ORBITAL INTEGRALS, ENDOSCOPIC GROUPS AND

L~INDISTINGUISHABILITY FOR REAL GROUPS

D. Shelstad=*

1. INTRODUCTION

Our purpose is to discuss the results of [S1}, [S2], [S3]
and [54], or rather to provide some background for fhe discuss-
ion of them in [L3].

We begin with the characterization of stable orbital inte-
rals. For a group over any field ¥ of characteristic zero
there is a partial ordering on the set of stable conjugacy

classes of Cartan subgroups. In the case F = R the adjacent

(classes of)} Cartan subgroups are very simply described in terms
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of & suitably generzl notion of Cayvley transform (see (2.2.2)).
Perhaps the most significamt feature of the characterization
theorem for stable orbital integrals (Theorem 2.8.1) is that,
besides the transformation and smoothness properties ((2.4.3) -
(2.4.5), part (i) of (2.6.6)), we use only some information
about the behavior of stable orbital integrals near certain
(semi-regular) points Yp common to two adjacent Cartan sub-
groups ... roughly speaking, that arcound Yo the problems
introduced by the non-compactness of G(R) are independent

of the Cartan subgroup (see (2.6.7)). This is also described
by "Jump" formulas (see Lemma 2.7.1).

In our preparation for Thecorem 2.8.1 we discuss both the
jump formulas and the germ expansions (around semi-regular
elements only) and their equivalence. Although it is not necess-
ary for the theorem, we study the stable integrals for the stable
orbit of an element Yo 25 above; these terms require defin-
ition and we follow Kotitwitz's suggestion ... it is not appro-
priate to take the sum of the integrals over the orbits in

the stable orbit. We see then that the term A from (2.6.2)

1
is "intrinsic to G and its inner forms"” and that the term
AO arises from the noncompactness of G(R).

After Theorem 2.8.1 we find that we have assembled enough
facts to calculate, for all semisimple stable orbits, the

stable integrals for certain functions which appear useful

for applications of the trace formula ([L6]). The result is
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Lemma 2.9.3. We complete Part 2 by recalling properties of
A(T)y, E(T), k(T) and k-orbital integrals.

In Part 3 we switch to representations and the explicit
parameterization of tempered characters. Central to our point
of view are the embedding of the L-group of a maximal torus T
in the L-group for G and the expression of a tempered
L-packet parameter as the "1lift" of a parameter for T (see
(3.3 - (3.5)). VWe obtain various realizations of an L-packet
in terms of the Knapp-Zuckerman basic characters,

To pair an L-packet with a finite group is not difficult,.
. but to pair it with the group "S8" which is naturally
associated to the L-packet {(and has amalogues for zll local
and global fields) requires a uniform version of the
Knapp-Zuckerman decomposition of unitary principal series.

For this reason we include our L-group imitation of the
EKnapp-Zuckerman decomposition; it rests orn Langlands' version
of the Knapp R-group. We should note that the pairing and
the later factoring of parameters in (5.5) require various
choices. Our formulations are simply the most convenient ones
and may-well reguire modification for global applications;

our aim for the present is to show that pairings exist

so that identities as in (5.6) hold.

Our main results on the "internal structure' of L-packets
are contained in (3.6); the needed EKnapp-Zuckerman theory

is described in (3.7).
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Part 4 concerns endoscopic groups. We review briefly
definitions, constructions and embeddings of L-~groups. Our
main interest is the normalization of «k-orbital integrals
so that they match stable orbital integrals on an endoscopic
group. Because of iits usefulness elsewhere, we look at the
local conditions on the normalization factors and indicate
how our data from an embedding of the L-group of an endoscopic
group in LG play & central role in "globalization'". See
(4.5).

Part 5 contains the main conclusions of "L-indistinguish-
ability for the tempered spectrum of a real group."

In an zppendix we mention +two consequences of the theory.
The first concerns Fourier inversion of orbital integrals and
the second twisted orbital integrals for complex groups and
the associated "twisted endoscopic groups ' [88]. We include
also an example for G = SU(2,1) which is elementary but
of interest for both automorphic representations of a unitary
group in +three variables ([L5] and work of Flicker in progresss)
and a2 general local theory of nontempered L-packets.

Throughout the notes we give only ocutlines of proofs in

print, with references. For new material details are included.



These notes are based primarily on lectures given at
the "Journées Automorphes” at the University of Dijonm,
February 198l1. I am very much indebted to J-P. Labesse and
the University of Dijon for their hospitality. Some of
the material is from lectures in the Lie Groups seminar
at Rutgers University, Fall 1980, and the conference on

Shimura varieties at Vancouver, August 1981.



2. ORBITAL INTEGRALS

2.1 Notation

¥e will follow as far as possible the notation of [L5].
Thus G will denote a conpected reductive linear algebraic group
defined cver R and G(R) the group of R-rationzl points on

G; ¢ will be the Galois automorphism of the group G(L) of

G
C-rational points, so that G(R)= {g & G(C): GG(g) = g}l.
Let T be a maximal torus in G defined over R. Then

T(R) is a Cartan subgroup (CSG) of G(R), and every Cartan
subgroup of G(R) is of this form. We denote by 'ST’ or
simply S, the maximal ~R-splittorus .in T, and by MT
or M the centralizer of ST in G; MT(ED is the "cuspidal
Levi group in G(R) defined by T." We regard the set R(G,T)

x
of roots of T in G as a subset of X (T), the group of

rational characters on T. Recall that o £ B(G,T) is

imaginary if Cp = o, i.e. o ¢ R(M,T). The imaginary Weyl
roup of T is the subgroup of the Weyl group a(G,T) of T
in G @generated by the reflections with respect to the imagin-
ary roots, i.e. the Weyl group QO(M,T} of T in M. We may
identify Q(G,T) with Norm(T(CL),G(C))/T(L), where Norm(A,B)
indicates the normalizer of A in B. Then w e Q(G;T) is

realized in the subset 8 of G(C) if w is identified

with an element of ST(T)/T(C).



2.2 Adjacency of Cartanr subgroups

If 7, T' are maximal tori over 1R in G ihen set
T $T' (and T(R):s T'(R)) if and only if there exists g € G(C)
such that adg“l maps T to T', i.e. T' = g"ng, and
the restriction of adg_1 to S5 1is defined over R, i.e.
UG(g)g_1 £ MT. An arpument as in the proof of [81,Theorem 2.1)
shows that T £ 7' if and only if ST is G(R)-conjugate to
to a subgroup of ST"

If T £ 7T' c¢all T adjacent to T' when T 1is not

G(R)-conjugatete T' and T £ T" &€ T' implies that TV is
G(R)~conjugate to one of T, T'.

Lemms 2.2.1

" Suppose that T £ T'. Then T is adjacent to T' if and only

if there exists an imaginary root ¢ of T and s e G(C) such

_ -1 ~1 . .
that T' = s "Ts ard GG(S)S realizes the Weyl refiection

with respect to a.

Proof (outline): If T £ T' and such @, s exist then it
follows that duﬁST,= 1 + dnnST, and adjacency is immediate.
On the other hand, suppose that T & T' and that T is
adjacent to T'., It is sufficient to consider the case that
T is compact modulo the center of G. Then the existence of
o, & 1is established by standard methods. See [81l,Section 2]
for similar arguments.

Definition 2.2.2

If ©w, s are as in the lemma then s 1isg a Cavley tramnsform

with respect to «.




Recall that o ¢ R(G,T) determines a three-dimensional
simple complex Lie algebra, namely {L'Xa+ EHG+ (!:X_u, where

X X_a are root vectors for o, -ao respectively, and

a’

H, = [X, X_

o l]. If o is imaginary then this algebra is invar-

o
iant under 9 and so its UG-fixed points form & three
dimensional simple real Lie algebra; o is compact if this

algebra is of compact type, and noncompact otherwise.

Definition 2.2.3

An imaginary root o of T 4is totally compact if every root

in the orbit of o wunder the imaginarv Weyvl group (or under

(T}, see (2.4)) is compact.

Theorem 2.2.4

(i) There exists a2 Cavlev transform with respect to the

imaginary root o if and only if o« is not totazllv compact.

(ii) If G is gquasi-split over R then nec T in G has

totally compact roots.

Procf: See [81,Proposition 4.11] and [S82,Lemma 9.2].

2.3 Orbital integrals

Fix a Cartan subgroup T(R) of G(R) and Haar measures
dt on T(R) and dg on G(R). Let Greg denote the set of
regular elements in G and T(Bjreg= T(RY N Gfe . Fix

34

Y E T(Ejre and f ¢ C:(G(E)). Then by a compactness principle

)
of Harish-Chandra {(see[W2,Theorem 8.1.4.1]) the functions

T(R)g - f(gblY'g), for ~' 4din a suitable neighborhood of ¥

in T(m)re are supported oz a commen compact subset of

gi



T(ENG(R). It then follows that

op(y,£) = p(y,f;dt,dg) = f £(g tye) %’%
T(RNG(R)
is well-defined and vy = ¢T(Y,f) is 2 C -function on T(]R)reg.

The orbit O(y) of vy ¢ T(lR)re is the conjugacy class

o4
of v in G(R). Since T is of finite index in the central-
izer GY of v 3in G and O(y) is homeomorphic to
GY(IBY\G(IR) via the map g-lyg > GY(IR)g, @T(Y,f) is the

integral of f over O(y) relative to 2 certain G(R)-invariant

measure. We will use the term orbital integral for - QT(Y,f).
¥When multiplied by a suitable function of v, @T(Y,f) becomes
Harish-Chandra's 'F.(y) [HC].

Let @©® be an open subset of G(R). Then a C”-function
on @ is a Schwartz function on @, i.e. belongs to the
Schwartz space G(@), if it and all its left and right
derivatives are rapidly decreasing on @ in the sense of
Harish-Chandrs [HC]. We will need the results encompassed by
Harish-Chandra's theorem on the 'F. transform for Y(G(R)) [HC,
Theorem 17.1] (see [W2,Section 8.5]). 7First is the assertion that
for f ¢“(G(R)) the integral 4n(y,f), defined formally as for
functions ¢f compact support, is absolutely convergent and
that the function vy + (] | |1 - &(Y_1)|1;2)¢T(Y,f), where
the product is over all o ¢ R(G,T), Dbelongs to the Schwartz

space of the open subset T(BJreg of T(R).



2.4 Stable orbitazl integrals

If G is semisimple and simply-connected then the

stabhle orbit of v ¢ T(Ejreg is the intersection of G(IR)

with the orbit of vy in G(L). In general, however, the stable

orbit is contained in this intersection. For the precise
definition recall that OT) = aG('I‘) = {g e G(): g-lT‘(B)g CG(R)}
and that ©(T) =D (T) = TMO\KTI/G(R). Then the stable orbit

of vy 1is {W-lYW: weO(T)}., If vy 4is strongly regular, i.e.

G. =T, then & (T) paraﬁefrizes the orbits in the stable orbit of

¥
Lemma 2.4.1

There is z bijection between o@G(T) and Q(M,T)/G(M(R)Y,T(R)).

Here Q(M(R),T(R)) denotes the subgroup of Q(M,T) consist-
ing of elements realized in M(R).

Proof: See[S1,Theorem 2.1]. In summary: (i) every element of
&%(T) bhas a representative in M, so that JBG(T) =‘£§(T) ‘e
an analogue is true for groups over any field of characteristic
zero ... and (ii) the representative from (i) can be chosen

to normalize T, because a real group, in this case M(R),
kas (at most) one conjugacy class of C3G's compact modulo the

center. Finally, each element of Q(M,T) preserves T(R).

Definition 2.4.2

For f ¢ £(G(R)), ¥ ¢ T(IER)reg and Haar measures dt om T(R)

and dg on G(R) set

opt(v, 1) = ¢3%(y,£3dt,dg) = [QMM(R),T(RN™T | o (v*,1;50t,de),

where the summation is over w in Q(M,T).

This, clearly, is the stable orbital integral o¢f f in the sense

Y.



of Langlands [L53]. Note that by Yw we mean w_lyw, where
w e G(C) realizes w. In view of Harish-Chandra‘'s result for
¢T(Y,f) we have immediately that ¢$t(Y,f) is well-defined
and that the function vy = (T | |1 - a(y'l)I1/2§®$tty,f),
where the product is over all o € R(G,T), belongs to the
Schwartz space of T(lR)reg.
We now write ¢T(Y,dt,dg) in place of @?t(y,fgdt,dg).
Then:
a, B » 0,

w e OKT)Y,

h
Q
H

(2.4.3) ¢T(y,adt,Bdg) = B/u ol(y,dt,dg)

’I‘w W w
(v ,0dt)" ,dg)

|

—h
o
s ]

(2.4.4) ¢ (y,dt,dg) = ¢

where TV = w_lTw, etc.,

(2.4.3) v - (T T |3 - aly
smoothly to (i.e. extends to a Schwartz function on)

1 . =
Treg(B)= {y ¢ T(B): a(y) #1, w ¢ ROLTI} = T(R) N M

For (2.4.3) and (2.4.4) the proof is immediate; (2.4.5) follows

_1)|l/2)¢T(Y,dt,dg) extends

from the analogous result for ¢T(Y,f) which is part of [HC,
Theorem 17.1] and is proved, for example, by "descent to M"
(see [W2,Section 8.5] ).

The boundary of Tieg(m) ige the union of the "imaginary
walls” in T(R), i.e. the union of the kermnels in T(R) of
the imaginary roots. We will need t¢ know the behavior of

¢T near points that lie on & single wall.

2.5 Semi-regular elements

Suppose that vy, ¥' ¢ G(R) are semisimple, and that

y!' = g_lyg for some g ¢ G(C). Then GGig)gﬁl lies in G, (0),



the centralizer of ¥ in G(C). Following Kottwitz's
suggestion we call y and vy' stably conjugate if g can

be chosen so that cG(g)g_l lies in Gﬁ(m), G$

indicating
the connected component of the identity in Gy. The stable
orbit, or stable conjugacy c¢lass, of vy 4is then the set of zll
elements stably conjugate t¢ vyv. This generalizes the notion
for regular semisimple elements.

Lemmsa 2.5.1

et v £ G(R) be semisimple. Then:

(1) there exists a Cartan subgroup T(R) of G(R) such that

y ¢ T(H) and if v ¢ T*(R) then T £ T'. Then say that v

oceurs fundamentally in T(R).

(ii) If vy ¢ T'(R) then {W_lyw: we OUT')} is contained in

the stable orbit of .

(iii) If vy occurs fundamentally in T(R) then {w“lyw: w e OT)}

¢coincides with the stable orbit of .

0
Y

satisfies the conditions of (i) if and only if T 1is a funda-

Proof: For (i), suppose that vy € T'(R). Then T'C G and T

mental maximal torus in Gs. Thus (i) follows; (ii) is
immediate from the definitions. ¥For (iii) we have to show that

{W_lYW: w £ {T))} contains the stable orbit of +vy. Suppose

that y' = g_lyg, where GG(g)g_l £ Gg. Then adg_1:6$+-G$,

is an inner twist. [S1,Lemma 2.8] implies thern that there is

b in G?. such that adhe adg"lh
w = gh-l. Then w e OL(T) and y' = w*lyw. Thus the lemma is

is defined over R. Let

proved.



Returning to the notatieon of (2.4) we assume that Yo is

an element of T(R) - Tiegﬂm). Fix an imaginary root o such that

a(yo) = 1. Assume that Yo is semi-regular, i.e. that if B(Yo)

=1, B e R(G,T), them 8 =+ o, i.e. that GY is of type A,.
0

Note that Yo occurs fundamentally in T(IR).

Call Yo of totally compact tvype if o 1is totally compact;
this means that for yé in the stable orbit of Yo the group
GY' is anisotropic modulo its center.

0
Lemma 2.5.2

For vy, semi-regular in T(R) - T:.I'eg(m) we have that:

(i) the stable orbit of Yo Deets only CSG's conjugate to T(R)

ii YO is of totally compact tvpe,

(ii) the stable orhit of meets CSG's conjugate to T(R)

Yo
and exactly one conjugacy class of CSG's adjacent to T(IR)

if Yo is not of totallv compact tvype.

Proof: (i) is clear from the definitions. For (ii} ™at most
one'" rather than "exactly one” is clear since for 76 in
the stable orbit of Yo GYé contains at most two conjugacy

classes of CSG's and the union of the CSG's in the various Gy,
0

forms two conjugacy classes in G({IR). To produce the "exactly
one" adjacent conjugacy class, choose a Cayley transform

s: T - T% with respect to o (recall (2.2.2)). Then Yg

is contained in TS(R) and is stably conjugate to Yo (see
[§1,Section 2)). The conjugacy class of T®(R) is the desired

one.

2.8



2.6 Stable orbital intepgrals (continued)

Fix f e Y(G(R)) and a C8G T(R). For v e T we write
[DCy )| for 7 1 - a(y-l)| , the product being taken over
¢ ¢ R(G,T). Also we write WT(Y) = ?T(Y,f;dt,dg) for the smooth

extension of ]D(Y)llfz ¢T(Y) = ID(Y)|1{2

Qgt(y,f;dt,dg) to
Ti_eg(]R), and CIT(’I‘) for the set of elements of CQT) which
normalize T.

Lemms 2.6.1

be a semi-regular element in T(R) - TI (R). Then

Let
=€l reg

Yo
there is a neighborhood N(YO) of IYO in T(R) invariant

under (L. (T), and on N(v,) C"-functions vy ~ hE(YO,Y), i=1,2,

(depending on f, dt, dg =z2lso and written ﬁE(YO,Y,f;dt,dg)

when the occasion demands) such that:
1/2

(2.6.2) ?T(Y) = AE(YO;Y)|D(Y)| + AE(YO,Y)
for all vy ¢ N(YO) i Tieg(fn'
Proof: Bee (2.7).

Let a(yb)= 1; recall that the root o is unique up to
sign. The Weyl reflection w is realized in-ClT(T). Thus if
X is an invariant differential operator on T odd with respect
to Wy we have, with the obvious abuse of notation,

(2.6.3)  (XAJ)(vy,vy) = O.
Assume that X is fixed by w_. Set vy = yoexpiyav. Then for

o A%

£ TI (R). Applying

v in some deleted neighborhood of zero Yy reg

X to (2.6.2) we obtain easily that:

T . T
w0



On the other hand, (Xng)(yo,yo) is computed explicitly
by, for example, reduction to SL2 (see references next page);
the answer involves integrals along non-semisimple orbits. None
of this is needed here. Nor do we need further information on
(XAE)(YO’TO)’ although we will stop to mention AE(YO,YO) as
an illustration of Kottwitz's suggestion about stable orbital
integrals for non-regular semisimple orbits [Ko] and as pre-
amble to (2.92). Note that (2.6.2) gives:
o

T ) - T
(2.6.5) (Vg Vg? = 1/2Zlum(Ha(|1 - ¢ (v,

v+ 0

where Ha denotes the coroot of o regarded as element of the
Lie algebra cf T.

There are two properties of XAT which will be needed:

0
Lemma 2.6.6

Assume that X is fixed by W, -

(i) If Yo is of totally compact type then (Xﬁg)(YO,YO) = 0.

(ii) If YO is not of totally compact type then (Xﬁg)(yo,yo)

is independent of T in the following sense. Suppose that

YO € T'. This implies that T' is either G(R)-conjugate to

or adjacent to 'T. Then T' = s'lTs, with s either R-

rational or a Cavlev transform with respect to the root «o

which annihilates YO and:

TS
(2.6.7)  (XAD)(v vy, £3dt,dg) = (XSAT )(¥® ¥5i1;(at)%,dg),

where in the case that s is a Cavley transform the right side
S?TS

is to be jintervnreted as (X )(Yg).

Proof: See (2.7).

Note that Yg £ (Ts)ieg(ﬂl), that (dt)s is defined as in [81]
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and that the right side of (2.6.7) is independent of the choice
of s (see [81,Propositiopn 2.7]).

To compute AE(YO,YO) we first assume that f ¢ C:(G(IU)-
Suppose that Yo is of totally compact type. Recall that this

means that Gé is anisotropic moduleo center, for all & in

the stable orbit of Yo Part (i) of the lemma above says simply

that ¢T itself extends smoothly to Yor SO that AE(YO,YO)

is nothing but lim ¢T(y); i.e. the behavior is as if G{(R)>
Y*Yo
were compact. Reduction to SLZKSU(2) (... in this case SU(2))

via Harish-Chandra's compactness principle (see [W2,8Section 8.5]

or [S1,page 17), for exdmple) then shows that ﬁE(YO’YO) is

the sum over (representatives ¢ for the elements of) éa(T) of

0 -1 d
VOL(T(R)\ G, (R)) £(g” " sg) EE&'

0
G (RN G(R)

where dh6 is a Baar measure on chﬁn to be used-also in the

caleculation of the volume (so that the choice is of no consequence).

If ¢ =-yg, with w in OKT) then adw: Gg > G? is an inner
0

twist (recalil the proof of Lemmz 2.5.1) and, in fact, an R~

isomorphism since both groups are anisaxreopic modulo center.

Fix a Haar measure dh on GS(EU and take dh.- to be the twist
0

¢f dk by w. This allows us to rewrite ithe sum as

VOL(T(RINGY (B)) [ o [ JCRITIN: -3
Yo G (R)\ G(R) 5

where the summation remains over ﬁb(T).
This , however, is misleading for a general definition of

"stable orbital integral of £ relative to YO'" Indeed,



suppose that Yo is not of totally compact type. Then by
reduction to SL2/SU(2) we obtain that the right side of (2.6.5)

equals

0
- q{G.) _
VoL(TCRINED (B))  § (-1 ° (g tee) B,
) o Gy (R)\ G(R) 8
where the summation is now over 9<G$ ,THON QCM,T) / Q(M(R),T(R))
0

[& = Yg; w £t OUT) realizes an element «w of Q(M,T) and then

w represents an element of the double quotient]; = indicates passage
by an inner twist to the form anisotropic modulo center

[L3,Chapter 6]. The vclume is to be calculated using the twists

of dh, dt to G , T respectively; db, is as before. As

in {Ko], q(Gg) is one-half the dimension of the symmetric

space attached to Gg, i.e. we take +1 for (-1)%3 if

Gg is anisotropic module center, but -1 otherwise.
For a Haar measure dh on Gg (R) we set
0
0% (v, ) = 05T (yy,£;dn,dg) =
G
a(Gy) _
-u 0 1g7 ) 3B,
Gé(]R)\G(]R) 8

the summation being over Q(G_SO,T)\Q(M,T) / QK(R),T(R)),

as above. The conventions for measures remain the same also.
Then OSt(YO,f) is well-defined for z2ll f £ €(G(R)) (see
[¥2,Section 9.3.1D and £+ 0°%(v,,f) is a stable tempered
distribution in the sense of [§1,Section 6] (see (2.9).

Lemma 2.6.8

T = =0
A1 (rgivg.T3dt,dg) = vol(T(RONG, (R)) 0%T(y

f:dh,dg)
Yo E

0,
for 811 f g ¥(G(R)).
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Note that when Yo igs of totally compact type the double
coset space in the summation coincides with R(T) itself.
Thus our remarks above prove the lemma when f ¢ C:(G(BJ).
A simple continuity argument extends the formula to the

Schwartz space.



2.7 Jump formulas

The results of Lemmas 2.6.1 and 2.6.6 can be expressed in
terms of "jump" formulas analogous to those for 'Ff given by
Harish-Chandra. 1t is these formulas rather tharn the expansions
(2.6.2) which guide us to the copnstruction in (4.5) of the
"transfer factors' for the main Matching Theorem.

T T

First we will change Y¥° to a funmction ¥ by replacing

tD(y)ll/z with the normalizing factor for ‘F.. This factor
will depend on cur cheice of 2 positive system for the imaginary
roots of T; care in that choice will greatly simplify the
results.

For any choice of positive imaginary roots the function
y» TT7Q - oty T7T 2 - ety H22 6Ty,
where the first product is over all positive imaginary roots
and the second over all non-imaginary rcots, is defined on
T(Edreg and equals yT- up to a facdtor which is bounded and
has a C -extension to Tieg(ﬁw. Thus it extends to a Schwartz
function on Tieg(EU; this function will be denoted ?T,
mention of the choice of positive imaginary roots being omitted
in notation. In (2.7.2) any choice will do. For (2.7.3) we
need some preparation.

Let o be an imaginary root .of T. Then a positive .
system for the imaginary roots is adapted to a if all
imaginary roots g for which <o,8> > 0 are positive. If

I+ is such a system and s is a Cayley transform with respect

to o then there is a unigue positive system for the imaginary



s

roots of T transported into I+ by ads; denote this system

by I;. In (2.7.3) we use z system 1t adapted to either one

of the two roots annihilating Yo and the related system I;

for TS. Also, denote by X » X' the automorphism of the algebra

of invariant differential operators on T induced by the map

H-> H+ 1(H)I, for H in the Lie algebra of T, where 1 is one-half
the sum of the roots in I+; let X + X" be the automorphism of

the operators on T  induced by the map H - H + IS(H)I, for H in
the Lie algebra of TS, with 1, one-half the sum of the roots in IJ.

Lemma 2.7.1

Suppose that {y -~ @T(Y) = ¢T(Y,dt,dg)} is a familv of functions

satisf&iqg {(2.4.3), (2.4.4) and (2.4.5). Form WT, 7T a5 above.

Then {WT} satisfies the statements of Lemmas 2.6.1 and 2.6.6

. I .
Yo iz T(R)- T (R) if

and only if for all such Yo ¥e have:

for all semi-regular elements

(2.7.2) 1lim (X?T)(Yv) =0 if Yo is of totally compact tvpe
v+

and

(2.7.3)  lim (X'TH(y) = 1 (X"
v+0

totally compact tvype,

s
?T ) ( Yg) if Yo is not of

for 2ll invariant differential operators X on T.

Proof: Note that for X odd with respect to the Weyl reflection

S root annihilating Y (2.7.2) and (2.7.3) are

0’
automatically satisfied. Thus in the statement of the lemma we may as
well take X fixed by w, . Then (2.7.2) follows from (2.8.4)

and (i) in Lemma 2.8.6; (2.7.3) follows from (2.6.4) and (ii)



in L.emma 2.6.6, altbhough now some (elementary) calculations
are needed. We omit the detzils (see [Sl,page 27] regarding
a crucial propertiy of I+).

For the converse, assume (2.7.2) and (2.7.3). We have
just to verify the existence of expansions (2.6.2) for then
(2.6.4) is true and reversing the arguments of the first part
0f the proof yields Lemma 2.6.6. Fix T and Yo If Yo is
of totally compact type then (2.7.2) implies that 37 15 C”
around’ y,. It then follows easily that ¢ itself is C”
around Yo also, and (2.6.2) is true.

Now assume that Yo is not of totally compact type. We
will give Jjust an outline of the steps involved in verifying
an expansion (2.6.2). We may assume that G is simply-connected
and semisimple, first by by 2 routine reduction to M = MT and
secondly by reduction to the simply-connected covering of the
derived group of M. This second reduction rests on the
definition of stable conjugacy. Next we define Ag. Fix a
Cayley transform s with respect to 2 root o annihilating
Yo+ Then the restriction of ?Ts to a suitable neighborhood
of Yg in TS(ED can be extended to an Q(G,T)-invariant
C¥-function on a neighborhood of yg in TS(E). Trangpoft this
function to T(C) by s and restrict to (a neighborhood of
Yo i) T(R). This defines our Aj;. Note that (2.6.7) is

then automatic. Finally we use (2.7.3) to show that WT is

c®-divisible by [D(Y)]1/2 around v,. See [L3,Chapter 6]

for a similar style of argument.



It remains then to recall the proofs of Lemmas 2.8.1

and 2.6.6 and the formuias (2.7.2) and (2.7.3) for @T(y) =
@?t(y,f). The formulas are proved in Section 4 of [S1]. The
arguments combine those of Harish-Chandra for 'Ff (involving
reduction to SL,/8U(2) ) with facts about the orbits in a
stable orbit. For example, the left side of (2.7.3) involves
(T))] orbits and the right side ﬁb(Ts)] orbits, but only
either [MT®)] or 2@ (T%)] orbits on the left contribute

te the limit. For the proofs of Lemmas 2.6.1 and 2.6.6 we

can invoke the last lemma, or argue directly by reduction to

SLZXSU(Z), recalling again [L3,Chapter 6] and [S81,Section 4].

2.8 Characterization of stable orbital integrals

Theorem 2.8.1

Suppose that {y = ¢T(Y,dt,dg)} is a family satisfying

(2.4.3), (2.4.4), (2.4.5), (2.7.2) and (2.7.3). Then there

exists f e C{(G(R)) such that:

T t
®7(y,dt,dg) = 85 (y,f;dt,de), v & T(R) . .,
for all T, dt and dg.

Proof: See [S1 ,Theorem 4.7]. Supprose that ¢T1-= 0 whenever

T » T and T' is not G(R)-conjugateto T. Then U1
extends smoothly to the union of the regular and the semi-regular
elements in T(R) and thence, by a well-known principle of

Harish-Chandra, smoothly to 2l1ll of T(R), i.e. ?T extends

to a Schwartz function on T(R). An inductive argument then



shows that to prove the theorem we need only verify the

following for each Cartan subgroup T(R):
T

(2.8.2) if V' extends to a Schwartz function on T(R)
then there exists f ¢ B(G(R)) such that ¢§t( ,£) = ¢T and
¢§?( o) = 0 unless T' £ T.

In {S1] we construct f as a sum of (scalar projections of)
wave-packets. In the case that T(R) is compact the

constructed f is a sum of K-finite matrix coefficients

of discrete series representations, with some constraints on

—

the K-types involved.

2.9 A 1imit formula

The following is a short exercise based oﬁ our discussion
so far (and some fundamental results of Harish-Chandra for
which we refer to {W2]), and concerns cne of the simplest
problems associated with applications of thé trace formula
([L4], [Lel).

Suppose that G{(R) has Cartan subgroups compact modulo
the center of G(ER) (CCBG's). We consider a function f
with the following property:

(2.9.1) ¢357C ,f) = 0 unless T'(R) is a CCSG.

In [14] (see also [16]) the constraints on f are greater;
moereover, QSt( yI) is specified for T(R) a CCS8G, and

T

f is to be C:. This will not concern us here.

Recall that (2.9.1) implies that ?T extends to a Schwartz

function on T(R), for T(R) a CCSG.



Lemma 2.9.2

Assume (2.9.1). Then vy = @?z(y,f) extends smoothlvy to T(R);

for each CCSG T{(R).

DProof: After a straightforwafd reduction to the simpliy-connected
covering of the derived group of G, we find that it is
sufficient to show the following. Suppose that G is simply
connected and semisimple and that T(R) is a CCSG. Then =2
C”-function F on T(R) satisfying F(Yw) = detu F(y),
w e 2(G,T), is c”-divisible by &, where, as usual,

By = (T T - aty™,
1 denoting one-half the sum of the roots in some positive
system for R(G,T) and the product being taken over these
roots. But this follows easily from rearrangement of the
Fourier series for F.

For any Yo € T(R) we define OSt(Yo,f;dh,dg) by the
formula of (2.6). Thus:

05 (vy,t5dn,ag) = § (- g (g™ sg) SE
G (RING(R) g

where g(¢&) = q(Gg) is well-defined since G(R) bhas CCSG's,

¢ is of the form yg, with w in @(T), dh6 is the twist

0

of dh (a Haar measure on GY > by w, and the summation is

0
over w in a set of representatives for

Q(Gg ;DN\ 2(G,T) /2(G(R),T(R));
0
more precisely, we choose representatives w in Q(G,T)

for these double cosets and then for each w an element w



in G (i.e. in Qn(T)) realizing ®. Note that relative to
the natural projection of O(T) = Q(G,T)/Q(G(R),T(R))

onto Q(G$ IINGG,T) ~9(G(R),T(R)) the preimage of the
0
double coset of ¥ ¢ 0(G,T) contains [2(63,T)/R(GI(R),T(R))]
= ﬁbO(T)] elements, where § = (YO)E .
Gs
Lemma 2.9.3

Assume (2.9.1). Then:

1im ¢5%(y,f;dt,dg) = vol(T(B)\'ﬁ?(B)) OSt(YO,f;dh,dg)

Yo 0
for each CCSG T{(R).

Here, as in (2.6),  indicates passage to the inner form
anisotropic modulo center, and the volume is to be calculated
relative to the twists of dh, dt (so that the right side of
our formula, like the left side, is independent of the choice
for dh).

We will include za proof of the lemma just for the case
G simply-connected and semisimple, where a CCS3G T(R) is
compact and we have at our disposal the normalizing factor
& from the proof of Lemma 2.8.2. The general case involves
only minor modification of the arguments, but considerably
more notation.

For the rest of this section, then, G will be simply

connected and semisimple and T(R) compact. If ¢ = yg,

with w ¢ &T(T), then we write H_ for Gg; in particular,
Hl = GS . The lemma has only to be proved for one choice
0

of dg, dh and dt. We fix maximal compact subgroups
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K, Kw for G(R), HW(IR) containing T(R) and denote by
dg, dh‘.v, dt the standard Haar measures on G{(R), HW(]R), T(R),
all as in [HC,Sections 3,7]. Note that veol(T(R)) is now 1.
Fix a positive system fer R(G,T) and define the factor A
relative to this system. Also set &*(yy) = t(YO)T__T(l - a(Yal)),
where the product is over positive roots not in R(Hl,T).
The positive system for R(Hl,T) will consist of the roots
positive for R{(G,T), and the system for R(HW,T) will be
the twist of this one by w. We define 149 1y and the
operators Ty a8 (see [HC,Section 17]) accordingly.

Fix w € QT(T) and let & = Yg- From [HC,Section 37]
we have that dh , the twist of dbh by w, is V(Kw)fv(Kl) dhw,
where Vv 1is as defined in the reference. Thus, for any

Schwartz function f we have:

0(8,1;dh,,dg) = C_ lim (2 (46, ,£3dt,dg)))(yv"), where C_
Y*YO
= vy D v @) (VRN T A (R, TR T (2m) T,

g(w) denoting Qq(H > and r(w) = r(l) ope-hali the dimension
of HWIT (see [W2,Section 9.3.1, Theorem 8.5.1.6, Section B.1.3]
and [HC,Lemmsz 37.4]). To form OSt(ﬁyf) we have to sum

over w for which w = wT(QC) form a set of representatives

for Q(Hl,T)\\Q(G,T)/’Q(G(EJ,T(EU). If we replace W by w'
such that w' lies in the preimage in éﬂ(T) of the double coset
of w then the expression above does not change. Thus we have

that OSt(YO,f;dh,dg) =
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C lim (mi(aagt( ,£3dt,dg)))(v),
Y+ Y,

where C = (8*(v)) T v(K)(V(T(R) R(E,, 1)1 (2m) F ),
Note that this implies that the tempered distribution f =+ OSt(YO,f)
is stable in the sense of [Sl,Section 6]. We may therefore
argue that to prove the lemma for a given f satisfying (2.9.1)
we may replace f by any Schwartz function f' with-same gtable
orbital integrals, i.e. ¢$?( ,E) = ¢$?( ,f') for all C8G's
T'(IR). We choose f' to be the function constricted in our proocf
of Theorem 2.8.1 (see [S1,Section 4]). It then follows that
we have only to verify the formula in the statemént of the lemma
for the case that f is a K-finite matrix coefficient of
a discrete series representation of G(R).
Let /A ©be a regular element in the positive chamber for
X*(T) and T(.i) be the discrete series (class of) representation(s)
attached to /L. Let GI = Ydetw wh / ldetw w1, so that the stabilized
character of w(A) is (-1)%(%) @I. If f is a K-finite matrix

coefficient for w(A) then ¢§t(Y,f;dt,dg) = (-1)q(G)f(1) dilez(y),

where d, 1is the formal degree of w(LA) relative to dg (see [W2]).

oSt

Thus lim T

Y+ g

(v,f;dt,dg) =

1Y D5y gt gldetw wh Gy 0 E,TIDTY
(with the usual abuse of notation). This equals OSt(YO,f;dh,dg)
up to a constant which Lemma 37.4 of [HC] shows to be
vol(T(EJ‘\ﬁl(EU). Hence Lemma 2.9.3 is proved.

Similar arguments show that d, = @I(l)/vol(ﬁ(ﬂi)), where

i
the volume is to be calculated relative to the twist of the



measure used to define d}, i.e. formal -"degree is "invariant
L

under inner twisting.' (See [W2,Theorem 10.2.4.1] for

Harish-Chandra's formulz for dﬂ).

2.10 D(T), B(T) and K.

This section is preparation for the definition of "unstable”,
i.e. "k-", orbital integrals. Recall &(T) as T(CNKT)/G(R).
If w e OUT) then OG(W)W-1 ¢ T(C) and the map w =~
{1 +1, g~ UG(W)W—l} induces an embedding of R(T) in
Hl(T) = Hl(Gal(m/I1),T(¢)). The image of L(T) is contained
in the subgroup E(T) of [L2). 1In fact, E(T) is the
smallest subgroup of Hl(T) containing H(T) and "invariant
under inner twisting' in the obvious sense (we leave a proof
of this to the reader). Following [L2], we regard ﬁ(T)
2as a quotient of the span of the imaginary coroots; more

Ve X,()}.

precisely, as Z[R'(M,T)1/ ZIR'(M,T)] N {37 - o:2¥: 2

To see how éﬁ(T) appears in this realization we return to
D(T) as Q(M,T)/Q(M(R),T(R)). Consider the coset of w_,
for o an imaginary root. If o is compact then Wy is
realized in G(R) so that the coset of @, is trivial and
the corresponding element of E(T) dis trivial also. If «
is noncompact then the coset of W, corresponds to the coset
of o'. More generally, there is the following (unpublished)
result of Langlands. First, an inductive argument shows that
there exists A’ ¢ ZJBV(M,T)] such that <Av,a> is even

. . , v 3 . .
if o is compact and <A ,0> 1is odd if o 1is noncompact.



Then wR(M(R),T(R)) e O(T) is identified with the coset
of AY - wh'.
A character «x on §(T) has order two and so defines
by restriction a function on c%(T) assuming the values 1.
Recall that the source of k-orbital integrals is the trace
formula [L5,Chapter 8]. There « appears as the restriction
to A (T) of a character on all coroots of (G,T). Thus,
following Langlands, we will assume that x 1is a guasicharacter
on Z[R'(G,T)]/ Z[RV(G,T)] N 10V - ona¥s 1Y e (D} ,
i.e. that « ¢ K(T/R) as in f51. I1f T 1is anisotropic
modulo center then this quotient is E(T), so there is no
change, but if T 4is split.over R then we will be zllowing
any guasicharacter on -ZJRV(G,T)].
An -element w of ((T) defines a map «x - KW- from
R(T) = R(T/R) to R(T") in the obvious way. Let 'QO(G,T)
be the subgroup of Q(G,T) consisting of the elements realized
in &T), i.e. QO(G,T) = {w e Q(G,T): WO = ch} . Then
QO(G,T) acts on E(T); if w realizes w then «° = k",
Also we write «(w) = «(w) for the value of x on the element
of Q(T) determined by w and w. Then, regarding the
(Weyl group-) product in RO(G,T), we have
(2.10.1) k(ww') = «(w)k“(w")
for all w, o' ¢ QO(G,T).
Suppose that s is a Cayley transform with respect to

the imaginary root o of T. Suppose also that K(av) = 1,

Then a calculation shows that the map Z[RV(G,T)] - Z[RV(G,TS)]
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determined by ad s™1  induces a map k + k> of R(T) to
R(TS), i.e. we may propagate a given «x to certain adjacent
CS8G's. (See [82,8ection 3] for this and some related observations.
Note that there is an error in the statement of part (iii) of
Proposition 3.3: 'w ¢ &iTS) which normalizes T_" should
read "w in the imaginary Weyl group of Ts." The error is
of no consequence.for the rest of the paper.)

Fix « & R(T). Suppose that E is a group (connected,
reductive, defined over ®) such that:

(i)Y T 4is contained in H,

¢ii) BRY(E,T) = {¢¥ ¢ RV(G,T): x(a¥) = 1}.
Then a review of the axioms for root systems shows:

(2.10.2) Q(H,T) is naturally embedded in £(G,T) as
the subgroup generated by the reflections W s where
6" £ RV(H,T), and

(2.10.3) on fixing a nondegenerate symmetric bilinear
form on X, {(T) dinvariant under Q(G,T), we may identify
R(H,T) = (R'(H,T))' with a subset (but, in general, not a
subsystem) of R(G,T) = (RY(G,T))".
Note that in both (2.10.2) and (2.10.3) the Galois action is
respected.

If we 2(G,T) 1lies in the embedded Q(H,T) then
we say that w is "from H." Similarly, a root of p{(G,T)
is "from H" if it is in the embedded R(E,T) (some suitable

bilinear form will be assumed fixed). These notiocns are compatible



in the sense that a reflection from H is with respect to a
root from H; also, imaginary roots come only from imaginary
roots of H and elements of QO(G,T) only from QO(H,T).

Suppose that w € QO(G,T) is from H. Then for i' in

ZIRY(G,T)] we have that ' - w™12¥ 1lies in Z[RY(E,T)] and
so is annihilated by k. We conclude then that:
(2.10.4) % = «.
Note that (2.10.4) does not characterize the elements
from QO(H,T)-

Lemma 2.10.5

k(w) = 1 provided that w is from the imaginary Weyl

group of T in H.

Proof: See [82, Proposition 7.4)}. This is a simple exercise:
if o is a compact root then K(wa) =1, and if © is
noncompact then x(w ) = x(2¥) so that K(wa) =1 if w

is from H. Thus the lemma is true for reflections. Next,
(2.10.4) implies that «k 1is multiplicative on the elements
from QO(H,T) and the proof is completed by an inductive
argument.

For a general element of QO(G,T) from EH Lemma 2.10.5
is false. Such an element « has two signatures, sgnH(w)
defined with respect to the imaginary roots from H and
sgnG(m) defined with respect to all imaginary roots of T
in G.

Lemma 2.10.6

k{w) = sgnG(w) / sgnH(w).



Proof: See [S2,Section 7 and Lemma 8.2]. The proof is quite
long'as we need tc consider generators for RO(G,T). In view
of the proocf of Lemma 2.4.1 there is ap exact sequence:

1 > QM,TY - QO(G,T) -+ WT - 1,
where WT is the relative Weyl group of T, i.e. WT
= Norm(M(R),G(R))/ M(R). The results of [{Kn}] give generators

for W ¥e then form generators for QO(G,T) in the obvious

T
way. The proof of the lemma consists of reduction to and
examination of certain "types" of generators. Details are

given in the reference.

2.11 k-orbital integrals

let £ be a Schwartz function on G(R), T(HR) be 2 C8G
and ¢ an element of FRK(T). Then, as in [L5], we set:

Ry, £) = oX(y,f;dt,dg) = | K(W)@TW(YW,f;(dt)w,dg),

¥ ET(BJre where the summation is over representatives w

-
for the elements of éa(T). Then:
(2.11.1) @;(Y,f;udt,ﬁdg) = B/aﬁ’?;("r,f;dt,dg),
(2.11.2) k(W) ¢K:(Tw,f;(dt)w,dg) = éz'f(v,f;dt,dp
for w e (T). T

Ve normalize QF by the factor from (2.7), following the
same conventions for positive imaginary roots in (2.11.5)

o1

¥ be the function so obtained (so that vt oy ).

below. Let V¥
Then:

(2.11.3) X extends to a Schwartz function on
TI’K(R) = {y e T(R): a(v) # 1 for imaginary roots ¢ such

reg
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that k(a’) = 1}.
This follows from the results for ordinary orbital integrals

and the observation that (anti-)symmetry forces ¥~

to be
smooth across the semi-regular elements on walls o = 1
where o is not totally compact and K(av) = -1, (See
[S2,Lemma 4.3]).

We now follow the notation of Lemma 2.7.1. Suppose that

¢ 1is an imaginary root for which k(a') = 1. Then:

(2.11.4) lim (X¥%)(y)) = 0 for all semi-regular
v +0

elements Yo annihilated by o, if o 1is totally compact,
and .

(2.11.5) lim (X'F)(y) - 1lim X' ¥y =
v +0 v +0

2i € (s) ((XS)”?KS)(YS) for all semi-regular
elements Yo annihilated by o, if o« ié not totally compact.
The new term EK(S) is the k-signature of 5 defined in
Section 4 of [82); it assumes the values #+1 ... this is all
that concerns us for the present. For a proof of (2.11.4)
and (2.11.5) see [82,Section 4}. .

In Part 4 we will take up one of the themes of endoscopic groups,
that «-orbital integrals are 'stable orbital integrals on
lower—-dimensional groups.” Note that if H is as in (2.10)
then:

(i) Tié;(m) is Tf_eg(m) relative to H, and
(ii) ¢;(Ym,f) = sgnH(w)l sgnG(w) @é(y,f), Y £ T%]R)reg,
for all w ¢ RO(G,T) which are "from H."
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3. TEMPERED SPECTRUM AND L-GROUPS

3.1 Notation
For L-group data we will follow the notation of [S4] which
is essentially that of [L5]. Thus G remains a connected, re-

ductive group over R; Y: G-+ G* 1is an inner twist from G 1o

L. _ L.O

a guasi-split form G*, and G G ¥ W is the L-group of

G*¥ and of G. We realize the Weil group W 2as {z x 1: 2 ¢ Ex,

T £ Gal(C/R)}, with (z x 7){(z' x ') = z-r(z‘)at_r o X TT',
¥

= 1 unless T = 7' = ¢, and =a = =1,

where
aT,T' ¢, 0

Also included in the "lL-group data" is a Borel subgroup B* over
® in G*; B* contains the maximal torus T* over R; LGO,

LB0 and I"TG are the "dual" complex groups. - The group W

acts on LGO via a homomorphism PG w Bred . Gal(@/R) ——
Aut(LGO,LBO,LTO,{Xav}). The action is completely specified by the
automorphism og = pG(l x ¢) which is the 'algebraic dual" of

the Galois automorphism of G*. Recall that Xav is a root
vector for the simple root o’ of LT0 in LBO.

3.2 L-groups for maximal tori and Levi groups

et T be a maximal torus over B in G*. We will czll

T standard if S is contained in T* (i.e. imn ST*)° Every

T

maximal torus over R in G* is G*(R)-conjugate to a standard



one. Suppose then that T is standard. We may choose m € MT

1

s¢ that m“le = T%*, The automorphism adm ~ ° O © adm of

T* {(and hence of LTO) is independent of the choice for m;
we denote the automorphism by Grp again. For LT we take

LTO ¥ W, with W-action given by pT(l x g) = Crpe Moreover for

LM = L(MT) we may take LMO ¥ W, where LMO contains LTO,

R(LMO,LTO) = {av > R(LGO.LTO): Ome” = -av}, and W acts by

e
restriction of o to LMO, i.e. Sy is the restriction of UG

to LMO.

Suppose now that T 1is a maximal torus over R in G. Fix
2 standard torps T** in G* and =x ¢ G*¥ such that ¥y =
adx_l oy maps T to T** over R (see [L1]). Fix m ¢ MT**

such that m—l(T**)m = T*. We write 1 for the pair (wx,m)

and call it a pseudodiagonalization (p-d.) of T. Via adufl ° wx,

or more informally 'via n", we transport O to an automorphism
LTO

of T* and hence of . Clearly

°CT,m) OCT,m)y T Frex
We have then 2 realization oI the L-group for T, namely

LT = L(T**). Since Y, 1is an inner twist from MT 10 Mryys

L

. . _ L L
we have also the realization of M = (MT) as (MT**)'

L L

¥henever n has been given we will assume T and ¥ chosen

in this way. Note that if T is anisotropic modulo the center

of G, so that LM = LG, then LT is independent of the choice

for n.

Remark: We mazke this defirition of p-d. for use in parts 3 and 4
only, and only for the purpose of fixing L-groups. It will
simplify our discussion of some constructions. Later (see (4.4))
we will allow any map from T to T* of the form ady-l ° 4,
with y in G*, as is appropriate for Langlands' notion of

"diagram" [L3].
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L

3.3 Embedding LT in G

We recall some material from [853, Sectiomn 1.3). Fix a

maximal torus T over R in G and p~-d. n of T. We have

L L L

M naturally embedded in LG. To embed T in G it is then

sufficient to embed LT in LM. ¥e therefore assume that T

is anisotropic modulc the center of G. An admissible embedding

E:LT - LG will be a homomorphism E(t x w) = tE(w), t ¢ LTO,

w e W, where E(w) is of the form Eo(w) X W g LG0 xw, we W,

Since E((IZx x 1) must act (by conjugation) trivially on LTO

we have the restriction of £y to € x 1 is a homomorphism
into LTO LTO

. On the other hand, E£{(1 x ¢) must act om as

1 x (1 x ¢) preserves the positive roots of L0 (i.e.

“(r,n)?

the roots of LTO in angd acts as -1 on

°r,n)
all roots. Thus we conclude that Eo(l x ¢) must be an element
of Norm(LTo,LGo) which takes the positive roots to negative
roots. Finally, (1 x 0)2 = -1 x 1 requires that
Eo(l X 0) UG(ao(l X U)) = Eo(-l X 1)-

L.emma 3.2 of [Li] shows how to comstruct £. (The proof of
this lemma is reproduced in an appendix to [83].) In [L1]

the lemma is the crucial step in constructing parameters for

discrete series representations. Here we construct embeddings
L

of T and the parameters will appear simply as "lifts" from T.
I.et 1 be one-half the sum of the coroots for the roots

of 1% in 8%, Dpefine f; on € x1 by AV(E (z x 1)) =

(z/E)<1’AV>, AYoe X*(LTO). For 50(1 Xx ¢) take any element

L0

in the normalizer of T in the derived group of LG0

which

maps the positive roots to negative roots (such elements do

3.3



exist [L1l], see [83, Appendix]). Then the "Lemma 3.2V

implies that we may reverse the steps above and extend EO to

an admissiblie embedding £ of LT in LG. If &' is another

admissible embedding of LT in LG then E£°'(t x w) =

a(w)E(t x w), t e LTO, w ¢ W, where a(w) is a l-cocycle
of W in LT0 with the action of W determined by U(T,n).

In particular, the image of LT under ﬁ' is the same as that
under £. Alsoit follows that in replacing £ by £' we replace
1 by, roughly speaking, 1 plus the data for a guasi-character
en T(R), i.e. there is an essential "twist" by 1 . when we

L L

embed T in G ... we.could state this more precisely following

[S3, Section 1.3] and the discussion of the next section.

Ly i Lg,

The existence of an admissible embedding of
for arbitrary T, n can also be verified directly from
[L2, Lemma 4].

3.4 Langlands parameters

Recall that an admissible homomorphism ¢:W - LG is of

the form ¢(w) = ¢o(wW) x w, w e W, where ¢0(w) is a semi-

LGO; ¢ 1is equivalent to ¢' 1if ¢' =

LGO

simple element of
adge ¢, for some g in . When it is necessary to
distinguish in. potation.between a homomorphism and its equivalence
class we will use {¢} for the class of ¢. The set O(G*)

is the collection of a2ll equivalence classes of admissible

o:W - LG, and ¢{G) consists of those classes “"relevant to

G." See [B].



Let ¢:W - "G be admissible. If ¢,(¢° x 1) is contained

LTO LTO and acts on LTO as

in and ¢{(1 x ¢} normalizes

Orpgn s for some standard torus T** in G*, then ¢{W) 1is
contained in the image of LT** under the admissible embeddings
of Trex in LMT** € Lg. Fix such an embedding £. Then

clearly ¢ = £ © ¢', for some admissible homomorphism ¢':iW ~ LT**,
i.e. {¢} is contained in the image of the map from &(T**) +to
®(G*) dinduced by £. Since the image of ¢(T#**) is independent
of the choice of & we will say simply that {¢} '"factors
through @(T**)." Suppose now that T is a maximal torus over R
in ¢G. Fix a p-d. n = (wx,m) of T. Let T#*% = wX(T). Then ¢(T) =
$(T**) and from [L1l] (see [B] also) we may check that Image(d(T)) =
Image($(T**)) is independent of the choice for n and:
(3.4.1) o&(G) = U Image (¥(T)) N &(G).
Note that in our terms "relevant to GY, i.e. "¢ ¢(G)", means simply
{4} factors through only those &(T**) for which Tx*x
"originates in G " [81, Section 2], i.e. T** isg of the form wx(T).
We will consider only bounded parameters, i.e. classes
with representatives ¢ such that ¢0(W) is bounded. Let
QO(G*) be the set of all bounded parameters and ¢O(G) =
¢0(G*) M $(C). As long as we allow only embeddings £ of
LT for which EO(W) is bounded we have:
(3.4.2) $,(G) = U, Image (2,(T)) N ¢(G).
The discrete parameters in ¢O(G) are those which factor

through only the ®O(T) for T anisotropic modulo the center



of G. There are other parameters in the image of ¢0(T),

for such T. They are not necessarily relevant to G; we call them
"limits of discrete parameters.” A4 more concrete description

is given as follows. R

Fix a torus T apisotropic modulo the center of G, and

a p-d. n of T. We embed LT in LG via the homomorphism

¢ constructed in (3.3). A class factoring through ¢O(T)

has a representative ¢ such that ¢O(¢x x 1} is contained
in LTO and ¢(1 x ¢) = nx(lxo0), where n ¢ LG0

alizes LT0 and maps the positive roots to negative roots.

norm-

v -_— v
We write ¢ = o(u,0) if AV(Ey(z x 1)) = g My AT PE<OU, AT

3

v

» i
Ae X (LTO), where ¢ abbreviates o , and
_ (T,n?

2mi<h, AV> v
e

»Win) = s, A E X*(LGO). ‘Both 1 and A are elements

of X*(LTO) @C which'ﬁe can identify 'with X*(T) & C via n.
While u 45 uniquely determined by - ¢, there is ambiguity in
% (which we will dignore); see (854, Section 4.3] for details.
Note that ¢(u,>) is eqguivalent to ¢(u',2') 1if and only if

u' is in the orbit of u under Q(*G%,%1%) and A equals A
up to the allowed ambiguity [S4, Lemma 4.3.1]. The class of
#(u,r) forms a discrete parameter if and only if <u,av> # 0
LTO

v

for all roots a of (fL1], see also [B]). In any case

we can choose for a class {¢} a representative o¢(u,r)

LTO ; L 0,

v
in B

such that <u,av> 2 0 for all roots o of
i.e. with u dominant. Then u is uniguely determined by

{93
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Clearly we can write any o¢(u,A) as £ o ¢', where ¢!
has parameters (u - 1,)A) relative to T. By the Langlands
correspondence for tori we have them that (p - 1,x) is datum
for a character on T(R) (see [S3, Section 4.1] for a review
of the correspondence); so also is (uwp~wi,r), w & Q(G,T).
3.5 L-packets

We recall now the Langlands correspondence for tempered
representations of G, i.e. the assignment to an element of
¢O(G) of an L-packet of (equivalence classes 0f) tempered
representations of G(ED.

Suppose that {¢} 1is discrete. Choose a maximal torus
T compact modulo center and a p~d. nn of T. Let ¢ =
¢(u,2), with y dominant, represent {¢}. Transport u, A
to T wvia n. Then for each w £ Q(G,T) the pair (wu,))
is datum for a unique (equivalence class of) discrete series
representation(s); note that wu 1is striectly dominant with
respect to the ordering obtained from (LBO,LTO) by transport
by n and then w. We denote this representation, and its
character, by ®,(m2). The L-packet attached to {¢} is
{ew(u,l) i we G, TY}. It is independent of the choice for
T and n.

In general, we can find a pair (T,n) so that {¢} has
a representative ¢ where ¢(W) is containéd in M  and the
class of ¢ im ¢(M) is discrete. The L-packet attached-

to {¢} is the set of constituents of the unitary principal



