SURVEY ON AFFINE SPHERES

JOHN LOFTIN

1. INTRODUCTION

Affine spheres were introduced by Titeica in [74, 75, 76], and studied
later by Blaschke, Calabi, and Cheng-Yau, among others. These are
hypersurfaces in affine R"*! which are related to real Monge-Ampere
equations, to projective structures on manifolds, and to the geometry
of Calabi-Yau manifolds. In this survey article, we will outline the
theory of affine spheres their relationships to these topics.

Affine differential geometry is the study of those differential prop-
erties of hypersurfaces of R""! which are invariant under all volume-
preserving affine transformations. Affine differential geometry is largely
traced to Titeica’s papers in 1907-09, although for curves in R2, one
of the main invariants, the affine normal, was already introduced by
Transon [71] in 1841. (See [1] for a historical account of the Titeica’s
development of affine differential geometry.) Given a smooth hyper-
surface H C R™"!, the affine normal ¢ is an affine-invariant transverse
vector field to H. Define the special affine group as

SA(n+1,R)={®:2— Ax+0b, det A = 1}.
The invariance property of the affine normal is then

.8 () = Cogmy(B(2))

for any x € H. An improper affine sphere is a hypersurface H whose
affine normals are all parallel, while a proper affine sphere is a hyper-
surface whose affine normal lines all meet in a point, the center of the
affine sphere. By symmetry, a Euclidean sphere must be a proper affine
sphere, and affine invariance then shows that all ellipsoids are affine
spheres also. More generally, quadric hypersurfaces are the canonical
examples of affine spheres.

We will mainly focus on the case of convex hypersurfaces in this
survey, since in this case the natural invariant metric, the affine metric,
is positive definite, and so we can exploit techniques of Riemannian
geometry and elliptic PDEs. We assume for a convex hypersurface
that the affine normal points to the convex side of the hypersurface.

Improper affine sphere are then called parabolic affine spheres, and the
1



SURVEY ON AFFINE SPHERES 2

primary example is an elliptic paraboloid. For convex hypersurfaces,
there are naturally two types of proper affine spheres, depending on
whether the affine normal points toward or away from the center. For
an elliptic affine sphere, such as an ellipsoid, the affine normals point
inward toward the center. Hyperbolic affine spheres have affine normals
which point away from the center. One component of a hyperboloid of
two sheets is the quadric example of a hyperbolic affine sphere.

Some 15 years Titeica’s papers, Blaschke’s book [7] records much
of the early development of affine geometry. Calabi’s papers contain
many advances in the theory of affine spheres and related subjects,
and Cheng-Yau’s resolution of the structure of hyperbolic affine spheres
provides crucial analytic estimates related to Monge-Ampere equations
[13, 15]. We refer the reader to the books of Nomizu-Sasaki [59] and Li-
Simon-Zhao [46] for overviews of affine differential geometry. Nomizu-
Sasaki [59] develop the theory in the modern notation of connections,
while Li-Simon-Zhao [46] use Cartan’s moving frame techniques and
also provide many analytic details.

This survey article focuses on the relationship between the geometry
of affine spheres to geometric structures on manifolds. To this end in
Section 4, we describe the semi-linear PDE of Titeica and Wang involv-
ing the cubic differential and developing map for affine spheres in R3.
Then we outline the relationship, due to Blaschke and Calabi, of affine
spheres to real Monge-Ampere equations and the basic duality results
related related to the Legendre transform in Section 5. In Sections 7-8,
we discuss Cheng-Yau’s work on hyperbolic affine spheres and invari-
ants of convex cones. In Section 9, we relate affine spheres to the geom-
etry of affine manifolds, and the conjecture of Strominger-Yau-Zaslow,
relating parabolic affine spheres to Calabi-Yau manifolds. In the last
two sections, we discuss two generalizations of affine spheres: Affine
maximal hypersurfaces are generalizations of parabolic affine spheres
which have led to significant progress in the theory of fourth-order el-
liptic equations in the solution of Chern’s conjecture for affine maximal
surfaces in R? by Trudinger-Wang [72]. We also briefly discuss the affine
normal flow, which is the natural parabolic analog of the elliptic PDEs
of affine spheres. The selection of topics reflects the author’s interests,
and there are many important subjects which lie outside the author’s
expertise. We largely do not treat nonconvex affine spheres, and we
only mention a few of the recent results classifying affine hypersurfaces
with extremal geometric conditions.

This article is dedicated to Prof. S.T. Yau, who introduced me to
affine differential geometry, for his rich insight and kind encouragement
over the years, on the occasion of his 59*" birthday.
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2. AFFINE STRUCTURE EQUATIONS

Blaschke used the invariance of the affine normal to derive other
affine-invariant quantities, such as the affine metric and cubic form [7].
As in e.g. Nomizu-Sasaki [59], the invariance of the affine normal can
be demonstrated by putting affine-invariant conditions on arbitrary
transverse vector fields to hypersurfaces. So let L be a smooth strictly
convex hypersurface in R**! and let € be a transverse vector field. Then
we have the following structure equations of Gauss and Weingarten:

DxY = VxY +h(X,Y)E,
where X, Y are tangent vector fields to L, D is the standard affine
connection on R"*!, and the equations are given by the splitting at
each z € L
TR =T, L + (£)
of the tangent space to R"™! into the tangent space to L and the span
of £. In this formulation, V is a torsion-free connection on L, h is a
symmetric tensor, S is an endomorphism of the tangent bundle 7'L and
7 is a one-form.
The affine normal ¢ to a convex hypersurface H is the unique trans-
verse vector field satisfying
e ¢ points to the convex side of L (this is equivalent to h being
positive-definite).
e ¢ is equiaffine, which means that 7 = 0.
e For X; a frame of the tangent bundle T'L,

det h(Xl, X]) - det<X17 s 7X7l’ 5)2)

1<4,j<n
where the second determinant is that on R™*!. This approach is similar
to that of [59].

Proposition 1. The affine normal is well-defined on any smooth strictly
convex hypersurface H C R*1,

Proof. Consider any transversal vector field ¢ which points to the con-
vex side of L. If we set

E=¢E+7Z
for ¢ a positive function on L and Z a tangent vector field, then com-
pute, using a frame X; of the tangent space of L, that

B det h(X;, X;) w2
(1) (b N (det(Xl,..-,meP) ’
2) 71 = —h(X;p+ ¢T),
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for h* the inverse of h;. O

Remark. Given a choice of orientation, the affine normal can be defined
on any C® nonconvex hypersurface as long as the second fundamental
form is nondegenerate.

Following Blaschke [7], we can use the affine normal to define other
affine invariants on L. In particular, we have the Gauss and Weingarten
formulas:

(3) DxY = VxY +h(X,Y),

(4) Dx¢ = —S(X).

Here V is the induced Blaschke connection, h is the affine metric, or
affine second fundamental form, and S is variously called the affine

shape operator, the affine third fundamental form, or the affine curva-
ture. The affine mean curvature is given by H = %trS.

The cubic tensor, given by C' = V — V for V the Levi-Civita con-
nection of h, is another important invariant. Its main properties are
the following:

Proposition 2. (1) Apolarity: The trace trC = 0 (in index nota-
tion, Ci; = 0).
(2) Symmetry: Cyjp = hilC’]l-k is totally symmetric on all three in-
dices.
(3) If the cubic form vanishes identically on L, L is an open subset
of a hyperquadric.

The last item is due to Maschke (for analytic surfaces), Pick (for all
surfaces), and Berwald (in general). See e.g. [59)].

The symmetry of the cubic form is equivalent to Vh being totally
symmetric. The Ricci tensor of the affine metric on an affine sphere is
of the form

(5) Rij = (n — 1)ngj + Cikerkg.

Thus the Ricci tensor is always bounded from below by (n — 1)H.
This lower bound is essential in applying the maximum principle on
complete affine manifolds.

As mentioned above, a proper affine sphere is a hypersurface whose
affine normal lines all converge to a single point, the center. An im-
proper affine sphere is a hypersurface whose affine normals are all par-
allel. There is an alternate definition in terms of the affine shape op-
erator: An affine sphere is a hypersurface whose shape operator is a
multiple of the identity S = H I, where H is the affine mean curvature.
Integrability conditions then force H to be a constant. The sign of H
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determines the type of affine sphere: If H > 0, L is an elliptic affine
sphere. If H = 0, L is a parabolic affine sphere, and, if H < 0, L is
a hyperbolic affine sphere. It is often convenient to scale proper affine
spheres in R"™! to make the affine mean curvature H = +1.

3. EXAMPLES

The prime examples of affine spheres are the quadric hypersurfaces.
An ellipsoid has affine metric of constant positive curvature. This is
to be expected, as the ellipsoid is affinely equivalent to a Euclidean
sphere, and the isometries of the Euclidean sphere pull back to affine
actions on the ellipsoid. Similarly, the affine metric on the hyperboloid
has constant negative curvature, reflecting the Lorentz group action.
An elliptic paraboloid in R™™! admits a flat affine metric, and in fact
the group of affine actions preserving the paraboloid is isomorphic to
the group of isometries of R™.

As we will discuss below, quadrics are the only global examples of
elliptic and parabolic affine spheres. There are many global hyper-
bolic affine spheres, asymptotic to each regular convex cone in R"™! (a
regular convex cone is an open convex cone which contains no lines)
[10, 13, 15]. Titeica already produced the example

{(z", 2% 2°) : 2'2?2® = ¢ > 0,2" > 0}

in R3, which is a hyperbolic affine sphere asymptotic to the bound-
ary of the cone consisting of the first octant. Calabi [10] showed the
corresponding example in R"*! is a hyperbolic affine sphere.

(6) {(xl,...,x”“):Hxi:c, xi>0}.

=1

The affine metric of Calabi’s example is flat, and its cubic form never
vanishes.
Calabi constructs his example via a product construction for hyper-

bolic affine spheres: If L' C RP*! and L” C R4*! are hyperbolic affine
spheres centered at the origin then the set

—t t
L= {(x’eﬁ,x”eﬁ> el 2z el” te R}

is a hyperbolic affine sphere in RPT9™2 (though the affine mean curva-
ture of L is scaled by a complicated constant). Applying this prod-
uct construction repeatedly to the zero-dimensional hyperbolic affine
sphere {1} C R leads to Calabi’s example in the first orthant of R™*!.
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We also remark here that in many special cases, geometric conditions
can be imposed on affine spheres (whether convex or not) to character-
ize specific equations. There is by now quite a large body of literature
along these lines. For example, part III of Nomizu-Sasaki [59] details
some examples, of which we mention a few. Magid-Ryan [57] classify
all flat affine spheres (convex or not) in R3. Convex affine spheres with
whose affine metrics have constant sectional curvature are shown to
be quadrics or affine images of Calabi’s example in Vrancken-Li-Simon
[79].  An analogous question in the non-convex case was settled by
Vrancken [78].

4. TWO-DIMENSIONAL AFFINE SPHERES AND TITEICA’S EQUATION

Titeica first studied affine spheres in R® (more properly, he studied
a subset of affine spheres he called S-surfaces) [75, 76], and found con-
ditions under which these surfaces can be integrated from initial data.
More specifically, if a, § are two real parameters, and v = v(«, 3) sat-
isfies
0%v 0w

9 9ad8 ¢f—e

then the system of equations

9% f qvof  _,of

®) 9a? ~ dada " 5
of . ,of ovof

?) o7 = 8o o505
fr

(10) gaop — 1

is integrable for f = f(a, ) a map into R3. This system can considered
as a first-order system in the frame {f, %, g—g}, and Titeica’s equation
(7) is the integrability condition. More specifically, if f: D — R? from a
simply connected domain D C R?, we may specify f(xo), fa(zo), f3(20)
for any point zy € D. Equations (8-10) can be considered as a first-
order system of PDEs in {f, f., fs}, and thus can be integrated along
any path from zg. Then (7) shows that the solution at any =z € D
is independent of the path chosen from xg to x. The integrability
condition is determined by checking e.g. (fas)a = (faa)s and using the
Frobenius Theorem.

In modern language, the surface parametrized by f is then a proper,
nonconvex affine sphere centered at the origin. This means the affine
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metric is indefinite. But as is often the case in the theory of two-
dimensional integrable systems, the signature of the metric can be
changed by considering complex parameters. So we can produce con-
vex as well as nonconvex affine spheres by Titeica’s method. In fact,
Titeica produces the affine sphere

{(z', 2% 2%) : 2'2%2® = 1,2° > 0}.

Wang [80] and Simon-Wang [67] have extended Titeica’s technique to
all convex affine spheres in R?. The affine metric is positive definite on
a convex surface in R?, and so there is an induced conformal structure.
So in this case, we may assume that f: D — R3, where D C C is simply
connected and so that the map is a conformal map with respect to the
affine metric on the image f(D). Choose a local complex coordinate z
on D, so that the affine metric is

e¥|dz|*

Then the apolarity condition on the cubic form shows that all but two
components of the cubic form vanish. In terms of complex coordinates,
if we set )

U=Che,
then the structure equations (3-4) for the (complexified) frame { f, fz, £}
become

fzz = wzfz—i_Ueil/)qu
[z = Ue™fotsf,

fz% - %67/"5’
gz = _Hf27
& = —Hfs
The integrability conditions for these equations are then
(1].) Ug — 0,
220 H y
(12) Y.z + |[Ul%e “"56 = 0.

If the holomorphic coordinate z is changed, U transforms as a cubic
differential, which is holomorphic by (11). On a Riemann surface, (11)
becomes for ¥ |dz|? = e?yg,

(13) A¢+4|U|Pe 4+ 2He? — 2k,

where A is the Laplace operator of g, ||| is the induced norm on cubic
differential, and x is the Gauss curvature. Below we will discuss global
solutions to (13) on Riemann surfaces due to [40, 41, 54, 55, 50, 51, 80],
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and their application to the geometry of projective, affine, and Calabi-
Yau manifolds.

(We note different versions of Titeica’s equation also occur in other
geometric contexts in which real forms of SL(3,C) act. For example,
see McIntosh [58] for an application of solutions to

z2_6_2w+6w20

to minimal Lagrangian immersions in CP? and special Lagrangian cones
in C3.)

The structure equations (3-4) are a first-order linear PDE system
in the frame {&, f., fz}, and if (11 - 12) are satisfied, then (3-4) can
be solved as an initial value problem on any simply connected domain
D c C. In other words, for any zy € D, if £(20), f.(20), fz(20) are
specified, then (3-4) determine the frame at every point in D.

For affine spheres, this determines an affine or projective holonomy
action. Proper affine spheres with center at the origin naturally have
holonomy in SL(3,R) (affine actions in SA(3,R) fixing the origin),
while improper affine spheres with affine normal (0, 1) naturally have
holonomy in SA(2,R) (actions in SA(3,R) fixing the affine normal).
For the special case of a holomorphic equivalence relation z ~ z + 1,
the frame {¢, f., fz} is a well-defined frame on the Riemann surface
D/ ~. For example, for a hyperbolic affine sphere with center 0 and
affine mean curvature —1, the affine normal £ = f, and integrating the
structure equations along a path from z, to 2o+ 1 calculates holonomy
map in SL(3,R) for the frame {f, f., f;}. In particular, on a Riemann
surface with a point singularity, it is often possible to prescribe the
behavior of the affine metric and cubic differential near the singularity,
and then to use the theory of ODEs to determine the conjugacy class
of holonomy of a loop around the singularity. See [54, 55].

Parabolic affine spheres in R3 have much better integrability proper-
ties. Much like minimal surfaces in R?, there are Weierstrass formulas
for reproducing parabolic affine spheres in terms of holomorphic func-
tions.

The basic ideas leading to this Weierstrass formula have been avail-
able for quite a long time. Blaschke [7] recognizes that parabolic affine
spheres with affine normal (0,0, 1) are locally given in terms of a graph
of a convex function u satisfying the Monge-Ampere equation

0%u
0xi0xI
and he shows that parabolic affine spheres in R? are completely inte-
grable, by using the observation in Darboux [22] that solutions to (14)

(14) det =1,
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in dimension two can locally be transformed into harmonic functions.
Jorgens [37] uses the relation between solutions to (14) and complex
analytic functions to show that any entire convex solution to (14) in
R? must be a quadratic polynomial. Moreover, Jorgens uses a natural
transformation between parabolic affine two-spheres and minimal sur-
faces to reprove Bernstein’s Theorem that any minimal surface in R3
which is an entire graph is a plane. See also Chapter 9 of Spivak [68].

The affine Weierstrass formula for affine maximal surfaces in R? (a
generalization of a parabolic affine sphere) is given in by Calabi [12],
Terng [70], and Li [42], for affine maximal surfaces in R®. A sim-
ilar description for parabolic affine spheres is given later by Ferrer-
Martinez-Mildn [27], although an equivalent formulation motivated by
string theory is found earlier in Greene-Shapere-Vafa-Yau [34]. The
affine Weierstrass formula of [27] is the following: Given two holomor-
phic functions F' and G satisfying |dF| < |dG| on a simply connected
domain D C C, the parametrized surface

(36 + 05067 = 1P JRe(GF) - Je [ Fac)

is a parabolic affine sphere with affine normal (0,0, 1).

There is a higher-dimensional generalization of the Weierstrass repre-
sentation formula to special Kahler manifolds. A special Kahler mani-
fold is a Kahler manifold which admits a torsion-free, flat connection V
with respect to which the Kahler form is parallel and so that dy/ =0
for I the complex structure tensor [28]. Cortés [21] has shown that
any special Kahler manifold may be constructed from the graph of a
holomorphic function on a domain in C". Z. Lu has shown that any
complete special Kéhler manifold is flat [56]. Lu’s result also follows
from Calabi’s Theorem 2 below, since each special Kahler manifold
carries the structure of a parabolic affine sphere [5].

It is also possible to relate solutions to other versions of Titeica’s
equation to integrable systems, as Dunajski-Plansangkate have recently
related radially symmetric solutions of (12) with H = 1 to solutions of
Painlevé III.

5. MONGE-AMPERE EQUATIONS AND DUALITY

In this section, we recount the real Monge-Ampere equations related
to convex affine spheres, and use the conormal map and the Legendre
transform to find dual affine spheres. In this context, the equation
for a parabolic affine sphere, detu;; = 1, goes back to Blaschke. The
equations for proper affine spheres are due to Calabi [10]; although we
will primarily present them in the context of Gigena [30].
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For simplicity, we state the following theorem only for affine spheres
of affine mean curvature H = —1,0,1. More general proper affine
spheres may be obtained by scaling.

Proposition 3. e A hyperbolic affine sphere with center 0 and
affine mean curvature —1 is locally given by the radial graph of
—1/u,

1
(L, ) it =t ) ey,
{5 b= (.t
where Q is a domain in R"™ (thought of as an inhomogeneous
domain in RP"), and u is a convex negative function satisfying

0*u 1\
detW:(—a) :

The affine metric is given by

1 0%u

u QoY

o A parabolic affine sphere with affine normal (0,...,0,1) is given
by the graph of a convex function u

{(z',... ;2" u(2) o= (2',...,2") € O CR"

satisfying the Monge-Ampére equation

dt'dt?

det Ui = 1.
The affine metric is given by
0?u o
—— dx'dx’.
0x'0xl

o An elliptic affine sphere with center 0 and affine mean curvature
1 is given by the radial graph of 1/u,
1
— (Lt ) = () EQ g,
{5 Vb= ()
where  is a domain in R™ (thought of as an inhomogeneous
domain in RP"), and u is a convex positive function satisfying

agu 1 n+2
det —— = | — :
“ otior (u>
The affine metric is given by

1 0%u o
— ———dt*dt’.
u Ot*otI
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For each convex affine sphere as above in R"*! there is a dual affine
sphere in R,,.;, the dual vector space to R"*'. The construction is
slightly different in the case of proper and improper affine spheres,
but both constructions are related to the Legendre transform. Given a
smooth strictly convex function v: 2 — R on a convex domain €2 C R”,
the Legendre transform function v* is defined by

- Ov

* 7
vV H+v==x -,
ox?

The function v* is considered primarily as a convex function v* : 2" —

R with
v ov ‘
Q _{(8xi(x)) eRn.er}.

The duality of a parabolic affine sphere comes directly from the Le-
gendre transform, while for proper affine spheres, the duality is pro-
vided by the conormal map. Given a hypersurface L C R""! which is
transverse to the position vector, the conormal map N: L — R, is
given for x € L by

N:xzw—{, l(x)=1, ¢T,L)=0.

The conormal map is naturally related to the Legendre transform by
the following formulas: If u = w(t!,...,t") is convex, and L is the
radial graph of ¢/u:

L= {(c/u)(t,...,.t" 1)},

then the conormal map of L is given by

1 du ou

for u* the Legendre transform of u. The duality result for parabolic
affine spheres follows from the well-known duality of the Monge-Ampere
equation detu;; = 1 under the Legendre transform, while the duality
result for proper affine spheres is originally due to Calabi, and first
appears in the literature in Gigena [29].

Proposition 4. To each affine sphere in R", there is a dual affine
sphere of the same type in the dual space R, 1. The dual of a proper
affine sphere centered at the origin is given by the image of the conormal
map.

For an improper affine sphere with affine normal & = (0,...,0,1)
given by the graph (x,u(x)), the dual is the graph of the Legendre trans-
form of u.
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Remark. Proposition 4 and the relationship between the conormal map
and the Legendre transform (15) lead to Calabi’s original formulation
of the relationship between proper affine spheres and solutions to the
Monge-Ampere equation [10]: The graph of a convex function

{(z,¢¥(x)) -2 € Q CR"}

is a proper affine sphere of affine mean curvature H and center 0 if and
only if the Legendre transform ¢* of v satisfies

det o}, = (Hy*) ™2,

We need the notion of conjugate connections to explain the duality
further. Given a smooth vector bundle £ — M, equipped with a
nondegenerate metric A and a connection V, the conjugate connection
V* on F is given by

dh(s,t) = h(Vs,t)+ h(s, V*t)

for smooth sections s,t of E. In the case Vh is totally symmetric,
which is always true for affine structures, the Levi-Civita connection V
of h satisfies

(16) V=3(V+V).
See e.g. [59].

Proposition 5. The Blaschke connection on an improper affine sphere
is flat. The Blaschke connection on a proper affine sphere is projectively
flat.

In all cases, the dual map is an isometry with respect to the affine
metrics. It maps the cubic form to its negative; in other words, the
Blaschke connections of the dual hyperspheres are conjugate with respect
to the affine metric.

We sketch the proofs of Propositions 4 and 5 together.

Sketch of proof. For improper affine spheres, it is well known that the
Legendre transform of a convex solution to the Monge-Ampeére equation
det u;; = 1 solves the same equation. Moreover, the affine metric for
a parabolic affine sphere is of Hessian type u;;dz'dz?, and the affine
connection is flat. For such metrics, the conjugate connection is also
flat [2], and corresponds to the dual affine structure.

For any convex affine hypersurface L in R**!, the image of the conor-
mal map is naturally a centroaffine hypersurface L* C R,,4; (in other
words, L* is transverse to the position vector). The centroaffine con-
nection of L* is conjugate to the affine (Blaschke) connection of L
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(64, 59]. For f the position vector of L*, the centroaffine connection
V¢ is defined by the Gauss equation

DxY = V5Y + he(X,Y)f

defined by the splitting TR, 11 = T¢L* + (f). But since the affine
normal for proper affine spheres with center 0 and affine mean curvature
+1 is equal to Ff, L* is again a proper affine sphere with Blaschke
connection V¢.

Note that (16), by the definition of the cubic form, shows that passing
from the Blaschke connection to its conjugate corresponds to mapping
the cubic form to its negative. O

6. GLOBAL CLASSIFICATION OF AFFINE SPHERES

The affine metric of a convex affine hypersurface in R"*! is a Rie-
mannian metric, and thus gives an affine-invariant notion of complete-
ness on the hypersurface. We may also consider whether the convex
hypersurface is properly embedded, which corresponds to an extrinsic
notion of Fuclidean completeness for hypersurfaces. In general, the two
notions of completeness are different (see e.g. examples in [46]), but for
affine spheres, the two notions are the same. This was conjectured by
Calabi and proved, in the hyperbolic case, by Cheng-Yau.

Theorem 1 (Jorgens, Calabi, Pogorelov, Cheng-Yau). Let 2 be a do-
main in R™ and let uw: 2 — R be a smooth convex function satisfying
the Monge-Ampere equation

detu;; =1
and so that the graph
{(z,u(@)) v € Q)
is closed in R"*L. Then u is a quadratic polynomial.

This theorem is due to Jorgens originally for entire solutions when
n = 2 [37], to Calabi for entire solutions for n = 3,4,5 [9], and
Pogorelov for entire solutions for general n [60]. Cheng-Yau proved
the full theorem in [15]. In terms of affine geometry, this theorem is
equivalent to the following:

Corollary 6. Every convex properly embedded parabolic affine sphere
in R" is an elliptic paraboloid.

The corresponding theorem for affine-complete parabolic affine spheres
is due to Jorgens in dimension two [37] and Calabi in general [9]:
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Theorem 2. Any affine-complete parabolic affine sphere in R"*! is an
elliptic paraboloid.

The proof is to use a maximum principle on noncompact manifolds
to show that the norm of the cubic form must vanish. Then Berwald’s
theorem shows that the affine sphere must be a quadric hypersurface.

Similarly, all global examples of elliptic affine spheres must be el-
lipsoids. Blaschke first shows that any compact elliptic affine sphere
in R? is an ellipsoid [7], and Deicke later extends this theorem to any
dimension [24].

Any affine-complete elliptic affine sphere must also be an ellipsoid.
Calabi [10] shows that the Ricci curvature of an elliptic affine sphere
is positive, and thus Myers’s Theorem shows the affine sphere must be
compact. Euclidean-complete elliptic affine spheres are affine complete
by estimates of Cheng-Yau [15]. Thus any affine or Euclidean complete
affine sphere in R"*! must be compact, and thus is an ellipsoid.

For any strictly convex smooth affine hypersurface in R**!, Trudinger-
Wang prove that affine completeness implies Euclidean completeness if
n > 2 [73].

7. HYPERBOLIC AFFINE SPHERES AND INVARIANTS OF CONVEX
CONES

Let R, denote the dual vector space of R"*!. Then given an open
convex cone C C R™™! the dual cone C* C R,,;; can be defined as

C'={leR,y:l(x)>0foral x eC}.

The existence of hyperbolic affine spheres is due to Cheng-Yau. In
[13], they show that for any convex bounded domain 2 C R™, there is
a unique convex solution to the Dirichlet problem

1 n+2

(17) det u;; = (—a) , u =10 on 0N.
Let

C={s(1,t):te€Q,s>0}
be the cone over 2. Then they show in [15] that u induces the hy-
perbolic affine sphere asymptotic to the boundary of the dual cone C*
by taking the Euclidean graph of the Legendre transform of u. The
description of the hyperbolic affine sphere asymptotic to C is given in
Gigena [30] as the radial graph of —1/u.

We outline a proof of Cheng-Yau’s solution to the Monge-Ampere
equation (17). By now, producing convex solutions to Dirichlet bound-
ary problems for real Monge-Ampere equations detv;; = F(z,v) on
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strictly convex bounded domains for smooth positive functions F' is
fairly standard (see e.g. [31, Theorem 17.22]). Equation (17) is singu-
lar in two ways, however. First of all, since v = 0 on 0f2, the right-hand
side (—=)™*2 blows up on 9. Second, €2 is allowed to be any convex
domain with potentially no more than Lipschitz boundary regularity.
Below we give limiting arguments, essentially due to Cheng-Yau [13],
to produce solutions to (17) in the general case. Calabi’s example (6)
above provides an explicit solution to (17) on a simplex, which is used
as a barrier. In dimension two, Loewner-Nirenberg [47] solved (17) on
domains with strictly convex smooth boundary, and noted the projec-
tive invariance of solutions to (17) from a point of view independent of
affine geometry.

Sketch of proof. Let 2 C R™ be a bounded convex domain, and con-
sider an exhaustion

QZUQk, Qi € Qs
!

for € strictly convex bounded domains with smooth boundary. Stan-
dard theory for the real Monge-Ampere equation shows that there is a
unique convex solution uy . to

1 n+2
(18) detu;; = <— ) on Q, uloq, =0
u—€
for each € > 0. Each uy, is smooth on §2; and is continuous on Q.
Our solution v will be the limit of u; . as k — oo and € — 0.

First, we let € — 0. The maximum principle shows that u; . < uy ¢
if e < ¢: We will find a contradiction if the difference w = uy, — uy e
is positive anywhere on . Since w vanishes on 9, if w is positive
anywhere, it has a positive maximum point p € ;. Then at p, the
Hessian , , ,

aaigj(p) = aafg’ej (p) — g uakj (p)
x'0x x'ox x'ox

is negative definite. Since the Hessians of both ug. and uge are
positive-definite, a simple lemma shows that

82’Uk € az’u,k e
det (&ciaxﬂ' (p)) S det (8:6"8:1;1 (p))

But then, the equation (18) shows
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This contradicts the assumptions that € < € and w(p) = u.(p) —
Uk, e’ (p) > 0.

Therefore, as € — 0, uy, is decreasing pointwise, and thus there
is a pointwise limit function w; = wuyo unless the sequence decreases
to —oo. By using affine transformations, Calabi’s example provides
an explicit solution v to (17) on any simplex A C R". For a given
boundary point ¢ € 92, choose A so that A D Q and g € 0A N IQ,.
The maximum principle then shows that ug. > v on all of Q. and
so the limit function does not go to —oo and is continuous at the
boundary point g. Estimates for the Monge-Ampere equation show
the convergence uy . — uy, is in C2(Q) and thus uy solves (17): C*
estimates are standard for convex functions, while Pogorelov provides
interior C? estimates [60], and then one can use either the interior C?
estimates of Calabi [9] or interior C** estimates of Evans to achieve
the desired regularity.

Now wuy, solves (17) on €. Now the same ideas allow us to take
k — oo: The maximum principle implies u;1 < ug on 2, and Calabi’s
barriers ensures the limit u;, — w is finite and continuous to the bound-
ary of (2. Interior estimates as mentioned above implies the convergence

ur — w is in CL2(€2), and so u solves (17) on (2. O

The following theorem is due to Cheng-Yau [13, 15] and Calabi-
Nirenberg (unpublished), with clarifications due to Gigena [30], Sasaki
61] and A.-M. Li [43, 44].

Theorem 3. For any open convex cone C C R™ ! which contains
no lines, there is a unique convex properly embedded hyperbolic affine
sphere L C R™! which has affine mean curvature —1, has the vertex
of C as its center, and is asymptotic to the boundary OC. For any
immersed hyperbolic affine sphere L — R™ L, the properness of the im-
mersion is equivalent to the completeness of the affine metric, and any
such L is a properly embedded hypersurface asymptotic to the boundary
of the cone C given by the convex hull of H and its center.

The image of the conormal map of L is the unique hyperbolic affine
sphere of affine mean curvature —1 verter 0 asymptotic in the dual
space R, 11 to the boundary of the dual cone C*.

Sketch of proof. Cheng and Yau [15] prove (with a small gap) that an
affine sphere is properly embedded if and only if its affine metric is com-
plete. Moreover, any such hyperbolic affine sphere L is asymptotic to
the cone given the convex hull of L and its center. (Calabi-Nirenberg,
in unpublished work, establish the same result.) In [43, 44], A.-M. Li
clarified the proof of Cheng-Yau by using essentially the same estimates
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developed in [15] to show that affine completeness implies Euclidean
completeness for hyperbolic affine spheres. Trudinger-Wang have re-
cently proved that any convex affine-complete hypersurface in R"*! is
Euclidean complete if n > 2 [73].

Given a bounded convex domain 2 C R", considered as lying in an
affine subspace {#° = 1} C R™"!, denote the cone over  as

C=J{s(1t):teq}.
s>0

Consider Cheng-Yau’s solution to the Monge-Ampere equation det u;; =
(—1)"*2 with zero Dirichlet boundary values [13]. The hyperbolic affine
sphere L in the cone C C R™™! given by the radial graph of —1/u is
then obviously asymptotic to the boundary of C and is Euclidean com-
plete, by work of Gigena [30]. (This formulation was known experts
in the 1970s, when Cheng-Yau completed their work.) An alternate
approach is taken by Sasaki [61], who shows that the dual affine sphere
to L, given by the Legendre transform of u, is a Euclidean complete
hyperbolic affine sphere L* asymptotic to the dual cone C* C R, 1.

These two affine spheres L and L* are dual under the conormal
map. The local statement of duality follows from the identification
of the centroaffine connection of the image of the conormal map with
the conjugate to the Blaschke connection, already found in the Schi-
rokovs’ book [64]. In other words, the dual of L is a hyperbolic affine
sphere. To show that the image of the conormal map of L is L* follows
from Gigena [30]. Alternately, once we produce either L or L* as a
Euclidean-complete affine sphere by [30] or [61], it must be affine com-
plete. Since the conormal map is an isometry of the affine metric, its
dual L* or L respectively is also affine complete, and so it must be Eu-
clidean complete. We can identify this dual with the correct target by
the uniqueness of solutions to (17), which follows from the maximum
principle.

We also indicate very briefly some of Cheng-Yau'’s estimates [15]:
To show a Euclidean-complete affine sphere L is affine-complete, first
of all note that we can choose affine coordinates on R"*! so that one
coordinate function (a height function H) is proper on L. Then on
the compact domain L. = {H < ¢}, use the maximum principle to
estimate functions of the form

ox —m IVH|?
P\e—n (H+e)p

for appropriate constants m, e, p and V the Levi-Civita connection of
the affine metric. Then, taking ¢ — oo produces an estimate of the
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form

[VH| <C
H+17~
for a constant C'. Since log(H+1) is proper on L, this gradient estimate
shows the affine metric is complete.
To prove that affine completeness implies Euclidean completeness for
hyperbolic affine spheres, a gradient estimate for the Legendre trans-

form of H [15, 43, 44] and an estimate of the norm of the cubic form
[10] are used. O

Calabi shows that the affine metric on complete hyperbolic affine
spheres has Ricci curvature bounded between 0 and a negative constant
[10]. The lower bound is a pointwise formula for the Ricci tensor (5),
while the fact that the Ricci is nonpositive requires global techniques
from Riemannian geometry, and a bound on the norm of the cubic form.
We note that the extreme cases are both satisfied by homogeneous
affine spheres: The affine metric on a hyperboloid has constant negative
sectional curvature, while the affine metric on Calabi’s example (6) is
flat. It is instructive to think of these examples in terms of extrema of
convex projective domains. The hyperboloid is asymptotic to a cone
over a round ball, while Calabi’s example is asymptotic to a cone over
a simplex.

The Monge-Ampere equation (17) is very similar to Fefferman’s
equation for complete Kéhler-Einstein metrics on bounded smooth
strictly pseudoconvex domains in C" [62]. Sasaki has used a similar
asymptotic calculations to Fefferman’s to compute projective invari-
ants of convex domains [63].

8. PROJECTIVE MANIFOLDS

An RP" structure (real projective structure) on a smooth manifold
M is given by an atlas of coordinate charts in RP" with gluing maps
locally constant projective maps in PGL(n + 1,R). (So in Thurston’s
language, an RP" manifold is an (X, G) manifold for the homogeneous
space X = RP" with group G = PGL(n + 1,R).) An RP" manifold
M is properly convex if it is given by a quotient

M =QT,

where 2 is a bounded convex domain in R” C RP" and I' € PGL(n +
1,R) acts discretely and properly discontinuously on €. Hyperbolic
manifolds all admit RP" structures by the Klein model of hyperbolic
space: In this model hyperbolic space H" is represented by an open
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ball B C R", and the hyperbolic isometries are exactly the projective
actions on RP" D R™ which act on B.

A geodesic in an RP™ manifold is a path which is a straight line seg-
ment in each RP" coordinate chart. This leads to an alternate definition
of an RP" structure: An RP" structure on M is given by a projective
equivalence class of projectively flat connections on the tangent bundle
TM. Two connections on T'M are said to be projectively equivalent
if they have the same geodesics, when considered as unparametrized
sets. A connection is projectively flat if it is locally projectively equiv-
alent to a flat, torsion-free connection. The relation between the two
definitions of RP" manifold is the following: The geodesics of the RP"
structure are then exactly the geodesics of each projectively flat con-
nection in the equivalence class. (Yet another equivalent definition of
an RIP" structure on a manifold M is the existence of a flat projective
Cartan connection on M. See e.g. Kobayashi [38].)

For a hyperbolic affine sphere L with center 0 and affine mean cur-
vature —1, Gauss’s equation reads

DxY = VxY + h(X,Y)f,

where f is the position vector. In particular, in this case, the geodesics
of V project to straight lines under the projection L — € (see e.g. [59]).
This shows that V is projectively flat. Note this argument shows that
any centroaffine connection V is projectively flat, where V is defined
by DxY = VxY + h(X,Y)f for any hypersurface transverse to the
position vector f. A partial converse is also true ([59] or [26]):

Proposition 7. Any manifold equipped with a projectively flat, torsion-
free connection with symmetric Ricci tensor is local the pull-back of the
centroaffine connection of a hypersurface under a diffeomorphism.

An RP" manifold M admits a development pair of a developing map
and holonomy. Given a universal cover M of M and a fundamental
group m M corresponding to a base point xq, there is a pair (dev, hol)
of dev : M — RP" and hol :— PGL(n+1,R) satisfying devohol(y) =
v odev for all v € my M. The pair dev is unique up to composition in
dev and conjugation in hol. An analog of this theorem is valid for all
(X, G) manifolds, and is due to Ehresmann. See e.g. Goldman [32]. The
developing map is constructed by starting at the base point zo € M
with a projective coordinate chart around zy. Then along any path in
M from a lift Zy of xg, there is a unique choice of coordinate charts.
This defines the developing map dev : M — RP", and the holonomy
hol() is given by the coordinate transformation in PGL(n + 1,R)
given by developing the path from zq to v(zo).
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The developing map of an RP" manifold closely corresponds to the
centroaffine hypersurface picture above. If V is a projectively flat con-
nection satisfying the conditions of Proposition 7, then the projection
of the centroaffine hypersurface above from R"™\ {0} to RP" coincides
with the developing map.

To each properly convex RP" manifold, there is a dual manifold
modeled on the dual projective space RP,. In particular, if M = Q/T,
where (2 is a bounded domain in R" C RP" corresponding to the regular
convex cone C C R™™!. Then Q* can be taken as the projection to RP,,
of the dual cone C* C R,,.

By the uniqueness and invariance of hyperbolic affine spheres, to-
gether with the duality result, we have

Proposition 8. The conormal map between dual hyperbolic affine spheres
provides a natural map from any properly convex RP" manifold M to
its projective dual manifold M*. This map is an isometry with respect
to the affine metrics and it takes the Blaschke connection on M to the
conjugate of the Blaschke connection on M*.

If a properly convex RP" manifold M is written as M = Q/p(m M)
for & C R" a bounded convex domain and p: mM — PGL(n +
1,R) a holonomy representation of the fundamental group, then the
dual RP" structure on M is given by Q*/x(p(miM)) for x the map
from the projective linear group on R™™! to the projective group on its
dual R, given x(v) = (y")~!. The previous proposition then shows
that the conormal map of hyperbolic affine spheres provides a natural
identification of M with its dual RP" manifold.

Given a convex bounded domain €2 C R™ C RP" corresponds to
a convex cone C C R". For the unique hyperbolic affine sphere H
asymptotic to the boundary of C then the projective quotient map
R™\ {0} — RP" induces a diffeomorphism H — 2. The affine
invariants of H then descend to any projective quotient of €2, and so
provide invariants on any properly convex RP" manifold. See e.g. [52]

Proposition 9. On any properly convexr RP" manifold M, the unique
hyperbolic affine sphere asymptotic to the cone over the universal cover
of M determines the following data: a complete Riemannian metric
(the affine metric), and two canonical projectively flat connections (the
affine connection V and the conjugate connection V* =V — 2C'), rep-
resenting the RP" structure and the dual RP" structure.

Proof. The duality theorem above 5 shows that dual hyperbolic affine
sphere has affine connection equal to the conjugate connection V* =
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V — 2C for C' the cubic form. Both V and V* are projectively flat,
since they are centroaffine connections on hypersurfaces in R**1. [

Jaejeong Lee has recently proved the following theorem by using
hyperbolic affine spheres and their duality structure under the conormal
map.

Theorem 4. Every compact properly convexr RP" manifold M has a
fundamental domain given by a bounded polytope in R™ C RP".

The case of convex RP? structures is particularly rich, since Titeica’s
equation provides a link between hyperbolic affine spheres and holomor-
phic cubic differentials on surfaces.

As in Section 4 above, Wang [80] provides a version of Titeica’s
developing map for two-dimensional hyperbolic affine spheres. Given
a Riemann surface ¥ with a holomorphic cubic differential U and a
complete conformal metric e“h satisfying

Au+4||U|>e™2" — 2¢* — 2k

as in Section 4 above, the affine structure equations produce a map
from the universal cover ¥ — R3. On a compact Riemann surface
equipped with a hyperbolic background metric, Wang’s equation has a
unique solution for each pair (X, U) [80, 40, 52].

Thus we have the following theorem, due independently to Labourie
40, 41] and the author [52]:

Theorem 5. On a closed oriented surface of genus g > 2, a convex
RP? structure is equivalent to a pair (X,U) consisting of a conformal
structure X on the surface and a holomorphic cubic differential on .

One can define the deformation space of convex RP? structures by
analogously to Teichmiiller space: On a closed oriented surface R of
genus g > 2, the deformation space G, of convex RIP? structures can
be defined as the set of equivalence classes of pairs [S, f|, where S is a
convex RP? surface, f: R — S is an orientation-preserving diffeomor-
phism, and (S, f) ~ (S, f) if and only if f' o f~! is homotopic to a
diffeomorphism from S — S’ which preserves the projective structure.
See e.g. Goldman [33].

The Riemann-Roch theorem then shows that the deformation space
of convex RP? structures has the structure of the total space of the
holomorphic vector bundle over the Teichmiiller space of conformal
structures on the surface whose fibers are the vector space of holomor-
phic cubic differentials.
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Corollary 10 (Goldman [33]). The deformation space of conver RP?
structures on a closed oriented surface of genus g > 2 is a cell of real
dimension 16g — 16.

We may define the moduli space of convex RP? structures as the
space of all projective diffeomorphism classes of convex RP? structures
on a closed oriented surface R of genus ¢ > 2. As in the case with
Teichmiiller space, this moduli space of convex RP? structures is the
quotient of the deformation space G, by the mapping class group. The-
orem 5 allows us to describe this space as an (orbifold) vector bundle
over the moduli space of Riemann surfaces of genus g.

In general, it is not easy to determine explicitly the RP? holonomy
determined by a pair (3,U) for ¥ a complex structure and U a cu-
bic differential. But in some limiting cases, we can determine some
information.

We may determine the RP? holonomy in limits of pairs (X, U;) for
Y — Y a point in the Deligne-Mumford compactification of the mod-
uli space of Riemann surfaces. At such a limit ¥, one or more necks
of the Riemann surface are pinched to nodes. Holomorphic cubic dif-
ferentials on >; then naturally have limits as regular cubic differentials
on Y., which are allowed to have poles of order 3 at each puncture.
We may define the residue of the cubic differential to be the dz3/z3 co-
efficient of a regular cubic differential with pole at z = 0. This residue
is invariant under the choice of local holomorphic coordinate z. For
regular cubic differentials, the residues across each puncture must sum
to zero. In [54], around sufficiently small loops around each puncture,
the holonomy determined by the structure equations (3-4) is an ODE
which approaches

9,X = AX,

for a frame X and a constant matrix A. This determines the conju-
gacy class as that of exp(A), at least when the holonomy has distinct
eigenvalues. This gives an explicit relationship between the cubic dif-
ferential and Goldman’s analog of Fenchel-Nielsen’s length coordinates
33].

An RP? structure on a surface determines (up to conjugacy) a ho-
lonomy representation from m R — SL(3,R). Using the theory of
Higgs bundles, Hitchin has identified a component of the representa-
tion space of the fundamental group of a closed surface R of genus g > 2
into SL(3,R) (and into any split real form of a semisimple Lie group)
[36]. Fixing a Riemann surface structure ¥ on R, Hitchin identifies the
component, of the representation space with H°(X, K?) & H°(Z, K3)
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the space of pairs of quadratic and cubic differentials over ¥. Choi-
Goldman [18] show that the holonomy map identifies the space of con-
vex RP? structures on R with Hitchin’s component of the representa-
tion space. Under this map Labourie [41] has identified Hitchin’s cubic
differential with (a constant multiple of) C.P. Wang’s cubic differen-
tial U coming from the hyperbolic affine sphere: The RP? structure
coming from the affine sphere determined by (X, —%U ) has holonomy
determined by Hitchin’s Higgs bundle representation from the Riemann
surface X with quadratic differential 0 and cubic differential U.
Labourie [41] also notes that a hyperbolic affine sphere L C R3
naturally gives rise to a harmonic map into the symmetric space of
metrics on R3 which may be identified with SL(3,R)/SO(3,R). If
L C R3? is a hyperbolic affine sphere with center 0 and affine mean
curvature —1, and p € L, then we may define the Blaschke lift

B: L — SL(3,R)/SO(3,R)

as the metric on R3 given by the orthogonal direct sum of the affine
metric on the tangent space T,L and the metric on the line (p) for
which the position vector p has norm 1. Then with respect to the
affine metric on L, B is a harmonic map. Under a projective quotient
of L, B is a twisted harmonic map (a section of a bundle). Such a
harmonic metric is a natural foundation of the theory of Higgs bundles
(see Corlette [20]), and provides a direct link between affine spheres
and Hitchin’s Higgs bundle theory.

(We also note that if the affine sphere L is globally asymptotic to
the boundary of a convex cone C C R?, then the Blaschke lift on L is
the restriction of Cheng-Yau’s complete affine Kahler-Einstein metric
on C—see Sasaki [62] and the discussion in the next section.)

9. AFFINE MANIFOLDS

An affine structure on a smooth manifold M is provided by a maxi-
mal atlas of coordinate charts in R™ with locally constant affine tran-
sition maps. Thus, in terms of Thurston’s notation, an affine structure
is the structure of an (X, G) manifold with X = R" and

G =Aff(n,R) = {®: R" - R", ®(x) = Az + b}.

Equivalently, an affine structure is provided by a flat, torsion-free con-
nection V on the tangent bundle: In this case, the geodesics of V are
straight line segments in the affine coordinate charts on M.

Affine manifolds are related to parabolic affine spheres through the
Monge-Ampere equation det ¢;; = 1 (recall the graph of such a ¢ is a
parabolic affine sphere). The Blaschke connection of a parabolic affine
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sphere is torsion-free and flat. Moreover, under an affine change of co-
ordinates, the Hessian of a function ¢ transforms as a tensor. In partic-
ular, a convex function ¢ defines a Riemannian metric affaij dz'dz? on
an affine manifold. A Riemannian metric on an affine manifold which
is locally of this form is called an affine Kahler, or Hessian, metric. If
M admits a V-parallel volume form v (in other words, the affine ho-
lonomy is the special affine group SA(n,R)), then the Monge-Ampere
equation det ¢;; = v* can be written as det ¢;; = 1 in special affine
coordinates.

The tangent bundle of an affine manifold naturally carries a complex
structure. Let x — Az 4+ b be an affine change of coordinates for
affine coordinates * = (z',...,2"), and let y = (y',...,y") denote
frame coordinates on the tangent space by representing tangent vectors
as 1 azi' Then 2* = 2' + /—1y* form complex coordinates on the
tangent bundle via the gluing map z — Az + b. We may denote the
tangent bundle TM with this complex structure as M®. (Note this
construction can also be seen as gluing together tube domains of the
form Q++/—1R" C C" where Q is an affine coordinate chart.) An affine
Khler metric on M induces a Kahler metric on M©, and if the metric
satisfies the Monge-Ampere equation det ¢;; = 1, induces a Ricci-flat
Kihler metric on MC.

This picture is important to the conjecture of Strominger-Yau-Zaslow
[69] about mirror symmetry in string theory. At least for Calabi-Yau
manifolds at or near certain degenerate limits in their moduli space
(called large-complex-structure limits), a Calabi-Yau manifold N of
dimension n is conjectured to be the total space of a singular fibration
m: N° — M, where M is conjectured to consist an affine manifold M™#
of dimension n, together with a singular locus of real codimension two.
Over the regular points M™2 the fibers of 7 are conjectured to be
special Lagrangian tori in N. N'™& = 7'M admits a Calabi-Yau
structure as a quotient of the tangent bundle structure above: M™# is
an affine manifold equipped with an affine flat connection V and an
affine Kahler metric satisfying the Monge-Ampere equation det u;; = 1.
Therefore, the tangent bundle T M*® admits a Calabi-Yau metric. If
the linear part of the affine holonomy of M is integral—conjugate to
a map in SL(n,Z)—then we may take the quotient T'M™8/A = N™e&
for A a V-invariant lattice in T'M™#. This provides the Calabi-Yau
structure on N,

The mirror conjecture of Strominger-Yau-Zaslow [69], at least in a
simplified form, is that the mirror Calabi-Yau can be determined by the
Legendre transform of the local semi-flat Calabi Yau potential u on the
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affine manifold M. This is the same as the duality between parabolic
affine spheres we outline in Propositions 4 and 5 above: the semi-flat
Calabi-Yau metrics on the M™® and its dual M"™®* are isometric, while
the affine flat connections are conjugate to each other with respect
to the affine metric. The conjecture of [69] also requires the torus
quotients to be replaced by their dual tori, and there should also be
instanton correction terms, which we will not discuss in this paper.

The structure of the singular locus S = M\ M*¢ is more complicated,
but the picture is largely understood in dimension two due to the work
of Gross-Wilson [35]. In this case, K3 surfaces, when properly rescaled,
degenerate to a semi-flat Calabi-Yau structure on S$? minus 24 points.
The author has produced many semi-flat Calabi-Yau structures on CP*
minus a finite number of points by using solving the PDE of Titeica
and Simon-Wang

Au+ e ||U|> =2k =0

for U a holomorphic cubic differential on CP* with poles of order one
[55]. The affine metric and holonomy are asymptotically the same as
those studied in [35]. Again, it is more difficult from this point of view
to determine from the cubic differential the full affine holonomy from
mM™ — SA(2,R).

In dimension three, the base manifold M™® is conjectured to be a
three-manifold minus a graph. Generically, one can assume the graph
to have trivalent vertices, and a fundamental problem is to produce
nontrivial semi-flat Calabi-Yau structures locally near a trivalent vertex
(on a ball in R* minus the “Y” vertex of a graph). In [50, 51|, we
construct such metrics by assuming the potential is homogeneous in a
radial direction, thereby reducing the problem to an equation on the
surface S? minus 3 points. We give two constructions in [50, 51]: For
any cubic differential U with three poles of order < 3 on CP!, a version
of Titeica’s equation (for an appropriate background metric)

An +4||U]]Pe " — 2e" — 2k = 0

can be solved to produce a hyperbolic affine sphere structure on CP!
minus the pole set [54]. Also, for a cubic differential U with three
poles of order 2 on CP', we can solve the corresponding equation for
an elliptic affine sphere

An +4|U||%e " + 2" — 2k = 0

as long as U is nonzero and small [51]. Then a result of Baues-Cortés
[6] produces a semi-flat Calabi-Yau structure on a ball in R® minus
the “Y” vertex of a graph. There is also a construction of Zharkov
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[82] in which the holonomy is determined and an affine Kéhler metric
produced, but the Monge-Ampere equation is not satisfied.

Computing the affine holonomy of such solutions is still open: This
amounts to computing the projective holonomy of the solutions on S?
minus the poles of U. The conjugacy class of the holonomy around free
loops around each puncture can generally be calculated, but the prob-
lem for more complicated paths seems much harder. See the discussion
above in Section 4 on surfaces and 8 on projective structures. Per-
haps a place to start in terms of more global holonomy calculations is
the following: Consider U a meromorphic cubic differential with three
poles of order 2 on CP'. Then, by an observation of Robert Bryant,
the parabolic affine sphere metric is given by

U?

m?’
where m is the complete hyperbolic metric on CP! minus the pole set of
U. Since both the metric and cubic differential can be made reasonably
explicit in this case, it is perhaps tractable to find the affine holonomy
and developing map for the affine structure on CP' minus 3 points
determined by this parabolic affine sphere structure. The Weierstrass
formula for parabolic affine spheres should help.

Compact Kéhler affine manifolds were studied by Cheng-Yau in [14],
and also by Shima—see e.g. [65] and [66]. Cheng-Yau’s work on the
analogs of Kahler-Einstein metrics on affine manifolds are strongly re-
lated to affine spheres, and so we focus on [14].

We have the following theorem of Cheng-Yau [14]

Theorem 6. Let M be a compact Kdahler affine manifold which admits
a covariant constant volume form v. Then for every smooth affine
Kahler metric g, there is a positive constant ¢ and a smooth function
u so that
0%u ) 0*u
det(gij—i-W):cy, gz‘j—f—m>0.

In other words, the tensor g + Vdu is a Riemannian metric whose
volume form is \/cv.

Note this theorem produces a Calabi-Yau metric on the tangent bun-
dle M€, and the proof uses in an essential way Yau's estimates for
producing Kéhler-Einstein metrics [81].

Remark. Cheng-Yau actually prove a more general result that given any
volume form V' on a compact special affine Kéahler manifold, there are
a constant ¢ and a function u so that g+ Vdu > 0 and det(g;; + u;;) =
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cV?2. Later, Delanoé proved an analogous theorem on any compact
affine Kahler manifold which does not necessarily admit a parallel vol-
ume form [25].

Corollary 11. (Cheng-Yau [14]) Every compact affine Kihler manifold
which admits an invariant volume form also admits a flat affine Kdahler
meltric.

The corollary follows from the theorem of Calabi [10] that the cubic
form on an affine-complete parabolic affine sphere must vanish. This
implies the affine metric is flat.

For any volume form V' on an affine manifold M, VdlogV is a sym-
metric (0,2) tensor. The analogous statement for complex manifolds is
that 90 log of any volume form is a (1,1) form. Cheng-Yau [14] prove
the following analog of Aubin and Yau’s theorem on Kéhler-Einstein
metrics with negative Ricci curvature:

Theorem 7. If M is a compact affine manifold so that VdlogV > 0,
then there exists a volume form V on M so that

%logV -
¢ < 0x'0xI )

The resulting metric Vdlog V' is the restriction of a Kahler-Einstein
metric of negative Ricci curvature on M®, and thus may be called affine
Kéahler-Einstein metrics or Cheng-Yau metrics.

In this case, results of Koszul [39] and Vey [77] show that M is an

affine quotient of a convex cone containing no lines (since the closed
one-form o = dlog V' satisfies Va > 0). Cheng-Yau also prove in [14]

Theorem 8. On each convex cone C C R™ ! which contains no lines.
Then there is a unique solution to

detu;; = e, u=o00 ondC, [u;] > 0.

The resulting metric u;; de'da? is the complete affine Kahler metric
generating the complete Kdhler-Finstein metric on the tube domain

C + /—1R"*1,

These results of Cheng-Yau are also related to affine spheres due to a
result of Sasaki [62] (see also [53]). First of all, the result of Koszul and
the invariance of Kahler-Einstein metrics shows that there are affine
coordinates on M so that V' is homogeneous of degree —n — 1. In
these coordinates, Sasaki shows the level sets of V' are hyperbolic affine
spheres.

The result of [62] shows that two of the invariant structures on convex
cones determined by Cheng-Yau are equivalent: In terms of the natural
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affine coordinates on C for which the vertex of the cone is the origin,
the level sets of the volume of Cheng-Yau’s affine Kéhler-Einstein met-
ric are hyperbolic affine spheres. Moreover, under the foliation of the
cone by homothetic copies of the hyperbolic affine sphere, the affine
Kahler-Einstein metric is a metric product of the affine metric on the
hyperbolic affine sphere and the flat metric dr?/r? on the radial pa-
rameter in R*. Cheng-Yau'’s affine Kahler-Einstein metric is invariant
under any linear automorphism of the cone, and so it descends to any
affine quotient manifold.

There are other invariant affine Kéhler metrics on regular convex
cones. The characteristic function on C C R" is defined by

@Z)(x):/ e~ ) dg*

for C* the dual cone of C. Then Koszul-Vinberg’s metric Vdlog is an
affine Kéahler metric on €2 invariant under linear automorphisms of C.
Thus this metric too descends to any affine manifold which is a quotient
of C by a group of linear automorphisms acting discretely and properly
discontinuously. One can think of Koszul-Vinberg’s metric as an analog
of the Bergman metric in complex geometry, but this metric is not, for
general non-homogeneous cones, the restriction of the Bergman metric
on the tube domain Q + /—1R" (see e.g. [62] for an investigation of
these metrics).

The level sets of the volume form of these affine Kéahler metrics are
also invariant hypersurfaces asymptotic to the boundary of the convex
cone C, though they do not in general seem to have the same duality
property under the conormal map as the hyperbolic affine sphere. See
e.g. Darvishzadeh-Goldman [23] for applications to convex RP? sur-
faces.

10. AFFINE MAXIMAL HYPERSURFACES

A natural generalization of the concept of a parabolic affine sphere
is an affine maximal hypersurface. The condition for a parabolic affine
sphere is that the affine shape operator S vanishes, while a hypersurface
is affine maximal if the affine mean curvature H = %tr S =0.

The volume induced by affine metric provides a natural equiaffine-
invariant functional on all smooth strictly convex hypersurfaces. The
first variation of this functional is

H=0

for H = %trS the affine mean curvature. By analogy with the Rie-
mannian case, Blaschke then referred to these stationary hypersurfaces
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as affine minimal [7]. Much later, Calabi found that the second varia-
tion is negative in many cases. Therefore, such a stationary hypersur-
face is a local maximum for the volume functional, and thus we now
call stationary affine mazimal hypersurfaces. Calabi proved [11]

Theorem 9. Let L be an affine maximal hypersurface in R"*1. Then
the second variation under any compactly supported interior deforma-
tion is negative if either
o n=2.
e For anyn, if L is locally a graph of the form ™ = f(x!, ... 2").
Moreover, L is a global maximum among such variations in this
case.

For 2 C R™ a domain and a u: 2 — R a smooth convex function,
the graph (z,u(x)) is an affine maximal hypersurface if and only if the
fourth-order PDE

U”D”[(det Uij)i%] =0
is satisfied, where [U%] is the cofactor matrix of the Hessian matrix
[u4i5]

Chern conjectured that any properly embedded affine maximal sur-
face in R® must be an elliptic paraboloid [16]. This extension of
Jorgens’s Theorem was proved by Trudinger-Wang [72]. The corre-
sponding problem is open in higher dimension, but non-smooth viscos-
ity solutions in dimension n > 10 are presented in [72].

Theorem 10. [72] For Q a domain in R?, and u: Q — R is a smooth
convez function whose graph (v,u(x)) is a properly embedded affine
mazximal surface in R3, then w is a quadratic function.

In order to prove this theorem, Trudinger-Wang use the estimates
of Caffarelli-Gutiérrez [8] on solutions of the linearized Monge-Ampere
equation. Earlier, Calabi had proved that any affine maximal surface
in R which is both Euclidean and affine complete must be an elliptic
paraboloid [12]. In fact, affine completeness implies Euclidean com-
pleteness for hypersurfaces in R"*! for n > 2 by [73], and so we have
the following result, also proved by Jia-Li [45]:

Theorem 11. Any affine-complete mazimal surface in R? is an elliptic
paraboloid.

We also remark that affine maximal surfaces are important examples
in the theory of integrable systems, with Chern-Terng’s construction of
Bécklund transformations for them [17]. The Weierstrass formula for
affine maximal surfaces is given by Calabi [12], Terng [70], and Li [42].
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Each affine maximal surface is given by a holomorphic curve Z — C3,
and the parametrization may be recovered by

—\/—1(Z><Z+/Z><dZ—/Z><dZ)
for x the cross product.

11. AFFINE NORMAL FLOW

Affine spheres are the solitons (self-similar solutions) to the affine
normal flow. If a hypersurface L is parametrized locally by an immer-
sion f, the affine normal flow is

U e
for £ the affine normal. Hyperbolic, parabolic, and elliptic affine spheres
are then respectively expanding, translating, and contracting soliton
solutions for the affine normal flow. Even though the affine normal £ is
a third-order invariant of f, the affine normal flow is equivalent to the

second-order parabolic flow of the n+r2 power of the Gauss curvature
(since £ = K Ty plus a tangential part, for v the FEuclidean unit
normal).

Chow [19] shows that compact smooth strictly convex initial hyper-
surfaces in R converge in finite time under the affine normal flow,
and Andrews [3] proves that the rescaled limit of such contracting so-
lutions is an ellipsoid. Andrews [4] also shows that arbitrary compact
convex initial hypersurfaces are instantaneously regularized under the
affine normal flow.

Recently, Tsui and the author [49] extended the affine normal flow to
noncompact convex initial hypersurfaces. One of the consequences is a
parabolic proof of Cheng-Yau’s theorem on the existence of hyperbolic
affine spheres:

Theorem 12. Given any open convex cone C C R which contains
no lines, the affine normal flow evolves the initial hypersurface OC to
homothetically expanding copies of the hyperbolic affine sphere asymp-
totic to OC'.

This theorem recovers Cheng-Yau’s solution to the Monge-Ampere
equation Dirichlet problem

1 n+2
det U5 = (—5) s U|3Q =0
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for 2 C R™ any convex bounded domain[13], together with the result
of Gigena [30] and Sasaki [61] that the solution to such an equation is
a hyperbolic sphere asymptotic to the cone over . In [49, 48], we also
classify all ancient solutions to the affine normal flow, showing them to
be either ellipsoids or paraboloids.
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