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1 Introduction

In [10], we study solutions to the affine normal flow for an initial hypersurface
L C R" which is a convex, properly embedded, noncompact hypersurface.
The method we used was to consider an exhausting sequence £; of smooth,
strictly convex, compact hypersurfaces so that each £; is contained in the
convex hull of £;,; for each ¢, and so that £; — L locally uniformly. If
the compact £; is the initial hypersurface, the affine normal flow £;(¢) is
well-defined for all time ¢ from 0 to the extinction time 7; [7]. Then for all
positive t, we define the affine normal flow for initial hypersurface £ as a limit
L(t) = lim; . £;(t). Ben Andrews extensively studies the affine normal flow
for compact initial hypersurfaces [1, 2].

The method of proof in [10] is to consider the support functions s;, = s;
and to take the limit as i — oo. For each Y € R™™!, the support function is
defined by

s(Y) = s.(Y) = sup(z,Y),
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for (-,-) the Euclidean inner produce on R""!. Tt is immediate that s is a
convex function of homogeneity one on R"™!. The homogeneity property
means that it suffices to study the behavior of s when restricted to the unit
sphere S* C R""!. Also, s restricted to an affine hyperplane not touching
the origin in R"™! determines s on a half-space of R""!. We consider s in
this setting primarily: If Y = (y, —1) for y € R, then s evolves under the

affine normal flow by
Os 8% \
prial (det ayiayf) : (1.1)
Note that this setting of considering the restriction of s to the hyperplane
{y™*! = 1} has its roots in the Minkowski problem (see Cheng-Yau [4]).

In the present paper, we consider our previous result primarily the point
of view of Equation (1.1)—in other words, from more of a classical PDE point
of view as opposed to the largely tensorial point of view in [10]. Also, to the
extent possible, we phrase the proofs in analytic terms, and try not to rely
too much on the affine geometry. In particular, consider the support function
s; of £;. Then as i — oo, s;(Y) increases to the limit s(Y") for all Y € R**!
(this follows by the exhaustion property of £; — £). The noncompactness
of £ implies that s is equal to 400 on at least a half-space of R*™!. Let
D°(s) be the largest open subset of R"*! on which s < oo. (D°(s) is then the
interior of the domain of s, which is defined by D(s) = {Y : s(Y) < +00}.)
Since D°(s) is contained in an open half-space of R"™, we may (by choosing
new coordinates if necessary) restrict to the affine hyperplane {Y = (y,—1) :
y € R"} and consider the limit s; / s.

We make the following nondegeneracy assumptions about £ and thus s.
First, assume that £ does not contain any lines. This is equivalent to

D(s) #0 (1.2)

(see e.g. Rockafellar [12]). Also assume that £ is a hypersurface, and not

a lower-dimensional set. So, in particular, the convex hull £ has nonempty

interior, and thus contains a small ball B.(P). Thus s = s; = s > sp_(p),
and there are P € R and € > 0 so that for all Y € R+,

S(Y) 2 Y|+ (P.Y) (13)

For Y = (y, —1), this assumption becomes that there are ¢ > 0, p € R™ and
¢ € R so that for all y € R",

s(y) > eV yl2 + 1+ (p,y) —c (1.4)
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Also note that equation (1.3) may be computed using the following useful
transformation law for the support function: If A € GL(n + 1,R) and b €
R™*1 then

SAg_H,(Y) = SL(ATY) + <b, Y> (15)

This rule is particularly useful, since the affine normal flow is invariant under
all affine volume-preserving maps of R"™!. Note also that (1.5) is equivalent
to a projective transformation of s when restricted to {y"™ = —1}.

In terms of the support function functions, we consider s; /' s, where
the s;: R"™ — R are all convex functions of homogeneity one on R™*\ {0}
which are smooth and strictly convex on each affine hyperplane in R™*!
which does not pass through the origin. Then the affine normal flow s;(¢)
may be defined by solving (1.1) on affine coordinate hyperplanes {y* = +1}
and patching together the solutions. More simply, s;|s» solves a parabolic
equation, and thus we have existence and uniqueness for a short time (as
noted by Chow [7] originally). Then we let s; — s pointwise everywhere in
R"™*! given the nondegeneracy assumptions (1.2) and (1.4) and as well that
the interior of the domain D°(s) is contained in the half-space {y"™! < 0}.

Now for the affine normal flow, s;(t) ,/ s(t) as i — o0o. On D°(s), this
is an increasing limit of smooth strictly convex functions (and so s(t) is
Lipschitz a priori). Our problem is then to examine which properties of the
solutions s;(t) to (1.1) survive in the limit s;(t)  s(t) on D°(s). This will
determine the regularity properties of s(¢). In particular, there are locally
uniform spacelike C%! estimates on s; on D°(s) just by convexity. Uniform
spacelike C? and ellipticity estimates follow by a global speed estimate of
Andrews [2] which survives in the limit as s; — s and a local Pogorelov-type
estimate of Gutiérrez-Huang [8]. We also use a barrier due to Calabi [3]
to ensure we can apply Gutiérrez-Huang’s estimate to get locally uniform
spacelike C? estimates on s; for all positive . Then Evans-Krylov theory
applies to get locally uniform parabolic C?*®1+2/2 estimates and standard
bootstrapping implies local C'*° convergence of s; — s for positive time t.

There is also an important estimate of Ben Andrews [1] on |C|? associated
to s; the support function a compact, smooth, strictly convex hypersurfaces
L;, for a tensor C called the cubic form. This estimate shows that for any
ancient solution to the affine normal flow, |C|> = 0, which implies by a
classical theorem of Berwald that £ is a quadratic hypersurface. In Section
7 below, we reproduce this classical theorem from the point of view of the
support function s.
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2 Support Function

In this section, we compute some of the basic quantities of affine differential
geometry in terms of the support function s. In the end of this section, we
show that (1.1) is equivalent to affine normal flow.

Let F' be a smooth embedding of a strictly convex hypersurface in terms
of an extended Gauss map. This means F = F(Y) for any vector Y equal to
a negative multiple of the inward-pointing unit normal vector v to the image
of F. So F is a function from an collection of open rays in R"*\ {0} to
R"™*! which is homogeneous of degree 0. In particular, we have

s(Y) = (F,Y).

The affine normal £ is a transverse vector field to the image of F' which is
invariant under the action of all volume-preserving affine maps in R**1. We
recall the basic tensors and structure equations of affine differential geometry:
For each y in the domain of F, consider the basis Fi, ..., F,, & of R** write
the derivatives of these basis elements in terms of the same basis:

Fy = (T + C5)Fy + 9456,
& = —AlF

Here g;; the affine metric, or affine second fundamental form, is positive
definite for strictly convex hypersurfaces; Ffj is its Levi-Civita connection;
C’fj is the cubic form; and Ag is the affine curvature, or affine shape operator.

Now we derive the formula for the cubic form ij in terms of the support
function s:



Under the extended Gauss map, the inward-pointing Euclidean unit nor-
mal v satisfies v ) -
oY v oy ), (2.1)

Y] V14 |yl?

and the (Euclidean) second fundamental form is given by

S.. .. ..
hij= ——9 _ pii = /11 [y[2s". (2.2)
SRVZERTTE

The scalar function ¢ is defined to be (det hz-j)n%%(det gij)*#? for g;; =
(F;, F;) the induced metric from Euclidean R™*!. We compute (using the
formula for g;; below)

1

o= (1+|yf) 2D,

for D = det s;5, and

3o 1 1 11
o =—y" (1 +|y|*) 2D " — n——i-Q(l + |y/») 2D~ #* 2 (In D)y,

where (In D)y = sP1s,,,. We also define the vector field Z* by

Zi
——

; 81 1 11
= = VI Py 1+ [yl?) 2 D7 — oo (L [y?) 72 D (In D),

1 . 1 .
=D mE[(1+ |y*)'s™y" + s™*(In D)y]

n+2
(2.3)
F= (817 <oy Spy (Slyl) - S),
E = (Sli7 <o Snay Sliyl> (24)
Fij = (S1ij - - - » Snij» Sujyl + 5i5) (2.5)



In terms of the scalar function ¢ and the vector field Z¢ defined above,
we define the affine normal £ as

3
= v+ Z'F,
(_y17 ER _yn7 1)

V1+yl?

1 1 1
+ ‘D nt2 [(]‘ + |y|2) 18 kyk + n + 28 k<ln D)k](slia <oy Snis Sliyl)

= DLy (gt )
1 _ n
+ DR (L )Ty llP)
D
n—+ 2

1 1 i
=7 2D 2 ((InD)y,...,(InD),, (n+2) + (In D),y").

= (L+[yl?) 2D -

(2.6)

+ (InD)y,...,(InD),, (InD)y")

The affine normal £ is invariant under volume-preserving affine actions on
R™*1. The affine metric (also called the affine second fundamental form) g;;
is invariant under the same group, and is given by g;; = ¢~'h;;. So compute

1
gij = D"*QSU.

In terms of s = s(y, —1) = s(Y'), the embedding F' is given by
F = (s1,...,5,,(s:y") — 5),

_1
Gij = (det Skg>"+2 Sij

_1
Omi; = (det sge) ™2 ( P SpgmSij + Sijm)

n+2

g = (det su)_%ﬁslj



,1
ko

= % "(Digje + 0;9i0 — Dugiy)
— %skl(n " 2smpsmpisﬂ + s+ " 28mpsmpjsil + S — . 2smpsmplsij — 8ij1)
— %( j_Qsmpsmpjéf + - L 2smpsmpi5f + SMSijz - —1|— QSMSmpSmpgSij)
= S D)dt + — (D)% + M — —— M D)ysy),
2.7)

where we define D = det
Euclidean metric g;;.

sij. Now compute the metric induced from the

_ OF OF
9 0y 3yﬂ
_ e ?s
) k i gl
= oy 8 0yl oy
g7 = Z sk (— T+ [P + 631)8Y, where s™ is the inverse of Sij,
e l=1
det g det det(y*y" + 6% det O
et gi; = A
% ay a ayayt ) ety iy’

Fz‘jzg
So
F;,;

ij

(F;

ijo

{

Ci =

(1+ |y )det<

Recall that &€ = ¢v + Z¥F,, h

£7)

S

Oyt oyd

)

= ¢g;; and
i (ov + Z’ka) + (T + CE)F,

= 952" Gy + F?j?kl + C]gkz,
E)—l zm + Fm + cm

7
m m

= gw
(Fy, B)g™

and, lowering the index by the affine metric Cjj, = C’fj ik

Cijr = (F}

R

F)G™ gk — 9527 Gk — T} Gk
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First, we compute
— GijZ g

1
= — (det si) 7 s(det s,) (L [y?) 7MY s ssy)
p.q

1
= —sy[(1+ ly[*) ' sMyt + n—+23kl(1n D)

So
- gijZlglk

1 1
= —si[(L+ [y~ sy + —y QSlm(Z P 5pgm )] (det s,.5) ™2 sy
b,q

(2.9)

1 _ 1
= — s;j(det s,.5) 2 [(1 + |y[?) RTARS n—JrZ(;; 8PS pakc )|

) .
- _ w2 (s (1 H=lyk 4 =Y _(InD
(det sp5) 72 [5:5(1 + |y|*) "y +n—i—2(n )]

Now, we compute
glmgmk
= sP(—yPy (1 + ") + 5pq)3qu"+r25mk
= D =5y (L o)+ 5)

and

<Fij7 Fl>
= ((S1ijs - - - » Snij» Sri¥" + Sij), (S1ks -« - Snks Smky™))
= Z SpijSpl + Srijyrsmlym + Sijsmlym'

p

So



<Fij7 E>§lmgmk
= Dn%g(z 5yt 4 Srist Smat™ + S 5miy™) (— sy (14 42) " + 54)
P
1 _ 1 r _
= D"“(—Zspijypyk(l _|_y2) 1 5m’j|y|2(1 _'_y2> 1y yk . Sij‘y’2(1 +y2) 1yk
P

+ Skij + Srijyryk + Sijyk))
1 — r
= Dz (=Y syt — sylylP (L4 07) 7' + s + segyy" + siy"))
p

(2.10)
F?}ka
:l( ! (In D);6" + ! (In D), + s™ 450 — ! sme(lnD)gs'-)D#?s k
2'n+2 T n42 © Yon+2 Y "
1
:Dn—H(L(lnD)s-k%— (InD);sj + sijk — ! (In D)si;)
2 ‘n+42 T n+2 TR 2 v

(2.11)
From (2.10), (2.9), (2.11) and (2.8), we have
Cijk

= D ( - Z Spijypyk — 3ij|y’2(1 +y°) "
p

_1 _ Sii
+ Skij + Sy Y+ Sijyk)> — (det sps) 72 [s5;(1 + [y*) " 'y" + n—JFJQ(lH D))

Dz 1 1
— 5 (n—_'_2(111 D)jsik + n+ 2(111 D)iSjk + Sijk — n+ 2(1n D)ksij)
111 1 1 Sij
—Dwm2|lZgp —— g (InD); — ——5,.(InD) — —Y _(InD
+2 [251]k’ 2(n+2)5k‘z(n )] 2(n+2)8k](n )Z 2(n+2)(n )k]

(2.12)
Now we prove that (1.1) is equivalent to the affine normal flow.

Proposition 2.1 The affine normal flow

0
b =¢



15 equivalent to the evolution of the support function

O e
ot~ \“ayiay '

— . — _L — (7y 7777 Y 71
Proof We first compute s; from F; = £: Recall that v = Y= e

which is independent of time in our coordinate system, since djv = 0 (see
[10]). Using the definition s = (F,Y), £ = (1 + |y|>) 2D 7=y + ZiF; and
0;Y =0, we have

atS = <8tF,Y>—|—<F,8tY)
= (det(1+ ) DTy 4 2B, (14 )

1

= —D_n+2.

For good measure, we also compute F; from s; = — D w2: Recall that
the position function F' can be expressed by the support function

F=(s1,...,50, (s1y") — s).

Recall D = det( 83282]- ). Note that
1
St = _D_mu
Sit = St = <_D_$)i
1 1
- (In D), D~ 7+
n—+2
Compute
0
&F = <3t1a <o Sty Stlyl - St)
) 1 (2.13)
:n+2D7ﬁ«mth”4mD%4mDmﬂ+n+m.
Recall that
1 1 .
£ = D 72 ((InD)y,...,(InD),, (n+2)+ (InD);y")
n -+ 2
from (2.6). Therefore %F =¢.
O
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3 Andrews’s Speed Estimate

In this section, we repeat, for the reader’s convenience, our version of a speed
estimate of Andrews [2].

Proposition 3.1 Let s be the support function of a smooth strictly convex
compact hypersurface evolving under affine normal flow. If s(Y,t) > r > 0
for allY € S™ and t € [0,T], then

19,5 < (C + C't—zn"ﬁ) s
on S" x [0, T], where C and C" are constants only depending on r and n.

Proof Consider the function

—8,53
s—r/2

q:

We apply the maximum principle to logg = log|0s| — log(s — r/2). In
particular, at a fixed time ¢ € [0, T}, consider a point Y € S" at which ¢ at-
tains its maximum. By changing coordinates, we may assume that this point
Y =(0,...,0,—1) is the south pole. Then, as in Tso [13], consider the coor-
dinates y = (y',...,y") for s restricted to the hyperplane {(y*,...,y" —1)}.
At y=0, we have fori =1,...,n

Sti Si
logq)i=0 +—= —= 3.1
(logq) P (3.1)
The condition for (log ¢)|s» to have a maximum at the south pole is
(log ¢)ij + (log q)n+165; < 0 (3.2)

as a symmetric matrix. Here we use subscripts to denote ordinary differen-
tiation f; = 0y f and f; = O, f.

To compute the second term in (3.2), use Euler’s identities for a function
of homogeneity one

n+1 n+1

i i
E Y Sti = St, E Yys;=s
i=1 i=1
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at the point Y = (0,...,0, —1) to conclude $4,+1 = —S8;, Spy1 = —8, and

r/2
1 nil = .
(log @)n+1 p—
For the first term in (3.2), compute

Stij  StiStj Sij 5iSj
logq)y; = -8 _ i j j
W8ty = 5 TN TSR G

L
s s—r/2

at y = 0 by (3.1). Thus (3.2) becomes at y =0

T/2 Stij Si_j

———0;; — <0. 3.3
s—r/27 s s—1r/2 " (3:3)

Now, we compute using the flow equation (1.1)
(logq): = O¢log|0ks| — Oylog(s —r/2)

1
= .3 Oy log det(s;;) —

1 ij St
J— S Si._i
n+2° "W s—r/2

St

s—r/2

for s the inverse matrix of s;;. Then (3.3) implies that

r/2 Sy . 2n S¢
1 < . 58 — :
(logg)e < n+2 s—r/2 T T2 s—1/2
r/2 y 2n
nt2 %% TR
/2 5. 2n
< - 55" + —— .
s R +n—|—2q

Now if we let p; be the eigenvalues of 5%, or equivalently the reciprocals of
the eigenvalues of s;;, then we see

1 n
n n+2 n n+2 _n_
_ 1 1 1 i n+2
|5 = (det s;) "2 = (J! Mi) < (5 ;1 Mi) = (ﬁ 0;j8 J)

12



by the arithmetic-geometric mean inequality. Therefore,

n+2 n+2

6ijs7 > s m =ng (s — 7"/2)717+2 > nanH(r/Z)nT+2
since s > r. And so finally, at y = 0, and thus at any maximum point of
CI‘S% onio
n(r/2)7n"  sns2 2n
—————q " — q-. 3.4
n+ 2 1 * n—+ 2 1 (34)

Now define Q(t) = maxyegn ¢(Y,t). Then (3.4) implies that

G <

Qi< @ (™ Q" )

for constants ¢, ¢/, depending only on n. Therefore,
Q < max {cnrf%, c%r_ltf%nﬁ} (3.5)

for ¢, ¢, new constants depending only on n. The result easily follows.

Remark 1 ) may not be differentiable as a function of t, but the above
estimate (3.5) still holds—see e.g. Hamilton [9, Section 3].

4 Gutiérrez-Huang’s Hessian Estimate

Again, for the convenience of the reader, we reproduce our version of Gutiérrez-
Huang’s Pogorelov-type estimate [8] for solutions to the Monge-Ampeére equa-
tion.

First we define a bowl-shaped domain in spacetime and its parabolic bound-
ary. A set 2 C R" x R is bowl-shaped if there are constants ty < T so that

Q= J Qx{t}

to<t<T

where each €, is convex and €, C €, whenever ¢; < t;. The parabolic
boundary of €2 is then 02\ (Qr x {T'}).
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Proposition 4.1 Let s be a smooth solution to (1.1) which is convex in y,
and let Q0 be a bowl-shaped domain in space-time R™ x R so that s = 0 on
the parabolic boundary of 2. Let 3 be any unit direction in space.

Then at the maximum point P of the function

w = |s| Pgs ¢2(009)°
w is bounded by a constant depending on only s(P), Vs(P) and n.

Proof Choose coordinates so that 8 = (1,0, ...,0) and so that at a maximum
point P of w, s;; is diagonal (in order to bound all second derivatives sgg, it
suffices to focus only on the eigendirections of the Hessian of s).

Since w is positive in €2 and 0 on the parabolic boundary, there is a point
P outside the parabolic boundary of €2 at which w assumes its maximum
value. We work with log w instead of w. Then at P,

(logw); =0, (logw); > 0, (logw);; < 0.

Here we use i, j,t subscripts for partial derivatives in 3¢, ¥/ and ¢, and the
last inequality is as a symmetric matrix. These equations become, at P,

S S114
— + + S$181; = 0, (41)
S S11
St S11t
—+ — + 51511 > 0, (4.2)
S S11
Sij S;S; S11ij $11i5115
———+ — —5— + 81381 + s15155 < 0. (4.3)
S S S11 S11

To use (4.2), we compute, for D = det s;;,

1 1 1 .
St = (D_"+2) = D™ 2575,
ne
1 n+2

__1

3 1 1
S1t = 2 [—m(swsm)Q i s i s 18051 + —— Smsijll} :

Now plug into (4.2) and divide out by D™ to find

1 1 y | 1
s11 {—ﬁ(s”smf Cn+2 s"s skusi + n+ 2 8”8”111

Ug.1) >0 4.4
s ) > (44)



The last term of the first line of (4.4) leads us to contract (4.3) with the
positive-definite matrix s¥ so that at P:

ii [ Sij S5iSj S114j5 51145115
O Z Sz] — — D) -+ - ) + 81]'811' -+ 81511‘]'

n QSUSZ'SJ' 4 8”8111'1' SUSiSlSlj S”SjSlsli

s 52 S11 s s
i .2 ij ij
— 8]81811‘81]‘ —I—sjsljsli +8J$1812‘j (by (41))
) y )
n  2sYs;s; sYsy1;; 0 2s iy
J ij 1 2
= — — B + - — — 51511 -+ S11 + 8”8181U
S S S11 S
(since s;; is diagonal at P)
g )
n  2sYs;s 2s iy n+2
J 1 2
Z T T3 T T 51511 + S11 + S”Slsll’j +
S ] s
ij 2 ik ol
i (s75i51) 5" 87" S1118441
— 8187851 +
(n+2)s1; S11
(by (4.4))
n n 2
2n + 2 s2 257, Sij1
> —QE ) ———81811+811+E SE—
S i1 S8 S i1 51154555

by collecting terms, completing the square, and since s;; is diagonal at P.
Continue computing

n n

2n + 2 82 282 82 82 ;
1 2 111 11
0 > —2) Tl s 4 2)

2n+2  2s7 283, s 253,
= -5 — —Sisutsnt 5 T —— + 51511
S S$°S11 S S11S S

by (4.1) and since s;; is diagonal at P. Finally, collect terms so that

2 2 1 2
0> siy+ +—(—ﬁ>
S S11

and multiply each side of the inequality by s2s11e®t to find a quadratic in-
equality

w?+aw+b<0
for w = |s|s;1e2°1 at P the point in € at which the maximum of w is achieved.
The coefficients a and b involve only n, s(P) and s;(P), and so there is an
upper bound of w on 2 depending on only these quantities. a
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This bounds s;; away from infinity, which, together with Andrews’s speed
estimate, shows that the ellipticity is locally uniformly controlled in the inte-
rior of appropriate bowl-shaped domains. In the next section, we use barriers
essentially due to Calabi [3] to ensure that appropriate bowl-shaped domains
exist, and so Gutiérrez-Huang’s estimate applies.

5 Barriers

We will use two soliton solutions to the affine normal flow as inner and
outer barriers. First of all, the unit sphere is a shrinking soliton, and we
use its affine images, ellipsoids, as inner barriers. Since the ellipsoids are
compact, their support functions are finite and smooth on all R**! and
the usual maximum principle applies: If for an ellipsoid E, sp < s; on all
R"*+! (which is equivalent to the inclusion of convex hulls £ C £; for £; the
hypersurface whose support function is s;), then the maximum principle for
parabolic equations on S™ shows that sg(t) < s;(t) for all positive ¢ before
the extinction time of sg(t).

The outer barrier we use is an expanding soliton due to Calabi [3]. Upon
taking an affine transformation, its support function s¢ has D°(s¢) an open
cone over a simplex, and has the value of a linear function there. (Out-
side its domain, recall the support function is +00.) Moreover, under the
affine normal flow, s¢(t) satisfies Dirichlet conditions on the boundary, and
is continuous and finite on the closure of its domain. These properties make
Calabi’s example very useful as an outer barrier (as exploited by Cheng-Yau
5, 6] for the elliptic real Monge-Ampere equation).

Recall that s; /' s, where s; are the support functions of strictly convex
smooth compact hypersurfaces £; which approach £. On D°(s), as s; /s
uniformly on compact subsets, and since the s; are convex, we automatically
have uniform C° and C! estimates on compact subsets of D°(s). We define
s(t) = lim;_ s;(t) for positive ¢ also, and so we have locally uniform C° and
C'! estimates for positive ¢ as well.

To get similar uniform local ellipticity bounds for small positive ¢, we need
to check the hypotheses of Propositions 3.1 and 4.1 as well. For Proposition
3.1, we must ensure that s;(Y) > r for all large i, t € [0,7], and Y € S".
The affine normal flow of a sphere provides a lower barrier to show this. In
particular, we have the solution corresponding to the affine normal flow of a

16



sphere centered at the origin. For any ry > 0, let

2n+42 2 2 %
WY, ) =r®Y], () = <7~0n+2 -2 t) RN

Then u satisfies the affine normal flow equation for a support function. Now
the nondegeneracy assumption (1.3) shows that we can use the transforma-
tion law (1.5) with A the identity matrix and b = —P to show s(Y) > € for
all Y € §". Thus (5.1) and the maximum principle show that for r = ¢/2
there is a 7" > 0 so that for all ¢ € [0,7] and Y € S", and large i, we have
si(Y,t) > r. Thus we can apply Andrews’s estimate for all time in ¢ € [0, T7.

Proposition 5.1 Let L be a noncompact convex properly embedded hyper-
surface in R™ which contains no lines. Then the affine normal flow L(t)
exists for all positive time t > 0.

Proof We will phrase this in terms of the support function. Since £ is non-
compact, there is a ray R = {v + tw : t > 0} contained in the convex hull
L. We may choose coordinates so that w = (0,1) € R™ x R. Therefore, the
support function

+oo for y"tt >0
) = ez s = { 75 o Y2y

We will use this estimate, together with the nondegeneracy assumption (1.3)
to provide a lower barrier. In particular, there is an € > 0 so that s(Y) = +o00
for y"*! > 0 and

s(Y)>e|lY|+ (v,Y) for 3" <0,

The barrier we will use is, for y = (y*,...,9y") and Y = (y,y"!),

s, (Y) = e/|y2 + (Gy™t)2 + (v, Y) + jy" .

This is the support function of an ellipsoid centered at P + (0,7) with n
minor axes of length € and one major axis of length ¢j. Clearly for all 7 > 1,
sg;(Y) < s(Y). As j — oo, the ellipsoid is equivalent, under a volume-
preserving affine map, to a sphere of radius ejn%rl, which also goes to infinity.
Now (5.1) shows that the extinction time of the ellipsoid under the affine
normal flow goes to infinity as j — oo. Since the sg, are all lower barriers
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to s (which is equivalent to the ellipsoids E; being inside the convex hull 2),
we have that the affine normal flow applied to s must exist for all time. O

Now to find appropriate bowl-shaped domains to apply Proposition 4.1,
we use an upper barrier due to Calabi. This barrier is first used in the real
elliptic Monge-Ampere equation by Cheng-Yau [5, 6]. Calabi’s example is
based on the fact that the hypersurface

n+1
C(t) = {(ml,...,x"H) e R g >0, ij =k > 0}

j=1

is an expanding soliton for the affine normal flow (which evolves by setting
the parameter k = k(t) for an appropriate function). At time ¢t = 0, we set
the hypersurface

n+1
C(O) = {(gclj...,xmrl) c R x>0, ij — 0}

j=1

the boundary of the first orthant in R”tl. The support function of this
1 n

example is given for ¢, = (n 4 1)2(;25) EnlE

+00 if any y* > 0

S Y,t == n+2 ; % 1
(Y1) —(n+1) (cnt% | yz|> Tofallyi <0

(5.2)

Note in particular that for time ¢ = 0, s¢(Y,0) is 0 on the closed orthant
on which all the y* < 0 and is +oo elsewhere. In order to find a more
flexible class of barriers, we can apply (1.5) to transform s¢ by a volume-
preserving affine map ®: x — Az + b to be any linear function (b,Y’) on any
linear image (A")~!C, and +oo elsewhere. In our standard affine coordinates
Y = (y,—1), we find that the support function of C(0) can be transformed to
have its domain be a simplex (this is a projective image of the first orthant in
R™), and the value of sg¢(0) is any affine function of y on this domain. The
graphs of these functions will give us the flexibility to create upper barriers
for the support function which ensure that the function s does move by a
certain amount under the affine normal flow. This in turn gives a bowl-
shaped domain in which to apply Gutiérrez-Huang’s interior estimates for
the Hessian of s.

Assume that the domain D°(s) is contained in the lower half-space of
R™*1 So since s has homogeneity one, s can be described by its behavior
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on the affine hyperplane H = {(y, —1) : y € R"}. For the remainder of this
section, we consider the domain D°(s) to be a subset of R", as identified with
the affine plane H.

Each x € D°(s) has a convex neighborhood N on which s; — s uniformly
as an increasing sequence of convex functions, and so that the Lipschitz norms
||sil|coa (N) are bounded by a constant C' independent of i. By adding linear
functions (constant in t) to the s;, we may assume s;(xz) = 0 and Vs;(z) = 0.
This normalization does not affect the Monge-Ampere equation (1.1) or the
Hessian of s; (and so the C? estimates we derive apply to the original s; as
well). We can choose points p1,...p,p1 so that 0 < s;(y) < C' for C' a
constant independent of ¢ and y in the convex hull Q of the p;. We may also
assume that z is in the interior of Q. Now consider the simplices S; to be
the convex hull in R™ of the points

Z,P1,--- 7pj717pj7pj+17 <oy Pnta,

where p; is omitted from the list. Define P; to be an affine function on each
S; which is equal to C’ on each of the p, € S; and is equal to 0 at x, and
define P; to be +o00 outside S;. Then define P(y) = min; Pj(y). Then it is
clear that P is satisfies P;(y) > P(y) > s;(y) for all i and for all y € R™.

We do not know the explicit solution to the Monge-Ampere equation
(1.1) with initial value P, but all we need to show to produce uniformly large
bowl-shaped domains centered at x for each of the s; is that P(z,t) < 0 for
positive ¢. This can be verified as follows: By the discussion above, P; is the
image of Calabi’s example C(0) under an affine transformation z — Az +0b of
R By the explicit solution (5.2) and the transformation law (1.5), we see
that P(t,y) < P;(t,y) < 0 for small ¢ > 0 and all y near x on the ray from
x to the barycenter of S;. Therefore, since P(¢,y) is convex in y and z is in
the convex hull of the barycenters of the S;, we have shown that P(t,z) <0
for all small positive t.

By the maximum principle, each sub-level set of each s; contains a sub-
level set of P, which shows that © € D°(s) has a uniformly large bowl-
shaped domain around it for each s; independently of i. So Gutiérrez-Huang’s
Hessian estimates are uniform in every compact subset of D°(s) x (0, 7] for
small 7.

By standard techniques, both Gutiérrez-Huang’s and Andrews’s estimates
can be extended in time to be uniform in compact subsets of D°(s) x (0, c0).
These estimates uniformly control the spacelike C? norm and the ellipticity
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of s;. Then the Monge-Ampere equation allows us to apply Krylov’s regu-
larity theory to get local uniform C?t®1+%/2 estimates, which can then be
bootstrapped to show

Theorem 5.1 On D°(s) x (0,00), s; — s in the CL2. topology.

Also note that in [10] we use the same inner and outer barriers to show

Proposition 5.2 Under the affine normal flow, s satisfies a Dirichlet bound-
ary condition on 0D(s).

This proposition holds regardless of the boundary regularity—s can be infi-
nite or finite and discontinuous on the boundary 0D(s) [12]. We also use the
barriers to show

Proposition 5.3 For every t > 0, F' = F(y,t) is properly embedded as a
function of y for (y,—1) € D°(s). In other words, as (y,—1) — ID°(s), at
least one coordinate of

F(y) = (s1(y), - suly), s()y* — s())

goes to £oo.

6 The evolution of |C|?

Here we recall an estimate of Andrews [1] on the evolution of |C]? = ¢" ¢/ g*?C ;1. Clynyp-
For a compact strictly convex initial hypersurface evolving under the affine

normal flow,
1 2
0 ———A)|CP < ————|C~
(t n -+ 2 )‘ "< n(n+2)|‘

Then the maximum principle shows that for all ¢ € (0,T") for T" the extinction
time,
n(n + 2)

C]? <
cF < ot

(6.1)

independently of initial conditions.
Since Theorem 5.1 above shows that s; — s in C£2 on D°(s) x (0,00),

the pointwise bound (6.1) survives in the limit for any solution to the affine
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normal flow beginning at time ¢ = 0. If the flow begins at time 7 instead,
then of course we have

and for an ancient solution (7 — —o00), we must have |C]*> = 0. In the
following section, we give a proof of the classical theorem of Berwald that
says that Cj;; = 0 implies the hypersurface is quadric. Thus any ancient
solution to the affine normal flow must be a quadric hypersurface. Since a
hyperboloid cannot form part of an ancient solution, we have

Theorem 6.1 Any ancient solution to the affine normal flow is a paraboloid
or an ellipsoid.

7 Quadric Hypersurfaces

Now we prove a classical theorem of Berwald, that the cubic form Cjj, = 0
implies that the hypersurface is a quadric. The first step is to show that the
hypersurface is an affine sphere (i.e., that £ = aF" + V for a constant scalar
a and a constant vector V).

Compute for Cjj, =0

Sijk = %4_2 (sij(ln D)+ sjx(InD); + spi(In D)j> (7.1)
and differentiate to find

(n+ 2)Sijk
- <siﬂ(1n D)i. + si;(In D)y + sj(In D); + s (In D)y + spa(In D) + s5(In D)ﬂ)

1
= n——i-2(8ij (InD);(In D) + s;(In D);(In D)y + s;;(In D) ;(In D)) + s;5(In D) gy

1
+ n—+2(8jk(ln D)(InD); + spu(In D);(In D); + s;;(In D), (In D);) + s, (In D)
1

n+2

+ (ski(InD);(In D); + sy(In D) (In D); + sy(In D);(In D) ;) + spi(In D)

(7.2)

21



(n + Z)Silkj

1
= o 2(3”(111 D);(In D)+ s;;(In D);(In D)y, + s;;(In D);(In D)) + sy(In D)y,

(su(InD);(In D); + sp;(In D), (In D); + sj,(In D)x(In D);) + sy(In D);;

n-+ 2
+ ) (spi(InD);(In D); + s45(In D) (In D); + s (In D);(In D);) + s (In D)5
(7.3)
Using siji = Sikj, we have
1 1
sij(In D)y — s 2(111 D)i(InD);) + sjx((In D);; — - 2(ln D),(In D);)
= sil((ln D)kj — n + 2(111 D)k(ln D)]) —|— slk((ln D)IJ — N + 2(111 D)z(ln D)l>
(7.4)
Multiplying s¥ to previous equation, we get
1 1
1 y 1
= ((InD)y — —— (InD)i(In D);) + sus” ((InD);; — - 2(111 D);(In D),)
(7.5)
So
1 g 1
n((In D)y — (InD)x(InD);) = spes” ((In D);; — (In D);(In D))

n+2 n+2
Let S be the matrix (s;;) and 7" be the matrix with 7;; = (InD);; —
%S;D)]ﬂ So we have T' = @S. Denote tr T = g¥T;;.
From (n + 2)¢ = D_#?((ln D)y,...,(InD),, (n+2) + (InD);y*). So for
€ the i component of &,
(n+2)0;(£")
= (D7 (In D);)

1 — 1
1
- D ezt T
= n+2fz—;j — TSU
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for 1 < i < n. Similarly,

(n+2)9;(€"*Y) = D™7= ((In D);; — ——(In D);(In D), )y’ = D~ 7= Ty

n+2

Dz tr T
= 5y
n

%

1

Therefore & ; = %U"T F

__1_
Recall that F; = (s14, ..., Sni, suy'). We have £; = %WFZ Affine

1
curvature is defined by ¢; = —AFF,. So —AF = %‘Méf = ad¥ where

b br
n

n
Now the affine structure equations, applied to the second ordinary deriva-
tive &;;, shows

& = (aFy);
= CI;jF;' + aFi]-
= (ajééC + aFfj)Fk + agi;€.
So a;6F must be symmetric in 4,7, and in particular, a;0f = axdF. Since
n > 2, we have a; = 0 for all 7. So a is constant and &, = aF} implies that

¢§=aF +V, where V is a constant vector.
So far, we have shown

Proposition 7.1 Letn > 2. If Cijr, = 0 then § = aF" +V for V a constant
vector and a a constant scalar.

The rest of the proof of the following theorem follows Nomizu-Sasaki [11].

Theorem 7.1 Assume n > 2. If the cubic form Ci;, = 0, then the hyper-
surface given by the image of F' is a quadric hypersurface. In other words,
there is a second-degree polynomial map P: R"™ — R so that L is an open

subset of {P = 0}.

Proof Let L denote our hypersurface with is (locally) the image of the em-
bedding F'. For each x = F(y) € L, since {F},...,F,, £} is a basis of R*™!
we can write each point P € R"™ uniquely as

P =F(y)+ Up(y)Fi(y) + np(y)E(). (7.7)
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Then the Lie quadric of £ at x = F(y) is defined as the locus
F,={PeR": g UV —au® — 2u = 0},

where a is the constant determined in Proposition 7.1 above and g¢;; = ¢;;(y).
For each y, F, is clearly a quadric hypersurface in R"!.

Now we will show that for each z € L, that £ C F,. By dimension
considerations, this show that £ is an open subset of the quadric F,, and we
are done. Now consider y, for F(yy) = P € L, and consider U’ and p defined
in (7.7) above as functions of y with y, fixed. Now differentiate (7.7) to find
for k=1,...,n and U} = 9, U,

By Proposition 7.1, & = aFj, and also Fj, = (ka + ka)F] + g€ for C’fk
the cubic form and ka the Levi-Civita connection with respect to the affine
metric g;;. Since we assume the cubic form is zero, we have Fj, = kaFj +9ir€.
Thus ‘

0=UF; + U' (T Fj + ginl) + € + paky,

and by splitting into the components on the basis {F1,. .., F,, &}, we find
Ul = —UT), —(1+ap)s, forjk=1,...,n,
pr = —Ulgy, fork=1,...,n.
Now define ®: £L — R by
(y) = g U'U? — ap® — 2 = Dn%?sijUin —ap® — 2.

Note ®(yp) = 0 since by definition U'(yy) = u(yo) = 0. So if we show
®;, = 0, then ®(y) = 0 for all y. By the definitions of ®, U?, u, then we will
have shown yy € F, and so £ C F,,.

So in order to complete the proof of the theorem, we must check &, = 0.
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So compute, using (7.8) and (7.9) above,

1 o o o
b, = 3 Dn+r2(ln D)ys ;U U + DﬁusiijzUJ + QD#QS”U]@UJ
n
— 2a i — 24u;
1 . u |
— 5 D (W D)sy UL + De2siUU7 + 2ap + DU g
n

+2D 75 5507 [~U'T}, — (1 + ap)d)

= — D72 (In D) sy U'U? + D s, U U7 — 2D72 s, U7 U'T,

1 . irTd 1 irTd . 1 i
= nt o Dn+2 (ln D)kSijU U’ + D""’QSiij U’ — D""’QSZ']‘ |:n n 2<lnD)k51
+ - 2(ln D)0y, + s"™ sy — 3t (In D)mslk}
= 0.
This completes the proof of Theorem 7.1. a
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