
I
I

Captur ing, examining, and responding to mathematical
thinking through wri t ing
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ln t roduct ion
As educators and mathematics teachers, we yearn

for direct communication with students, with their

thought processes, with their thinking about

mathematics. However, natural barriers exist that

make it diff icult for us to capture, examine, and

respond to l lre inner workings of our students'

minds whi le  engaged wi th mathemat ics- thei r

mathemat ica l  th ink ing. A non- int rus ive

technology does not exist that allows us to view tn

real t ime the workings of our students' minds as

they work on mathematics problems.

Students have similar l irnitations. Although

they can be aware of their thinking, most often

sludents do not have the habit or realize the

usefulness of doing so. When they write aboul

their feelings and thoughts concerning particular

mathernatical ideas, however, their prose offers a

vehicle for us and for them to examine, reflect

deeply on, and respond to their mathematical

th ink ing.
Writing not only captures mathematical

thinking but also facil i tates learning in powerful

ways. Since this latter proposition was conjectured

by psychologists and composition theorists,' both

composition and mathematics teachers have

developed a variety of writ ing activit ies and

experimented with approaches to usirrg these

act iv i t ies in  the c lassroom.2 What 's  the ev idence

ICognr l rve psychologrst  Jerome Bruner (1968) noted that  both
u,rrtrng and mathemalrcs were maJor tools for thoughl slnce they are
"devrces for ordeilng thoughts about lhtngs and thoughts about

thoughls'' (p I l2) Even more to the pornt. the well'known

composr l ron theonst  Janel  Emrg (1977) argued that  wnlrng rs a

unrque, multr-represenlalional, and brspheral "languagrng process"

that also conesponds to other powerful learnlng strategres and.

therefore. ought to be Incorporated as a central academtc process
? 

In ao,r,por,r'on theory. rmponant early work can be Pleaned tn

Bntton er  a l  ,  (1975) and Emrg (1977) Harrston (1982) provrdes a
useful hrslory on lhe recognrlton of wrlttng as a tool for learntng tn

composrtron lheor) In malhematrcs educatron. as far as I am aware.
Geeslrn t l9?7) rs the f i rs t  teachel  lo have pubhshed on the use of
wnlrng as a teachrng techntque Subsequent ly.  an analysls and
annotated brblrography of lhe use of wrrlrng to learn In matllematrcs
appeared rn Powel l .  Prene.  and Ramos (1993) Fotg pract lcal  gurde

10 aclrvr t res for  use rn grades K through 12,  see Countryman (1992).

rn mrddle.school  c lasses.  for  example,  see Mclnlosh (1997) and Dl
Pr l lo Sovchrk.  and Moss t  I  997),  and In var lous col lege and unlversr t ,v
courses see Ste$e$ {l.990l- ftnall-.v. fs a b€ol'I€!€li. €rq+€si
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for the assertion in this paragraph's first sentence?
Indeed, it rnay not be immediately obvious that
writing can be a powerful tool for learning
mathematics and for capturing, examining, and
responding to thinking. In this art ic le,  I  examine a
common writing activity known as journals or
learning logss to il lustrate its usefulness for
learning and then elaborate reasons why writing is
essential in the mathematics classroom. Finally, I
develop a number of theoretical ideas by
examining a less-common writing activity, which I
cal I multiple-entry logs.o

Using journals in mathematics classes
It is not uncommon for students to explore
techniques for calculating the greatest common
factor (GCF) and lowest common multiple (LCM)
of a group of integers. ln an urban school setting,
after exploring techniques for finding the prime
factorization of positive integers, students worked
in small groups on problems and discussed how 1o
find the greatest common factor (GCF) of a group
of positive integers. Afterward, each studenl wrote
down what she or he understood about the idea.
Let's examine what one student wrote:

I found that I could find the greatest common factor of two
rntegers by first finding common factors of both integers and
then by takrng the largest common 10 both.

E  g  ( 2 4 , 3 0 )  l .  2 .  3 .  6  G C F  =  6  o r  2 r  x  3 '

In this joumal excerpt, this student describes

and illustrates his understanding of how to find the
GCF. He lists the common factors of two integers.
24 and 30, and.represents their  GCF in pr ime
factored form, 2' x 3'. Moreover, the style of his
writing suggests that he has clarified and claimed

analysrs ol wntlng as an Instrumenl to assess the learner's abtlltv and
achrevenent 65 rvell as of leachers conmunrcatron of lhe nature ol
rvntrng requrred- see Morgan 1 1998)
'  

For funher drscussrons of  rournal  wlr t rng,  see Powel l  (1985) and
Powell and Lopez ( | 989)
-  

Mul t rp le-entry logs (Hoffman & Powel l ,  1989, Frankenstern &
Powel l ,  1989) are varta l rons,  marnly rn conlent  and form, but  srnl l lar
rn purpose, ofwhat some call double-entry logs (Jones. 1988), drvrded
pages (Tobras.  1989).  or  dralectrcal  nolebooks (Berthof f .  1982. 1987)
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ownership of  the Process.
In a iubsequent journal entry, after exploring

ideas concerning the lowest common multiple

(LCM) of a group of positive integers, the same

student atlempts to internalize both concepts and

coordinates them wi th h is  understanding of  pr ime

factors and prime factorization'

The way one goes abour findrng rhe LCM of a group of
rnlegers rs by lookrng at the prtme factorrzatton ofthe rnlegers

In the group, then prckrng oul the common prlme

factonzatlons thus grvrng one the [-CM

E.g ,  LCM-(28,36)  =22 '  s rnce  28  =  22  x7 '  and 36  =  22  x32 ln

this case 2' is the LCM.

Unlike rhe first excerpt, this entry indicates that

th is  s tudent  needs to develop h is  th ink ing about

LCM Not only do we have a record of how he

finds the LCM of a two integers' we have also

caprured a non-ephemeral, verbal representation of

h i i  rh ink ing.  I f  we examine h is  prose carefu l ly  and

respond appropriately to this written indication of

h is  th ink ing,  we could turn h is  journal  wr i t ing in to

a dynamic vehicle for challenging and, thereby,

augment ing h is  mathemat ica l  awareness '

It appears that this studenl's confusion concenls

a rather simple matler of using the wrong group of

three leners-LCM for GCF-not one of

misconceplual izar ion.  Responding to th is  journal

enlry', the teacher pointed oul the problem and

pot.d u question. When the student responded in

writ ing, he first reiterates the teacher's question'

then ans*ers it, and i l lustrates his response with a

few examples. Here's what the student wrote:

Today. I looked at the prtme factortzalron of a group of

nurb.., ro see tf I could determrne thetr GCF and LCM tust
liom therr prtme factonzatton I found that both of these

answers can rn fact be delermrned by the prlme factortzations

The way one goes aboul determrnrng the GCF of a group of

rnleger; ts to firsl see what prime faclors the group has in

.o. lron The common prtme faclors of the group rs the GCF

Note. rf  lhere are no common prtme faclors among the group

t h e r r G C F r s ( l ) o n e

E s  GCF(60,12)  =  22  x3 '  GCF(5 .12)  =  l .- ' e O = 2 2 x 3 , . x  
i t  t Z =  2 2 x 3 '  5  = 5 '  l 2 = 2 2 x 3 '

ln  the  above pon ion  o f  the  s tuden l ' s  jounra l

entr) ' .  he describes correctly how to delennine the

GCF of a group of posit ive integers and even

d iscusses  a  spec ia l  case.  However ,  be low,  in  the

second port ion of the entry'  below. he provides

ev idence o f  a  l inger ing  mathemat ica l

perhaps a l inguist rc

The I-CM can be determtned rn a srmilar fashron However.

when tryrng to determrne the LCM of a group of integers one

musl take the pnme faclortzatrons common to the group

E  e  L C M ( 6 . 1 2 . 1 5 ; =  2 z x  3 '  x  5 r  = 6 0

6 = 2 ' x 3 '  1 2 = 2 '  x 3 '  l 5 = 3 ' x 5 '

Significantly, the verbal representation of this

student 's  th ink ing captured in  h is  wr i t ing is

precisely what we rarely have access to when

students merely respond to mechanical homework

assignmenls or examination problems. On the one

hand, in this portion of his journal, though he

computed the LCM correctly, it appears that his

available language did not permit him to describe

accurately his perception and action. On the other

hand, part of his verbal confusion relates to what

the adjective common qualif ies and also to what

can be visualiz.ed in the prime factorizations of a

group of integers. To find the GCF, the word

cotnmon relates to what one sees directly in the

prime factorizations, the common elements.

However, given the prime factorizations of a group

of inlegers, the LCM does not refer to common

visible elements. That is, the multiples of the

inlegers are not displayed; one cannot see the LCM

of a group of integers by inspecting their prime

factorizations in the same, direct way one can see

thei r  GCF. i f  i t  rs  other  than one.

Eventual ly ,  because he could rnechanical ly  f ind

the LCM, this student had to mine language that

corresponded to his perceptions and actions' When

his rnslructor had asked him to reflect crit ically-

to revie\.\ and comment----on a group of journal

entries that contained the one above, this student

ultimatell '  found appropriate language to describe

correctly the process he engaged in to find the

LCM. The task required him the think deeply

about how the common and non-common visible

elemenls of the prime factorization of a group of

posirive integers relate to their GCF and their

LCV. fn. following is excerpted from the journal

entry he wrote after reflecting crit ically on his

previous journal entries on LCMs:

To llnd the l.CM. least common multrple' of a group of
numbers one musl take the dtstrnct prime factors of the group

thal one expressed to the hrghest power.

E g .  L C M ( 2 :  r  5 e x 3 r , 2 '  x 5 3 x 3 ' , 7 '  x  1 9 '  x  l 3 ' ; = 2 5 x  3 r x
5 e x 7 ' x ! - ? ' x 1 9 '

This excerpt contains three particularly

fascinating aspects. First, this sludents represents

integers not rn standard form such as 750 but rather

in th-err prtme faclored form, 2t x53 x 3'. That is,

h is  wrr t ing er ' idences a cer ta in ease in handl ing th is
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more abstract representation of integers. Second,

he descriLes how to calculate the LCM of a group

of  in tegers general ly  and concisely .  He achieves

this level of generality and conciseness by

ref lect ing and cr i t ica l ly  ref lect ing in  u ' r i t ing and

then revising the written representations of his

th i r lk ing;  Thi rd,  in  the descr ipt ion above,  i f  the

woid take were replacedby multryly and the phrase

iltat one replaced by each. which also express his

act ions,  t l ren h is  descr ipt ion would appear to come'

f rom an edi t ion of  James & James (1963:262) l

Tlre manner in which thrs one student grappled

in wr i t ing wi th h is  th ink ing about  GCF and LCM'

il lustrates how journal writ ing can be used

powerfully to caplure, examlne, and respond to

student 's  mathemat ica l  th ink ing.  We see that

writ irrg forces students to reflect on mathematical

exper iences and that  as students examirre thei r

wrif len refleclions, writrng leads them to reflect on

thei r  ideas cr i t ica l ly .  Moreover,  ref lect ing and

then ref lect ing cr i t ica l ly  on ot te 's  mathemat ica l

exper iences in  wr i t ing presuppose an act ive,  nol  a

passive,  learner .  This  presupposi t ion coupled wi th

the revelatory c l taracter  of  thei r  ref lect ive wr i t ing

suggest  that  wr i t ing cat t  srgni f icant ly  in f luence

students '  cogni t ion and r r ie tacogni t ior r .  Wr i t ing '

because the writer and others can see it, allows one

to explore re lat ionsl r ips,  rnake meaning,  and

manipulate thoughts;  to  extend,  expand,  or  drop

ideas;  and to rev iew.  comment upon and moni tor

ref lect ions.  Expressive wr i t ing suppons those

cogni t ive and metacogni t ive acts. t  Af ler

establ is l r ing a degree of  conf idence in one's  ideas.

lt seerns alrnost natural to move fi 'om expressive to

t ransact ional  prose.  Such a movement occurred

with this student as he wrestled with his ideas on

how to determine the least  common mul t ip le of  a

group of integers He constructed and

recorlstructed meanin-e. I le u'rote and revised his

reflections, a process mediated by external

comments.  As he began to express h is  ideas wi th

greater clariry and confidence arrd selected

language that more accurately described his

perceptions and actions, hrs writ ing shifted from

expressive to t ra l ' lsac l ional  6

t  
ln  aonrpor , t ,on  theor ) .  resea lchers  d lS t r r lSursh  be tween dr f fe ren t

nrodes  o f  wn l rn€ t  expressrve  and l ransac t rona l  Transac t rona l  w l t l ing

uses  language 
" to  ge l  th ln€ ls  done 10  rn fo rm peop le  ( le l l lng  lhem sha l

lhe \  need or  want  to  knos  or  \ \ha l  $e  lh rnk  l l l e \  ough l  to  knowi .  t c

advrse  or  persuade or  Ins t ruc l  peop le '  I l  l5  used \ \ l rene!er  an
"accura te  and sDecr f i c  re fe rence to  uhat  rs  known about  rea l l f y '  15

needed Lxpressrve  w l r t rng  rs  "  lh rnkrng  a loud on  paper  
-  

I t  has  lhe

{unc l ron  o f  re \ea l tng  l i l e  speaLer .  \e rha l rz rng  hrs  conscrousness  l l l ]

s ! ,bnr r ts  r tse l f  to  the  f ree  f lo$  o f  ,deas  and fee l rngs  
'  "  (Bnt lon  e l  a1

1 9 7 5  8 8 - 9 0 )
u  

Fo,  u , r  e ran tp le  o l  a  wr r t rng  ac t t ! r t )  t l l a l  p ron lp ts  learnrng  and

requr res  s tudents  lo  $ t r te  t ransac l rona l l \ -  see  Powel l  t  1993)

We have also seen that writing helps students
acquire a rich, functional vocabulary and use it in
the context of their understanding of mathematics.
Mayher.  Lesler,  & Pradl (1983) make this point in
regard to learning in general.

wntrng's capacrty to place the learner at the cenler of her own
learnrng can and should make wrlt lng an tmponanl facl lr talor
of learnrng anythrng that lnvolves language. Writtng that
rnvolves language choice requires each wrrter 1o f ind her own
words to express whatever is being learned Such a process
ma1' rnrlrally serve lo reveal more gaps than mastery of a
panrcular sub3ec1, but even that can be of tmmense dragnosttc
value for teacher and learner al ike And as the process rs
repeated, real and laslrng mastery of the subject and lts
technrcal vocabulary rs achreved (p 79)

By provid ing students wi th opporruni t ies to
work wi th rnathernat ica l  ideas in  thei r  own
language and on thei r  own terms,  wr i t ing helps

students develop conf idence in thei r  understanding

of rnathematics and become more thoroughly
engaged wi th mathemat ics.

'fhe 
above excerpts from a student's journal

wr i t ings i l lust rate that ,  as teachers,  we accompl ish

irnporlant pedagogical objectives rvhen students
wrile about the rnathematics in wlrich they are

engaged.  Students capture imponanl  ev idence of

thei r  mathemat ica l  th ink ing whatever  the lvr i t ing

act ivr ty-as long as i t  requi res s ludents to probe

thei r  ideas and understanding.  Unl ike speech,

which is  ephemeral ,  wr i t ing is  a s table medium

that allows for both student and teachers to

eramine and respond to the student 's  mathemat ica l
th ink ing.  When a teacher responds to s tudents '

3ournals, for example, a powerful medium for

dialogue between teacher and students IS

establ ished.  Teachers can provide precise

feedback on students' statements, interpretations,
quest ions.  d iscover ies,  and rn isconcept ions.

Impoflant opportunities often present themselves

for teachers to encourage students to reconsider'

deepen,  and extend thei r  ideas.  Such personal

d ia logue can reassure students that  therr  concerns

and ideas tratter. Furthermore, the revelatory

character of students' expressive writ ings provide

teachers wi th feedback on thei r  own inst ruct ion.
Reflecting on the mathematics they are learnirrg

leaves students wi th cruc ia l  cogni t tve and af fec l ive

rnsights.  T l ,e; -  acqui re greater  contro l  over  thei r

learr r ing and derelop cr i ter ia  for  moni tor ing thei r
progress.  Such acquis i t ion of  conl ro l  and

rnonrtor ing capabi l i t ies errgenders ln  s tudents
feel rngs of  accornpl ishment ;  those feel lngs,  in  turn.
produce a posi t ive ef fect  on students 'af fect ive
l 'esponses to nrathematrcs.  Fur thermore,  s ludents
develop conf iderrce in  thernselves as learners
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capable of doing and understanding rnatherratics.

Using mul t ip le-entry  logs in  mathemat ics
classes
When we incorporate wr i t ing act iv i t res in to
mathematics instruction. we support an irnporlanl
pedagogical percept: Learning is enhanced when
students ref lect  cr i t ica l ly  on thei r  mathemat ica l
exper iences and respond to lnathemat ica l  s i tuat ions
and questions that are personal and of their own
choosing.  Another  example of  such a wr i t ing
act iv i fy  is  t l re  mul t ip le-err t ry  log. '  A rnul t rp le-
entry log is, f irst, a vehicle to prompt students to
reflecl on and form images of a piece of
mathemat ics and,  second,  a medium in u l r ich
studerrts record, in prose, multiple and Iayered
vers ions of  thei r  ref lect ions and i rnages.  Students
create th is  personal ,  ref lect ive vehic le b; -  creasing
a sheet  of  loose- leaf  paper width-wise in to three
equal  sect ions.  In  the le f t -hand column, they wr i te
down a text of their own choosing that parricularly
interests or strikes them. (We interpret the r, 'ord
Iext broadly to mean some combination of
mathernat ica l  prose or  notat ional  expresslons
selected from a textbook, lecture, problem set.
computer  or  ca lcula lor  screen,  or  any other  course
material. Students may also extract text from a
mathemat ica l  d iscussion in  which they par t icrpate
or  one that  they,  as i t  were,  wi tness.)  In  the middle
column, s ludents ref lect  on the text  by wr i t ing a
cornmentary,  an in terpre lat ion,  an evalual ion,  a
summary, or any other fype of elaboration of their
thoughts.  F inal ly ,  in  the most  cruc ia l  par t  of
rnainta in ing mul t ip le-err t ry  logs,  s tudents,  some
time later, reflecl again ("meta-reflect") on
previous texl-reflection entries and, in the right-
hand col r . rmn,  rev lse,  recorrs ider ,  ref ine,  or
otherwise cornment on their previous reflections.

The excerpt shou'n in Table I is from a
multiple-entry log that a stlrdent wrote during the
second week of  an a lgebra course.  I t  i l lust rates
several  in teres l ing character is t ics of  w' r i t ing
students produce using th is  tool .  F i rs t ,  the entr ies
in the middle and r ight-hand columns are examples
of personal or expressive r.r,rit ing that are both
ref lect ive and analyt rcal .  Second,  in  the middle
column, th is  s tudent  s tates that  she is  "not  sure
how to set  up t l re  problem,"  as i f  by declar ing thrs
she permi ts  hersel f  to  become unstuck and to
cont lnue work ing on the problem. Thi rd.  she uses
the opportunlt\ '  to w'rite to explore lrer
understanding of  t l ie  problem. Speci f ica l l r .  she

appears to wrestle with the significance of Doug
having worked six hours overtime and qhe impact
that that lras on the pay he received for the week.
Fourth, as the student writes. her understanding of
the problern seems to deepen, and she discovers a
way 10 express one of  the unknown quant i t ies.  She
determines that the variable 'x' can represent
Doug's normal rate of pay and that '2x' would
therefore stand for his overtime rate. Then she
establislres an equation: Doug's "typical weekly
earning"  p lus h is  over l ime earning equals h is  tota l
earnings for the week.

ln the r ight- l rand column, which conta ins the
student's second or crit ical reflection, she
drscusses two important insights. The second of
these is a generalization of the particular instance
in whrch she became aware that if one unknown
quant i ty  could be denoted by a var iable,  then the
same variable can be used to assist in representing
olher unknown quantit ies in the problem. Later, of
course, she wil l need to specialize this awareness
to detennine the domain for which her insight
holds. The point lrere, however, is that
general iz ing is  an important  aspect  of
mathemal ica l  th ink ing and that  responding
reflectively in writ ing afforded this student an
opportunity to engage in meta-cognition and to
examine deeply her  understanding of  a
mathernat ica l  idea:  In  th is  case,  the use of  a s ingle
variable to coltstruct a notational expression. for
another, related unknown. Naturally, one could
continue to reflect orr multiple-entry log reflections
and generate new quest ions,  issues.  and
understand ings.8

Gonclus ion
Writing about mathematical ideas is an
inexpensive and non-intrusive technology that
allows students and teaclrers to capture, examine,
and respond to mathematical thinking. The two
writrng activit ies that I presented-journals and
multiple-entry logs-are effective tools for
rmplementing writ ing irr mathematics classrooms
since they prompt students to write in panicularly
useful u'ays. Generally, different writ ing-to-learn
activit ies prompt students to produce different
k inds of  wr i t ings.  As Hof fman & Powel l  (1989)
, i ieor ize,  those w:"r i ings ex is t  wi th in a matr ix  of
categor ies:  non-personal  and non-ref lect ive;  non-
personal and reflective; personal and non-
ref lect ive;  and personal  and ref lect ive.  The
cale-aor)  that  best  supports  mathemat ica l  th ink ing

'For  
fur ther drscussrons of  mul t rp le-entrv logs see.  Hoffmarr  and

Pou.el l  t1989) as wel l  as Powel l  and Ramnauth (1992a and i992b;

o 
Fo,  an  erample  o f  lh rs  recurs rve  use  o I  n ru l t rp le -en t ry  lo€ l5 .  see

Poue l l  and Ramnauth  (  1992a)
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according, to Hoffman & Powell, is "personal,

ref lect ive .wri t ing in which the content is
mathernatics and students' affective responses to
i t "  (1989:  132) .  The use o f  journa l  and mul t ip le -
entry logs that I have suggested entails teaclrers
invi t ing students to ref lect on their  own learning by

to mathematrcal  thrnkrng through wntrng

examining and responding to previous entries.
This use prompts learners 10 enter into
communication not only with their instructor but
also with the text they select and, ratlier tlran mere
summary, encourage interpretation and analysis of
the text.

TEXT

Doug rs pard double t rme
for each hour worked over
40 hours rn a week Last
week he worked 46 hours
and earned $468 What  rs
hrs normal  hour ly  rate?
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R E F L E C T I O N  # 1

He only worked 6 hours
over t rme That  means only 6
of those hours were double
t rme  lm  no t  su re  how to  se t
up the problem The $468
represents the amount  he
was pard for  the regular  40
hrs plus the 6 hrs overttme
whrch were double trme
What ever hrs hourly rate rs.
for the 6 hrs he worked
overtrme rt wrll be doubled.
Let  x  represent  hrs normal
hour ly  rate He normal ly
works 40 hrs iwk, so 40x
represents a typrcal weekly
earntng 6(2x)  represents
the srx hrs worked overtime
at  double hrs normal  hour ly
pay

4 0 x + 6 ( 2 x ) = 4 6 8
4 0 x + 1 2 x = 4 6 8

52x = 468
x = 9

Hrs normal  hour ly  rate rs
$9/hr  For  the srx hours he

REFLECTION #2

Although the problem doesn't
ask how m,uch he earned per
wk. without overtime. I can
now answer that  ouest ion
Also I can answer the
quest ion of  how much he
earned for the 6 hrs he
worked overttme

40($9) = $360/wk
6 ( $ 1 8 ) =  $ 1 0 8  f o r  O . T

After reflecting on this
problem, I have come to the
conclusron that rf I can
represent an unKnown
quantrty wrth a vanable I
could find the other unknown
quantitres of a problem usrng
that varrable
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