = ¢ (xo)| + Clzol.

[~ ()]

Therefore, the Triangle Inequality gives

l67 (Dllzzerzn = ( [ 1o |2dt>
< (/Sl<c'+c|v<t>|>2dt)%
< ([era) s ([enora)

= C, + C||7||L2(S1,RN)

This is essentially one half of (50) for the L? norm of 4. The other half
follows from the fact that ¢ is a C'! function on the compact set ¢~ K.
We still must address the L7 norm of . Recall for y = ¢! as above, that

_ .0y .
1 . a
(¢ © r}/) - axa /7

On the compact set K, since ¢! is C!, there is a constant C' so that

dy
ox®

<C onK,

and so on K

N
(67 o) = ‘87% <CY 13 <CNHL
a=1

Thus, as in the previous paragraph,

(@™ 0N 2L rny < CN|Fll 1251 RY)-

The opposite inequality can be obtained by considering ¢ as a C'! map instead
of ¢~ 1. 1
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Remark. In the previous proof, it sufficed to consider the L? norms of v and
4 separately. For higher derivatives, this is no longer adequate: Compute
2

_ W .. Py ..
(9 o) = Er eyl el

So first derivative terms of v come into the calculations of the second deriva-
tives of =L o .

Now we show that 4% € L' in local coordinates and in the sense of
distributions.

The geodesic equation is written in terms of the coordinates on U C R",
and for an open interval I C S, v(I) € O. On any compact subinterval of
I, there is a constant C' so that the Christoffel symbols F and the metric
gre satisfy |gre(y)Th; ()| < C (this is since 7 is contmuous on the compact
interval I). Since v € L?, each 4 € L% Therefore, Holder’s inequality shows
that

/lgkz 77|dt<02(/|7|2dt> (/|7j|2dt) < 00.
2,J=1 I

Thus gre(7)TF;(7)7'47 € L'(I) for each ¢. Corollary 83 then shows that
gre(7)F* € L'(I) (51)

in the sense of distributions. Now since the inverse metric g™ () is continu-
ous in ¢, we may multiply by the L' quantity (51) to find ¥* € L*(I) in the
sense of distributions.

Now for ¢y in the interior of I, we may define for t € I,

o0 - [ (o) s,

as in the proof of Proposition 59. It also follows from that proof that there is
a constant K so that g(t) = 4*(t) + K for almost all ¢+ € I. Then Lemma 86
below shows that ¢ is continuous. Therefore, there is a natural continuous
representation for each 4%, and so v is locally C''.

Lemma 86. Let f € Li (R). Then

_ /t: F(s) ds

158

loc

18 continuous.



Proof. Let t € R, and let h > 0 (the case h < 0 is similar). Compute

t+h
strn)=gt) = [ o)ds
t
= / X(t.+h)(8) f(s) ds
R
for Xjt+n) the characteristic function of the interval [¢,¢+h]. Then as h — 0,

X[t,tJrh](S) f(s) =0

almost everywhere on R. For small h,

}X[t,tJrh}(S) f(s)} < ‘X[tfl,tJrl](S)f(s)l )

and the right-hand function is integrable since f is locally L'. Then the
Dominated Convergence Theorem says that

g<t+h>—g<t>:/

Xit,e+h] (8) f(s) ds — / 0ds =0
R R

as h — 07. The case h — 0~ is similar. Thus g(t + h) — g(t) as h — 0 and
g is continuous at each t € 1. (Il

So far we know that v is C* on I. So I'j;(y) is C' and 4 is continuous.
Again using Proposition 83, we see that

gee(NA" = —gee()TH (DA

in the sense of distributions, and gx¢(7)5* is thus equal to a continuous func-

tion in the sense of distributions. Therefore, by the same argument as above,

gre(7)¥ is continuous, and so 4* is continuous also, and thus 7* is C2.
Once we know that 7 is C2, we see that

gre (3" +T54'97) = 0
implies that the usual geodesic equation
'+ TG =0

holds in the sense of ordinary derivatives, and since Ffj is smooth, the usual
regularity theory for ODEs, Theorem 9, applies, and the geodesic v is smooth.
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4.9 Sobolev spaces, distributions, and Fourier series

In this subsection, we provide some more background results about Sobolev
spaces and distributions on S'.

First of all, we describe C valued distributions. A complex valued distri-
bution is a C-linear map from C*°(S!,C) to C.

Example 22. For k € Z, the map

¢ — ggk — ¢ 2kt qt

sl
15 a distribution.
Proposition 87.
L3(S',C) = {Z FrEm RN PR + 1) < oo}.
keZ kEZ

Moreover, the norm | f||z2 is equivalent to

(Z [P (k2 + 1)) :

keZ

Proof. First we show C. Let f € L3(S',C) and compute

fle2m ity = [ f(t)e 2kt gt = — / F(t)(=2mik)e 2™ qt = 2mik f*.
St St

Since f € L2,
S ArB | = 1 fll7 <00 = D K < 0.
kEZ k€EZ

Now since f € L? also, then

Z|fk|2<<>0 and Z|fk|2(k2+1)<oo.

keZ keZ

This proves C.
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To show D, note that

Z|fk|2(k2+1)<00 — Zlfk|2<oo and Zk2|fk|2<oo.

keZ keZ keZ

Therefore,

f — kae%rikt c LQ7
kEZ

and by the computations in the previous paragraph f* = f(e 27kt) =

2mik f*. Consider a test function ¢ € C°*°(S!,C). Then compute

f@ = —f)
— — [ foat
St
= _<fa¢3>L2
= > fFomikek

kEZ

= = (~2mik)fF ok

kEZ

N

keZ
_ <Z‘]ék€27rikt7 ¢> '
kEZ L2

This shows that

JZ' _ Z f'k€27rikt _ Z(Qm’k)fke%ikt

kEZ keZ

in the sense of distributions. Therefore, both f and f are in L2, and thus
f € LX(8',0).

The statement about equivalence of the norms follows easily. 1
Remark. Similar easy calculations show that
Lgn(Sl’(c) — {kae27rikt . Z ‘fk‘Q(l{2 + 1)m < OO}
keZ keZ
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for every m = 0,1,2,.... Our characterization of smooth functions in (49)
above then shows that

C>(s",C) = () L% (s',C)
m=0

Proof: it is straightforward to show that L2 (S',C) compactly embeds in
Cm (S, C) for all m > 1.

The Fourier series isometry between L?(S!, C) and sequences (* = L?(Z,C)
also allows us to define even more Sobolev spaces.
For any s € R, define L%(S', C) to be the set of distributions f which act

on
¢ _ Z q5ke2m'knt
keZ
by
flo) = fré, (52)

keZ

where f* = f(e27#) and we assume that

SO +E) < oo (53)

keZ

Homework Problem 67. Show that if fk s a sequence of complex numbers
satisfying (53), then for any ¢ € C°°(S',C), the sum in (52) converges.

Now we are able to put a topology on C*°(S', C). We only describe this
topology in terms of convergence of sequences. We say ¢; — ¢ in C*(S', C),

if ¢; — ¢ in L2,(S*,C) for all m > 0.

Homework Problem 68. Show that ¢; — ¢ in C°°(S*,C) if and only if
¢; — ¢ in CP(S',C) for all p > 0.

Hint: You may use the fact that L2, (S', C) embeds compactly into C™1(S*, C)
for eachm > 1. Also show that C*(S",C) embeds continuously into L2(S", C)
for all p > 0.

Now we finally give the correct definition of complex distributions on S!.
A distribution on S' is a continuous C-linear map from C*(S',C) to C.
Denote the space of complex distributions on S' by D'(S!, C).
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Proposition 88. D'(S!,C U L2 (SY,C), and the image of D'(S!,C)
meZ
under the Fourier transform is the set of all polynomially bounded complex

sequences. In other words, it is the set of all sequences { f*} so that there are
m € 7Z,C >0 so that |f*| < C(k*+1)% for all k € Z.

Proof. We prove the first equality, and leave the rest as an exercise.

To prove D, if f is in the union, then f € L? (S! C) for some positive
m. To show f € D'(S',C), consider a sequence of ¢; — ¢ in C=(S*,C).
Then by definition, ¢; — ¢ in L2,. Then

1f(05) = f(@) = |f(d;— 9l

< DI -9

keZ
_ L k Tk 2\ 2
= X i 165 — 311+ #)%]

2

N

|42
= (kezz 1+ k) )

The second term in the last line goes to zero by the remark after Proposition
87, while the first term is finite by the fact f € L2 . Therefore, f(¢;) — f(¢)
for every test function ¢, and f € D'(St, C).

We prove C by contradiction. If f € D'(S',C) is not in L2 (S',C) for
every m € Z, then for all m € Z,

ST IPRO R =

k=—o00

<Z|¢ O 2(1 + kH)™ )

kEZ

This implies that

sup |f*12(1 + k*)™ = 0o for all m € Z.
keZ

(Proof of the contrapositive:

: . , - c
FPa+Em<c = YOI PO+ <Y s <o)

k€EZ keZ
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So for each j, there is a k; so that

)
Sy
(1+k2)2

We may assume k; # 0.
Now we construct a sequence ¢; which converges to 0 in C*(S*,C), but

for which f(¢;) # 0. Define

Fhj
(b’ _ f ! 627rik]~t
i T T 7 :
|fR (1 + k)2
Compute
(1+ k)" o
J

where &~ denotes equivalence of norms. For each fixed n, since each k;JQ > 1,
then

lim [|¢; 72 =0,
j—o0

and so ¢; — 0 in C*(S',C). On the other hand,

N R vl B
T = o " e
So f(¢;) 4 0= f(0) = f(lim ¢;), where ¢; — 0 in C>(S',C). O
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