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§1. Introduction

Suppose, for example, that G and H are simply-connected
semisimple algebraic groups defined over IR. Suppose also that H is
obtained from G by an inner twist in the sense that there exists an
isomorphism u : G—> H defined over ©, for which the automorphism
c(u)u_l of H is inner (here ¢ denotes the nontrivial element of the
Galois group of C/IR, acting on 4 in the usual manner). There is then
a formal correspondence between the representations of G(IR) which
appear in the Plancherel formula for G(IR) ([11]) and those of H(IR)
which appear in the Plancherel formula for H(IR). Our purpose is to
show that this correspondence is reflected in certain relations among the
characters associated to these representations; these relations are
analogues of those obtained in [15, §15].

We shall adopt the viewpoint of [18] and consider a slightly
more general problem. Thus we shall suppose that G and H are
connected reductive algebraic groups defined over IR and that
# : G—> H is an isomorphism over € for which o(u)u -1 is inner.

The group G(IR) of IR-rational points on G 1is a real
reductive Lie group. We denote by I{G) the set of all infinitesimal
equivalence classes of irreducible Banach representations of G(IR)
([18]). According to [18] I{G) is almost parametrized by a certain
space ¥HG) in the following sense. Namely, to each element @ of
& G) there is associated a nonempty finite subset II(p(G) of I(G);

if ¢ and @' are distinct elements of ¥ G) then HQD(G) and QD'(G)



are disjoint and moreover I(G) is exhausted by the collection of all
subsets n(p(G).

We denote by G" the canonical form of the associate group
for G. We may then define @(G) as a collection of equivalence classes
of homomorphisms of the Weil group of €©€/IR into G"; the space
HH) is defined in the same way. The isomorphism u: G—> H
determines a canonical isomorphism T G"— HA which then
determines a canonical bijection, also denoted ,uA, between a subspace
of HG) and a subspace of HH). In particular, if H is quasisplit
then uA is a canonical embedding of HG) in &H).

For our purposes it will be convenient to make a noncanonical
definition of HG) and HH) (cf. §2). Thus we shall realize HG)

~ will be a

and ®H) as subspaces of some large space @(Gl); U
bijection on @(Gl) which embeds the (nonempty) subspace

2 (G) = &(G) N uVH®H) of G) in HH). To each element @ of
(I>“(G) there is then associated the subsets I'qu(G) of T{G) and

.

LA ) of IKH).

We shall consider only those elements of & G) which are essentially
tempered in the sense of [18]. We denote by I'IO(G) the inverse image
of the set of all essentially tempered elements in &G) under the natural
projection of T(G) onto HG). If G is semisimple and simply-connected
then I'IO(G) consists of those classes in IG) which appear in the

Plancherel formula for G(IR).



‘To each essentially tempered element ¢ in &G) we associate a
(G), X(G)
@ 't

vanishes outside the set of regular elements (cf. Lemmas 3.1., 4.1.).

1
character ¥ is a locally L~ class function on G(IR) which
By construction

(G) _
X(p - 7ZT:EH()D(G)m(7r)X(7T)

where ¥ (7) is the character of the infinitesimal equivalence class 7
and m(7) is a positive integer. When ¢ is discrete (cf. §2) the
integers m(7) are all equal to 1; we expect this to be true in general
(cf. footnote p. 20),

Suppose now that ¢ is an essentially tempered element which
belongs to C[L(G). We remark that u”(¢) is then also essentially

tempered ( in the space ®H)). Therefore we have defined the

characters x((pG) and XLI;II(P)' Our purpose is now to prove some
relations between X(fDG) and XLI;IICP)' We proceed as follows.

Suppose that T(IR) is a Cartan subgroup of G(IR). We assume
for the present that H is quasisplit. The isomorphism u of G with
H then determines a family of isomorphisms of T(IR) with various

Cartan subgroups of H(IR). Let MT and qu be two such isomorphisms.

Then we shall prove that

@ (|

Xpr@) “HT T Xpn(g) O H

T

(Theorem 7.1.). We are then able to show that



G _ gm0

X Xurg) ° H

T

where ¢(G,H) is a constant, equal to +1 and determin’ed by G and
H alone (Theorem 7 2.). If H is not quasisplit then we obtain the
same relations whenever uT is well-defined (cf. §8); in particular,
the relations are valid and nontrivial on at least one conjugacy class of
Cartan subgroups.

Hence we obtain a set of relations between the characters
associated to the classes in I'IO(G) and those associated to the classes
in I'IO(H). The calculations in [12] indicate that we cannot expect such
relations for classes outside I'IO(G); for example Theorem 7.1, may
fail.

We remark that our results are consequences of Harish-Chandra's
theory of the discrete series ([8], [L0]) and a characterization of the

invariant eigendistributions on a semisimple Lie group ([14], [21]).

§2. The spaces HG) and <I>O(G)

We start with an outline of some constructions in [18]. As
before, G 1is a connected reductive algebraic group defined over IR.
We choose a quasisplit group G1 over IR and an isomorphism
A G—> G1 defined over € such that 0()\))\-1 is inner (cf. [21]).
Here again 0 is the nontrivial element in the Galois group H(C/R)
of C/IR.
is a

We denote by W the Weil group of C€/IR; W

C/IR C/IR

nonsplit extension of c” by )b(CCJ/IR). We choose an associate group



GI\ for iGl; GI\ is a split extension of a connected complex algebraic

A

group Glo, ((17]), by W We choose an equivalence class m of

C/R’

distinguished splittings ([18, Section 2]) for this extension. The pairs

(G/l\, n) and , id), 1id being the identity homomorphism on

Ve/m
WCCJ/IR’ are then objects in the category ,ETA(IR) of [18, p. 11].

Following (18], we define

HG,) = Hom _A

1 'y (IR)((

We g i, (Ghm) .

An element of tI’(Gl) is then an equivalence class of L-homomorphisms

([18, p. 5]) for W into G’I; two such homomorphisms ¢ and ¢'

C/R

belong to the same equivalence class if and only if @' = adge ¢ for

)

some g € Gl

A~
A subgroup P" of G is called parabolic if P' /) Gf is a
parabolic subgroup of Gf and the natural homomorphism P"—> W(C/IR

is surjective; we denote by @A(Gl) the set of equivalence classes of
parabolic subgroups of G/l\ with respect to conjugacy under G?. Let
€(Gl) denote the set of equivalence classes of parabolic subgroups of

G1 which are defined over IR, with respect to conjugacy under

Gl(IR) (or Gl((CJ), [1, 4.15.]). Then there is a natural bijection between
@A(Gl) and ©(G)) ([18, p. 9]). On the other hand, if p(G) is the set

of equivalence classes of parabolic subgroups of G which are defined
over IR (with respect to conjugacy under G(IR)) then the map

AN: G—> G1 determines an embedding of (P(G) in (P(Gl)’ ([18, p. 9]).

Thus, having fixed N\, we may identify GJ(G) with a subset of 6)'\((}1);

we denote this subset by @A(G).



To each Qe <I>(G1) we associate a subset 6)((,0) of GJ(Gl) in
the following way. If P" isa parabolic subgroup of Gi\ then the
conjugacy class of =8 belongs to do((,D) if and only if P” contains the
image of some L.-homomorphism in the class ¢. Keeping in mind the

various choices and identifications we have made, we define

AG) = {9 ®G) : pAIC p"(G)}.

The set @A(Gl) may be partially ordered in the usual manner. If
@l € p"(G) and @2 > (Pl then it can be shown that (PZ € @A(G), [18, Lemma

2.2.]; in particular, GJA(G) contains {Gll\} . We define

A
2.(G) = {9 e HG)p() = (G}

and call a class ¢ in G) discrete if and only if it belongs to <I>d(G).
The construction in [18, Section 3] shows that <I>d(G) is nonempty
if and only if G contains a maximal torus T defined over IR, for

which Tde = TN Gde

is anisotropic over IR; here Gd denotes
r er

r
the derived group of G. Moreover for each such torus T there is a
natural bijection between <I>d(G) and the set of orbits in the group of
quasicharacters on T(IR) under the action of the Weyl group
NG((C)(T((C))/T((C), as described in §3. We denote the image of @
under this bijection by X(P(G, T). We remark that T is determined up
to conjugacy under G(IR) (since T Gder(IR) is a compact Cartan

-1
subgroup of Gder(IR)) and if T' = g Tg where g e G(IR) then

X NG, T') = {Acadg: Ac X(P(G,T)}; ([18, p. 52]).



Suppose now that ¢ is any class in HG). Let § e @A(G) be a
.. . A (P A
minimal element in 4)(90); we choose a group P e ¥, Let N be the
2\
unipotent radical of P N Glo and M” = PA/ N We choose a parabolic

subgroup P. of Gl defined over IR, such that the class of P, in

1 1

dD(Gl) corresponds to 6) under our identifications. ¥Finally, we choose

a Levi subgroup Ml of Pl’ defined over IR. Then Ml is quasisplit

over IR and M” is an associate group for M, ([18, Lemma 2.4.))

and moreover the chosen equivalence class m of distinguished splittings
for G? determines a unique equivalence class M of distinguished
splittings for M". The pair (MA,nM) then defines a space @(Ml).

is a maximal torus in M_, defined over IR

Suppose that Tl 1

and such that Tl N (Ml)der is anisotropic over IR; the existence of Tl

is ensured by the definition of Pl. We choose (cf. Lemma 8.1.) an

element %) of Gl((C) and a maximal torus T in G defined over IR,

such that ad X, o A: T —> Tl and the restriction of ad x, ° N is

defined over IR. We set )\T = ad x o N, P = )\,;I(Pl) and M = A\

Then the parabolic subgroup P of G is defined over IR and M is a
Levi subgroup of P also defined over IR. We note that )\T t M—>M

-1
is such that 0()\T))\T is an inner automorphism of Ml’ for

o € ,21(((2/ IR). The pair (@(Ml), )\T) then defines a space H M), as
before. By definition, the class of the subgroup P in (P(G) corresponds
to the chosen element @ of @A(G) under our embedding of GD(G) in

(PA(GI)' It then follows that ¢ may be regarded as an element of @d(M).

CH G G
We will usually write P, M, T orP , M T for P, M, T
Y R @ ¢

respectively.



Therefore there is associated to ¢ an orbit X(P(M, T) in the
group of quasicharacters on T(IR) under the action of the appropriate

complex Weyl group. Let AI’AZ. € Xq)(M, T). Then A1 = AZ. on the

center ZM(IR) of M(IR). We may thus denote by Aq) the restriction

to Z, (IR) of any element in X (M, T); we define |A b

|Aq)|(z): |Aq)(z)|, ze Z (IR).

M
The results of [18, pp. 78-8l] show that ¢ determines T up to conjugacy
under an element x of G(C) for which the restriction of adx to T

is defined over IR. Furthermore, if T' = xTx-1 and M' = xMx-1
where x is such an element then the corresponding quasicharacter

A‘q) Qn ZM,(IR) is Aq) o ad x_l. Thus we may define a space tI>O(G) aks
follows.

Let X(P) be the group of rational characters on P and D(P)
be the group of elements in X(P) @ IR which are invariant under the
action of ,g((CJ/IR); we define D(G) similarly and embed D(G) in
D(P) in the usual way. The quasicharacter lA | on ZM(IR) then

%
extends uniquely to an element of D(P) which we also denote by lAqDI .
We call the class ¢ essentially tempered if and only if |Aq)| ¢ D(G).
The space tI>O(G) then consists of all essentially tempered classes in
®(G). In particular, <I>O(G) contains d?d(G)" We remark that if G is
semisimple then @ e tI>O(G) if and only if Aq) is a character on ZM(IR).

We recall now that H is also a connected reductive group defined

over IR and that 4 : G —> H is an isomorphism over € such that



o(uiu is inner for o e ,gf((C/IR).

We fix an isomorphism A : H—> G1 over @ such that
-1
ag(N N is inner for o € J((C/IR) (for example, we may set \' = X°u 7).,
Then replacing (G,\N) by (H,\N') we define the corresponding subspaces

(G) = & (H).

d(H), ® (H) and <I>O(H) of d?(Gl). We remark that <I>d 4

d

The automorphism N o y o )\_l of G1 determines canonically
an automorphism of G? ([17]) which we denote by u” since both \'
and N are fixed. We also denote by u” the corresponding bijection

on the space ¢(Gl). We then define

3 (G) = HG)N ut

A (HH))

Suppose now that @ ¢ <I>“(G). Then we have defined subgroups

G .G G H
P )
"X M(,D and T(,D of G and subgroups PNA(‘P) (@) ()

of H. Following through the construction of these groups, we see that

H H
M and T

u u
there exists an element x of H(C) such that

adxou : TG——> TH

® T
and the restriction of ad x o u to TS is defined over IR. This implies
in particular that <I>d(G) = <I>d(H) is invariant under u".

We write H‘P for adx o u. Then

G H
P —>P
Yo© T u™ (@)
G H
T M —>M
Yo" Yo urN @)
-1
and o(u ) is an inner automorphism of M . Moreover
( oo P M P)



10.

) -1 G G
= AO :A M
X @ Mrgy Tunig) = 182 1t Ae XML T )

In particular, @« <I>O(G) if and only if u"(Q) € <I>O(H).
Finally, in §8 we will see that ¢M(G) contains a nonempty family

of essentially tempered classes.

(G)
%

We now describe the representations which appear in II (G) when

G)

@ 1is discrete. We then define a character X((pG) and compute X<(P in

§3. The characters ¥ , @ discrete

terms of some known distributions.

Thus let ZG be the center of G and Gder be the derived group
of G. We denote by GZer(]R) the connected component of the identity
in Gder(IR)'

We fix a maximal compact subgroup K in G(IR).

Suppose that 7 is a quasisimple irreducible representation of
G(IR) on a Banach space V. Following [18], we say that 7 is square-
integrable modulo ZG(IR) if 7 is of the form { ® 7' where { is a
quasicharacter on ZG(IR) and 7' is a (quasisimple irreducible) repre-

sentation of G(IR) on a Banach space V', which satisfies

[ 1£(a(g)v') | % dg < «
ZG(]R)\G(]R)
for each K-finite vector v' e V' and K-finite linear form f on V.
The restriction to GZer(IR) of a quasisimple irreducible representation

of G(IR) is infinitesimally equivalent to a finite direct sum of quasi-



11.

simple irreducible representations of GZer(lR)’ [18, Lemma 3.5.];

if 7 is square-integrable modulo ZG(]R) then each of these represen-
tations is infinitesimally equivalent to an irreducible unitary representa-
tion of Gzer (IR) which is square-integrable in the usual sense. It
follows then that if G(IR) has a quasisimple irreducible representation
which is square-integrable modulo ZG(IR) then Gzer (IR) has a compact
Cartan subgroup, [l0, Theorem 13]. The following argument (together

with [10, Theorem 13]) will show that the converse is also true.

(o)

S that T
uppose now tha de

(IR) is a compact Cartan subgroup of
r

(o)

der

G° (IR). Then T(R)= Z (R)T
T G

de (IR) is a Cartan subgroup of

G(IR), ([18]). We note that a Cartan subgroup of‘ G(IR) is the group

of IR -rational points on some maximal torus in G, defined over R

(cf. Lemma 5.1.); this explains our notation and also what we will mean
by T(C).

We obtain the representations of G(IR) which are square-integrable
modulo ZG(IR) in the following manner.

Let G~ be the simply-connected covering group of Gder
and p be the natural projection of G~ onto Gder' Since G (R) is
connected ([2,4.7.]) and has the same dimension as Gder (IR), the

o

image of G (IR) under p is Gder (IR). The kernel D of the restriction

of p to GN(IR) is finite and central; we identify GZer (IR) with

GY(R)/D and T'® (R) with T (R)/D, where T (R) = p J(T'® (®))
der der
is a compact Cartan subgroup of G (IR). We denote by tder (IR) the

(o)

Li 1 £
ie algebra o Tder

(R) (or T (IR)) and by gder(lR) the Lie algebra



12,

of Gdef(IR) (or G (IR)); as usual, tder((C) = tder (R) ® € and

gder(«:) " Bder (R)® C.
Suppose now that A is a quasicharacter on T(IR). Then the restriction

(o)

restriction of A to Td , (IR) determines a unique element M\ in the
e

*
dual tder((C) of tder((C) such that

NMH)

N (expH) = e Het (€) .

der
- f .

We choose a system P of positive roots for tder((C) in gder((CJ) such
that N\ lies in the closure of the dominant Weyl chamber for P. If

. h he el A+ 6 of * C) i 1 i 1
6 = > o,eEPO' then the element + o tder( ) is regular in the usua
sense. Since G (C) is simply-connected X\ + & determines a (regular)
character A~ on T (IR) which satisfies

e()\+6)(H)’

KX~ (expH) = Het (IR) .

der

Harish Chandra's theory of the discrete series ([8], [10]) then associates

to X7 a square-integrable irreducible unitary representation 7r~(A, 6)

of GT(IR) or, more precisely, an equivalence class of such representations
of whichwe choose one. The character formula, ([8]), for 7 (A6) on

T™(IR) shows that the restriction of 7 (A,8§) to D is trivial. Therefore

7(NA,6) determines a (square-integrable irreducible unitary) representa-

(¢]

tion of Gder (IR) which we denote by 7r1(A,6 ).
Let QC) = NG((C)(T((C))/ T(C), QR) = NG(]R)(T(IR))/ T(IR) and
- (o) (o) : . .

QO(IR) = N o (Tder (IR))/ Tder (IR). We identify QO(IR) with the

Tder(Is)



13.

(T(IR))/ T(IR) of QIR) (cf. p. 11 ) and
(IR)

(normal) subgroup N o

der

Q(IR) with a subgroup of (). We also identify Q(C) with the Weyl
- . . . * . . ~
group of tder((C) in gder((C) There is a unique bijection w—> w

of C) with Q™ (C) = NG~(©)(T~((C))/T~((C) which satisfies
. [RECSE |

pw (t) = wp(t), te T(C), we QUC);

under this bijection QO(IR) corresponds to QNR) = NG~(IR)(T~(IR))/T~(IR).

Let T(IR)A be the group of quasicharacters on T(IR). Then
since the elements of £(C) normalize T(IR) (cf. Lemma 5.2.) there

is a (unique) action of Q(C) on T(IR)A which satisfies

wh(wt) = At), we HAC), Ae T(R), te T(R) .

Harish Chandra's theorems ([8], [10]) show that if A, A e T(IR)A then

71(1\,6) is (infinitesimally) equivalent to 7 (A',§') if and only if there

1
exists w € QO(IR) such that A' = wA and §' = wd; furthermore every

O

square-integrable irreducible unitary representation of Gde

(IR) is
T
equivalent to some representation 7(A,8), Finally, if we QO(IR)\Q(IR)
and x € G(IR) is a representative for w then (7rl(A,6))x is equivalent

to 7rl(mA,w6), where we define

o

der (R) .

(m (8, 8)(G) = m,(A, 8)(x"'gx), g€ G

If now A(O) is the restriction of A to ZG(IR) then

o

A(O) ® 7T1(A,6) is a representation of GO(IR) = ZG(IR) Gde

(IR); the
r

representation



4.

(A 6) = Ind(al® @ m(A8); G_(R), G(R))

o

of G(IR) is square-integrable modulo Z_(IR). We note that natural

G
correspondence between QO(IR)\Q(IR) and G(IR)/GO(IR) is actually

o

der (IR) is compact. It then follows from our

a bijection since T
remarks above and a well-known result ([23, I, p. 424]) that 7(4, §)

is irreducible, If #(A',6') is another such representation then #(A',5')

is (infinitesimally) equivalent to #{A,6§) if and only if there exists

w € 2(IR) such that A' = wA and §' = wd, and furthermore, every
quasisimple irreducible representation of G(IR) which is square-integrable

modulo Z _(IR), is infinitesimally equivalent to some representation

G
m(A, 6) (cf. [18]).

The classes in II(G) which contain a representation square-

integrable modulo Z (IR) are ''parametrized" by & (G); that is, they

G d

are those classes which appear in the sets H‘P(G) when @ belongs to

® (G). The exact correspondence is as follows. If @ e & (G) then we

d d

)/\

have associated to ¢ an orbit X(,O in T(IR under the action of (C);

I (G) is then the set of those classes in I{G) which contain a represen-

%
tation w(A6), Ae X(,D' Suppose now that P 1is a fixed system of positive

Zp a and choose
Q€

%
der

1
f i . i = =
roots for tder((C) in gder((C) We define & >

A e X(,D such that the corresponding element of t

%
to the closure of the dominant Weyl chamber for P. Then I'I(p(G)

(C) (p.12) belongs

consists of the infinitesimal equivalence classes of the representations

ﬂ(wA(p,w6), w € Q(IR)\Q(@); we recall that two such representations are



15,

not (infinitesimally) equivalent.

The usual notion of character ([3]) carries over to representations
of G(IR). Thus, let 7 be a strongly continuous representation of G(IR)
on a Hilbert space. Suppose that for each { e COCO(G(IR)) the operator
7(f) = [ f(g)7(g)dg is of trace class and that the mapping

G(IR)
f —> trace 7(f ) is a distribution on G(IR). Then x(7) is

x (7)
called the character of 7. If 7 is a quasisimple irreducible represen-
tation of G(IR) with character x(7) and 7', also quasisimple and
irreducible, is infinitesimally equivalent to 7 then 7' also has
character x(7); we may thus define ¥ (7) to be the character of the
infinitesimal equivalence class of 7.

We now determine the characters of the representations
T(wh , wd), w e QRN\AC). To begin, the representation 7 (wA , w§)

4 @

of G (IR) certainly has a well-defined character which we write as

q
(-1) ‘G detw™ ®

~ L~

w A(,f)

where  and A; are as defined on p. 12 and ZqG is the dimension
of the space G (IR)/K~, K~ being a maximal compact subgroup in
G(IR). This definition presumes the choice of a system of positive
roots for t (€) in g (C); we use the systern P. The distribution
der der

® is that associated to the regular character w A in (8]

w"’AE ¢
(we may suppose that P is the system chosen in [8]). We identify

1 ~
® , in the usual way, as a locally L~ function on G (IR) which

wNA?p



16.

vanishes outside the set G~(IR)reg of regular elements in G (R), ([7]).

We recall that ® is analytic on G (IR) and that
A reg

@

® (dg) = ® (g), deD, ge G (R).
w A(,O A(P
It then follows that the representation wl(mA(p,wé) of GO(IR) has a
well-defined character given by the (locally Ll) function

( 1)01G detw @ h
- etw where
(whg

and p 1is, as before, the projection of GN(IR) onto GZer(IR)' We

extend @ to a function on GO(IR) by defining

WA
( (p)
@ (zg) = A (z) @ (g)
wA w\
( (p) [ ( (,0)
o 9G
for z € ZG(IR), g € Gder(IR); (-1) ~detw ®( .(p) is then the character
of the representation A(O) ® wl(w./%o, wd).

From a well-known result (eg. [19]) it now follows that

mT(wA _,wd) has a well-defined character given by the function

%

X(W(wA(p,wé))
Z X(A((po) ® (7 (wh ), w8))) on G_(R)
x€G(IR)/G (IR)
— ©
0 outside GO(IR),

But, by our earlier remarks,
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@
xe G(IR)/ GO(IR)
= Z X(Aéo ® 7. (swA , swd))
ser(IR)\Q(IR)
q
G
= (-1) Z (det sw) ®(swA¢) .
ser(IR)\Q(TR)

Thus, if we define

TE H¢(G)

then we conclude that

Lemma 3.1.

If Qe <I>d(G) then

q
(-1) GZ detw ®(wA¢) on GO(IR)
wEQO(IR)\Q((C)

0 outside GO(IR).

(G)
@

regular elements in G(IR). We also observe that on Gzer(IR)

We note, for future reference, that ¥ is analytic on the set of



18.

~ -].
E detw®(mAq0)— E detw ® _ ~°p

:

we (RAR(C) w2 (RN\Q~(C)

§4. The characters X(G)

in general.

We next describe I'I(P(Cr), and define X(G), for an arbitrary class

@ in @O(G). We first note some properties of induced representations.

Thus, suppose that P is a parabolic subgroup of G defined

over IR and that M is a Levi subgroup of P, also defined over IR.

We recall that if N is the unipotent radical of P then P(IR) = M(IR) N(IR).

I.et # be a quasisimple irreducible representation of M(IR) on

a Hilbert space ‘)fo’ or a finite direct sum of such representations.

Then 7 extends trivially to a representation 7= of P(IR). Let n(IR)

be the Lie algebra of N(IR) and define

55(p) = |det (Adp/n(R))| , pe P(R) .

Finally, let

G

7 = Ind(6 P

™ ; P(R), G(R)) .

b N

. G - ‘- .
Then the representation 7~ has a finite composition series (cf. [18,

pp. 64-65]) and the infinitesimal equivalence class of each irreducible

subquotient of 7TCr belongs to IKG).

Let M be the set of all functions f : G(IR) —> "L/o which are

Borel-measurable and which satisfy
1

f(pg) = 6,(p) T, (P)E(E), P € PR), g ¢ G(R)
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and

f||f(k)||2 dk < oo
K

where K 1is some fixed maximal compact subgroup of G(IR). Then
since G(IR) = K P(IR) each function in M is determined by its
restriction to K ; we thus regard Jj as a closed subspace of LZ(K).
. G . .

We recall that we may realize 7 as the right regular representation
of G(R) on }f.

Suppose that 6 is an equivalence class of irreducible unitary
representations of K. Then it follows from a well-known result ([23,

. < G
I, p. 250]) that &6 occurs in the restrictionto K of 7 (and each of
its irreducible subquotients) with multiplicity not greé.ter than the degree
of 6. A standard argument (cf. [3]) now shows that 7rG and its
irreducible subquotients each have a well-defined character. Furthermore
G . .

the character of 7 1is equal to the sum of the characters of its
irreducible subquotients.

Suppose now that @ € @O(G). In §2 we have associated to @ a
parabolic subgroup P(P defined over IR and a Levi subgroup M(P of
P , also defined over IR. By construction (M )O (IR) has a compact

@ @ der
Cartan subgroup and ¢ may be identified with an element of @d(M );
we thus have associated a subset H(P(M(P) of I'I(M(p). By definition
(|18, p. 82]) M (G) consists of the infinitesimal equivalence classes of
%

the irreducible subquotients of the representations 7rG, where 7 is a

representation of M(IR) whose infinitesimal equivalence class belongs

Il .
to (P(M(P)
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Suppose that 7 T form a maximal set of representations

EEERY
of M(IR) whose infinitesimal equivalence classes are distinct and appear

p B P
¢ Yo...0r %,

in I (M ). We define =« =7 .. Then
[ 90) @ 1 n
G _ Ina(r-9%. P (R), G(R)) i ivalent to @, Ind( o b (R), G(IR))
7 = Ind(m : , is equivalent to CInd(w, 7 ,
@ ¢ T 4 i i e
and so HqD(G) is the set of infinitesimal equivalence classes of the
. . . G
irreducible constituents of 7rqo.
Moreover if we set
(G) E
= m(m)x{m
X (m)x(m)
rell (G
qo( )
where m(7) is the multiplicity of 7 in ﬁg (*), then Xq(DG) is well-
defined and is just the character of W(P. We now compute X(ﬂ'((p}) in

terms of X (7 _ ') using a well-known method ([13], [19]).

@

Thus we choose Haar measures dm, dn on MQD(]R) and NqD(]R)

(%)

respectively and normalize left Haar measure on qu(]R) so that

[£(p) dp = [ f(mn) dmdn, fe C (B (R)) .

P ,(R) M (R) X N,,(R)

(% %)

We then normalize Haar measure on G(IR) so that

[f(g) dg = [f(mnk) dmdndk, f e C (G(R)) .

G(IR) MqD(]R) X NQD(]R) X K

*
We are unable to improve on this definition at present. We would

expect that each m(7) = 1; this is so if MG - G (so that ¢ is discrete)
or if G 1is semisimple and simply-connected and P is minimal among

the parabolic subgroups defined over IR ([16]).
* %
These formulas are proved in the usual way (cf. [23]); we omit the details.
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We realize 7 on a space H as before. Then, for f e C:ZO(G(IR)),

F ¢ #, and koe K, we have

G G
mg () = [ilghny (@)Bx ) dg
) G(IR)

= ff(k;lmnk)F(mnk) dmdndk

qu(m) XNqAIR)XK

1

- fff(k;lmnk)éi)(m)ﬂf;(m) dmdn F(k)dk

K M X N (R
qD(IR) qu( )

P
But the restriction of 7qu to MqD(IR) is the representation ™ ®&... &7

n
which has character yx so that the operator

1

A, 1) = Il f(k;lmnk)égw(m)ﬂg(m) dmdn

qu(]R) X NqD(IR)

. . P
acting on the representation space of 7 , is of trace class and

trace A, (k , k)
f o)

P

(M)

(m)xqp qD(m)dmdn

o) N =

= [tk 'mnk) 6
O

XN (R) ¢
M(R) X N,(IR)

(M )

We recall that XqD is an analytic function on the set of regular

elements in MqD(IR)' Therefore the map

—>
(ko, k) trace Af (ko, k)

» P



of KXK into € is Coo; for h e LZ(K) we set
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B, Sb)k,) = [ trace Alk_, K)h(k) dk, k_¢ K.

K

Then it follows, ([ 23, I, p. 470]), that the operator B is of trace

f,p
class and
trace Bf,go = ftrace Af,go(k’ k) dk
K
1
-1 2 (M)
= f f(k mnk)6P (m)xgo (m) dmdndk

'
M¢(m) X Nq)(m) X K

Choosing a suitable basis for )’/ we see that

trace B = trace 7Tu(f) ;

f,¢ @

this computation is indicated in [13]. We conclude that

1
5 (M )
trace 7TG(f) = ff(kglmnk)é2 (m)x ¢ (m) dmdndk
¢ PQD ¢
M¢(R) X N¢(R) X K
1
d-1 2 (Mgo)
= ff(k n mnk)6_ (m)u_ (m)y (m) dmdndk
Po T Y
MQD(]R) X NQD(]R) XK
where
pp (m) = |det(Ad(rn-1)-1) m € M¢(R),

|,
¢ n(R)

(using the argument of [9, p. 93]).
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Let T(IR) be a Cartan subgroup of MqO(IR)' We choose a Haar
measure on T(IR) and normalize the right-invariant measure on

T(IR)\qu(IR) so that

[ f(m)dm = / [ f(tm) dtdm, f e C (M R)).
M(AIR) T(R)\qu(lR) T(IR)
Suppose that {'Il (R}, ... Tn(IR)} is a maximal set of Cartan subgroups

of MqO(IR) which are not conjugate under MqO(IR)' Then we have (cf. [10,

Lemma 91]) that trace wg(f)

M M
c? [ F T, 1), (1) amat

1
T(R) T i(IR)\Mqo(IR )

I
TR =

i=1

where

1
R (M ) >
F @t = [k 'm tmnk) dndk Xp © (O (165, (1) ,
N,(R) X K ¢ ¢

o

is the order of the Weyl group of Ti(IR) in MqO(]R) and

M
v (P(t) = ldet(Adt_l-l) te Ti(IR) ,

|,
m(P(IR)/ti(IR)

m(p(IR), ti(IR) being the Lie algebras of MqO(IR) and Ti(IR) respectively.
On the other hand, Ti(]R) is also a Cartan subgroup of G(R)

(cf. Lemma 5.1.). We normalize right-invariant measure on Ti(IR)\G(IR)

so that

[igag= [ [i(tg)dtag, fe C_(G(R))
G(IR) Ti(IR)\G(IR) Ti(IR)
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But

[f(g)dg = [f(mnk) dmdndk, f C _(G(R))

G(RR) K X N (R) X M_(RR)
- [ [ f(tmnk) dtdmdndk.
K X NJ(R) T (R\M(R) T (R)

It follows then that

ff(g'ltg) dg = [ [ £k Y0 tm Hemnk) dmmdndk
Ti(IR)\G(IR) K X N¢(IR) Ti(IR)\Mqo(IR)

for each regular element t of Ti(IR). We may change the order of
integration on the right hand side of this equation and so, for

fe C7 (G(R)),

trace W((;(f) =

n M 2 M) M
zc? [ [ugTeamey wsg x, © oy, Yo a
i=1 T(R) T (RNG(R) ¢ ¢

For a Cartan subgroup T(IR) of G(IR) we define

v(T:'(t) = Idet(Ad(t—l)—l) te T(R) .

g(IR)/t(IR)l’

Then v(;(t) £ 0 if and only if t is regular; we denote the set of regular

elements in T(IR) by T(IR)reg. Suppose also that T{IR) is contained

in M(IR). Then we define
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2
| det(Adt)n(p(IR) |
-1
| det(Ad(t )-1)n¢(IR)—|

Thus

where n(p(IR) has its usual meaning (eg. [23, 1.2.4.]).

G
f) =
trace ﬂ(p( )

(M) (M)
¢ ¢ 4,
(I, © (Dvy (0 dt

1

n
2¢? [ [uglwe e
ST m) TRNGR)

-1
f f(g tg)dg 1is invariant under the action on t by the Weyl
T (RNG(IR)

But

group Q_lG(]R) of Ti(]R) in G(IR}). Thus we have

trace ﬂg(,f) =

- ] (M) (M)
Z - f f f(g ltg)dE Z 4 gD(mt)xgo g"(wt)vg(t)dt

i=1 G
=1 ciG T(R) T (RN\G(R) e (R) :
where ciG: |2 (R)| .
-1
Suppose now that x € G(IR) is such that xTi(IR)x = TJ,(IR).
Then there is a unique bijection w—> w' between QiG(IR) and Qj (IR)

-1 -1
satisfying w'(xtx ) = x(wt)x ~, te Ti(IR). A computation shows that
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» M) (M)
[ [ig e Z ¢ ¢ (W', Y o) ij(t) dt
T(R) T (RNGR) w'm?(m)
) (M) (M) )
- f faemda )t et xg ¢ txtotx v

T (IR) Ti(IR)\G(IR) weQiG(IR)

For each Cartan subgroup T(IR) of G(IR) we define

QE/M(p(IR) = {x ¢ G(R): xT(IR)x_lg_ M(P(IR)}/M (R) .

@
If QG/ M¢(R)

T is nonempty we set

M) (M)
G
xfp Zr(t) > ¢ Py, Tt te TR)

@ reg
QG/M‘QIR
we T )
If QG/M‘P(IR) i t defi (G) - T (IR) W te that
s empty we ine X‘P: T on reg’ e no a
if T(R)§M¢(R)G(IR) then T(IR)regﬂ M(P(IR)G(IR) is empty so that

ch T 0. Finally, if g is a regular element in G(IR) we define

49 - (O

g X T(g)
) <P,g

where Tg(IR) is the (unique) Cartan subgroup of G(IR) containing g;
(G)

if g is singular we define ¥ ~'(g) = O.

Returning to our formula for trace ﬁg(f) we conclude (cf. [10,

Lemma 91]) that

~

trace 7r(1 (f) = ff(g)\I’(G)

(g)dg
Gir) ¢



27.

We thus identify x((PG), the character of 7TG, with (@), (G)

@ o Xo

1
then a locally L class function on G(IR) vanishing outside the set of

regular elements. Furthermore

Lemma 4.1.

If Qe @O(G) then

M) (M)
xéDG)(g) >t ey P ey

M %
we QG/ (p(]R)
Tg ‘

for each regular element g of G(IR).

§5. Some Cartan Subgroups.

We now introduce a family ]H(G) of Cartan subgroups of G(IR).
First, we recall that a Cartan subgroup of G(IR) is the centralizer in
G(IR) of a Cartan subalgebra of the Lie algebra g(IR) of G(IR). The

following result is well-known.

Lemma 5.1.

The group of IR-rational points on a maximal torus in G

defined over IR, 1is a Cartan subgroup of G(IR). Moreover all Cartan

subgroups of G(IR) are of this form.

Proof: Let h(IR) be a Cartan subalgebra of g(IR). Then by [4, Lemma
4] the centralizer of h(IR) in G(C) is both connected and abelian. The

proof now follows.
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We recall that p : G—> H is an isomorphism defined over C
a1 | ;o |
such that o(u)u  is inner for o ¢ J(©/IR). We define the family
kbe'a{rhaximal torus in G, defined over

j#(G) as follows, ~L§§' _TG

IR. Then TG(IR')‘ belongs to ju((j) if and only if there exists ‘an

elgment x of H(T) such that the restriction of adxo u to T, is

defined,ov,er | IR{ We remark that: TH = xu,(TG)x-l‘ is then defined

over IR and moreover the restriction of adx o u to TG(IR) is an

isomorphism of TG(]R) -with the Cartan subgroup TH(IR) of H(R).
Lemma 2.1. of [18] shows that if H is quasisplit then J#‘(G)

contains all Cartan subgrégps of G(IR), In ge‘neral, jﬂ(G) is non-

~ empty; we indicate its structure in an appendix (§8).

Suppose nqw that TG(IR’)‘e, ,j#‘(G).‘ Suppose that X, X, € “'H((E)

are

and that both ad x, » 1 and ad x, o i, when restrictedto T

1 G’

defined over IR. Then the restriction of

adlx, x) = (adx,0 padx o p)
to ,xlp(TG)xl-l/ ’is also defined over | IR. This sugge sts the following
definition. |

Let T bea maximal‘ torus in G’ dey:fined over IR. Then‘ we
define OUT)} to be the set of all elements x of G(€) for which the

restriction of ad x to T is defined over IR, We will need to know

the structure of . OH{T). Thus;

Liemma 5. 2.

Let S be the maximal lR—Split torus in T. Let M be the
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centralizer of S in G and NM(C}(‘T(G)) the normalizer of T{(C)

in M(C). Then

- OUT) = G(IR)‘NM(C)(T(C”"
Mz Suppose that x € @YT). Then it follows that G(xc(t)x-l) = xtx-l,
t ¢ T(C), where o, the nontrivial element of )J(GI/IR), acts on
G(C) in the usual manner. Therefore x-lc(x) centralizes T(C) and
so belongs to T(C). Let P’ be apérabolic subgroup of G, defined
over IR and containing S as a maximal IR-split torus in its radical
(cf. [1, 4.15.]). Then

oxPx ™Y = x(x o) Polx) x T = xPx™

gince T is contained in P ‘so that xPx-l is défined over IR. From

f[1, 4.15.] it follows that P and xPx-l are conjugate under G(IR). Thus
let y € G(IR)x‘be such thé.t y ,normélizes P and so lies in P. We
recall that M,  the centralizer of S in G, is a Levi subgroup of P
defined over IR, [1,4.16}. But G(‘yMy-l) = yMy_l since T is contained
in M. Therefore the Lievi subgroup ery-l is also defined over IR

and so is conjugate to M uhder the group N(IR) of IR-rational points
on the unipotent radical N of P (cf. [I, 0.8.]). We may then choose

zZ € N(;IR)yC_’_“ G(R)x (1P such that z noinﬁaliz.e,s M; =z must’lie in
M énd adz: T—> sz-l is defined over IR. ‘In particular, sz-l

is defined over 1IR. ,I’.}et' M. be the derived group of M and ZM be

1

the connected component of the identity in the center of M. Then
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M = ZM ,Ml, T

BRI B -l
[ ZM‘ (TNM)) and 2Tz = Z z(TOM)z 5 TNM,

and z(T ﬂl\/ll)z'l are maximal tori in M1 defined over IR. Moreover

both TﬂM1 and z(~T{'}Ml)z_l are anisotropic over IR. This implies
that T and ‘sz_l'are’COnjugate under Ml‘(]R) so that

)(T(@)). We conclude that

z € M(R) N oo

o(T) L G(IR) Ny TED -

Let Tl =TnN Ml' Then to complete the proof it is sufficient

to show that if x € N (Tl('(CJ)) then the restriction of ad x to 'I‘l

M (C)

is defined over IR. This is a consequence of the following:

ProEosition 5.3,

Suppose that T is a torus defined over IR. Suppose moreover

that T is anisotropic over IR. Then every (rational) automorphism

of T is defined over IR.

Proof: Suppose that ¢ is a rational automorphism of T. Then there
is a unique automorphism " of the group L of rational characters
on T which satisfies

("Mt = (Mgt reLl, te T,

On the other hand the action of &, the nontrivial element of 4%3 (C/IR),
on L is given by ok = - A, Ae L. A computation then shows that
cr(d))" = ¢”'. This implies that ¢ is defined over IR, as required.

The proof of Lemma 5. 2. is thus complete.
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(G)
%

Associated to the sets Ct(T) of the last section 1is the notion

§6. A property of x

of a stable distribution on G(IR). For our purposes the following
1
definition will be adequate. Thus, a (locally L) function f on G(IR)

is said to be stable if for each Cartan subgroup T(IR) of G(RR)

f(xtx ) = £(t), te T(R), xe or(T),

(whenever f(xtx—l) and f(t) are defined).

To formulate our character relations we will need;

Lemma 6.1.

If ¢ is an essentially tempered class in &G) then

stable.

Proof: We first prove the assertion for discrete classes. Thus,

suppose that @ € <I>d(G) and that T is a maximal torus in G, defined

over IR. We recall that G~ is the simply-connected covering group

of G and p: G —>G is the natural projection. Let T

der der

be the inverse image under p of T =TNG . Then T7 is
der der

a maximal torus in G, defined over IR. Moreover, if x € G{(T)

-]. ~
then p (x) € T ). This implies, in particular, that

() Ryx1C°

XTder = “der

(IR)

for each x € C{(T). Thus, if we write

*
® = E detw®
(qu) (quo)
we QO(IR)\Q(CC)
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and

* ~
®A~ = E detw @ -
@ w

%
w € (IR )\QT(C)

(using the notation of §3) then it is sufficient to prove that

* 1 *

(H)(A )(xtx ) = GD(A )(t)

% %

for te Tger(IR) and x € O(T), or, equivalently, that

* -1 o
® (xXttx )= (t)
A A~
[ @

for t~ e TT(IR) and x € O(T~). Thus we may assume that
~ (*)

As before let S be the maximal IR-split torusin T and M be
the centralizer of S in G. Under our assumptions on G, G(IR) is
connected, semisimple and acceptable in the sense of [7, §18]. It is
then a consequence of [8, Lemma 62] that the restriction of ®;; to
T(IR) is invariant under the normalizer of T(C) in M(C); (a Y
direct proof of this (nontrivial) fact is indicated in [22]). Since (B);

%

is a class function on G(IR) Lemma 5.2. then implies that

® (xtx) = ®. ()

A A
% %
* . . .
By ®A(p we then mean @A(;, ; in the notation of [8] this would be ®A(p+6 ,

A(p+6 now being well-defined.
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(G)

for te T(IR) and x ¢ Of(T). We thus conclude that X‘P is stable

when ¢ is discrete.

Suppose now that ¢ 1is any class in <I>O(G) and that T, S and
G)

M are as above. Our formula for ¥ shows that we need consider

only those T which are contained in the group M(,U of §2. Again,
by Lemma 5.2., we need consider only those elements of &¢(T) which

lie in the normalizer NM(«:)(T((CI)) of T(C) in M(C).

Thus suppose that T is contained in M‘P and that

X € NM(«:)(T(CCI)). We recall that

G/M .
2. YR) = {x ¢ GR): xT(@R)x" C MR} /M (R) .
G/M

T (P(IR); we choose a representative w for w in
. -1 -1 -1
G(IR) and define T1 = wTw 7, Sl = wSw °, Ml = wMw and X, = WXW

Suppose that w e
-1

Then xle lel(@(Tl(@)) ard M1 is just the centralizer of Sl in M(P.

From the first part of the proof it follows that

(M) (M )
-1
X‘P ¢ (xltlxl ) = X‘P ¢ (tl), t1 € Tl(IR)
M)
(in the notation of §4). Therefore if t e T(IR) then ¥ (w(xtx 7)) =
(M ) (M) (M ) (M )
-1 - -1 -1 -1
X<,0 (P(thx w ) = X(p (P(xlwtw X, ) = X(,O (P(wtw } = X(,O (P(wt).
‘, (M) (M )
Morebver ¢ (P(w(xtx-l)) = (P(wt). Our formula for X(G) (Lemma
4.1) then implies that
xg e = x 0w, te TR)

Therefore X((PG

is stable and so the proof of the lemma is complete.
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We may now prove the desired character relations. Thus,
that T is a maximal torus in G, defined over IR. Suppose that

x, x' e H(C) and that the restrictions to T of both adx e u and

34.

suppose

ad x'e u are defined over IR. We write u_, 4!, for the restriction

T T

to T(IR) of adxec u, adx'® u respectively. Then, summarizing

the results of §§5 and 6, we have:

Theorem 7.1.

Suppose that ¢ is an essentially tempered class in $ H).

(H) _ _(H)
X‘P OMT_X(P OMT'

-1 -1
Proof: We have qu = adyo uT where y = x'x ¢ QUxu(T)x ).

Therefore if te T(IR) then

(H)

(H) -1 _
(YHT(t)Y ) = X

H), N
(e = x5

(
X (. (£))

by Lemma 6.1., so that the theorem is proved.
We recall that jM(G) is the set of Cartan subgroups T(IR)

of G(IR) for which MT is well-defined. Our main result is then:

Theorem 7. 2.

Suppose that ¢ is an essentially tempered class in <I>“(G).

Then

whenever T(IR) € 7M(G).

Then
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Here we define qG, qH as in §3.

Proof: We first observe that it is sufficient to prove the theorem for

the case H = G1 (G1 was defined in §2). For then we have, in general,

that
q-~-9
L9y ©T
¢ X @ T,
on each Cartan subgroup TG(IR) of G(IR), and
9..749
(H) - (-1 "G G o b
Xur (o) @) YTy

-1
on each Cartan subgroup TH(IR) of H(IR), where v = Ne u ~, Thus,

if TG(IR) € 7M(G) and TH: o (TG) for some choice of bp o We
G G
have
u 9% (a)
X(H)u = (-1) 1XIOV°IJ
Aty =T A
u (@) TG vM@) TH TG

on TG(IR). But vTHo uTG is of the form adx > \, x ¢ Gl((CI),

and is defined over IR. Therefore, by Theorem 7.1.,

9.,-4
H) . H G (G)
wre) T “wvrer g

on TG(IR). But p*v® = A" (by construction)and so it follows that

the theorem is true in general.

Suppose now that @ € &

{(G). Then u(p) e & (G)) and we

d

write S for TG and S, for TGl
@ 1 uM ) -

orbit X(p(G’ S) in the group of quasicharacters on S(IR) under the

We have associated to ¢ an

action of C) = NG((C:)(S((CI))/S((CJ) and also an orbit XM’ ((,0)(G1’ SI)
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in the group of quasicharacters on Sl(IR) under the action of Ql((C) =

' D
NGl((Cl)(Sl((C))/ Sl((C) Moreover we have chosen the spaces &G)

and <I’(Gl) (cf. §2) so that

(Gj.S) = {Aou>: A eX (G,S) .

X
' '

p (@)

We let s(C) and sl((C) be the Lie algebras of S(€C) and Sl((C)

respectively and fix a system P_ of positive roots for s(€) in g(C);

S
the isomorphism u(p then determines a system PS of positive roots
1
for sl((CJ) in gl((C). We choose an element A of X(p(G,S) which

lies in the closure of the dominant Weyl chamber for P_ (in the

S

-1
sense of §3) and set Iﬁ = Ao uq); A1 then lies in the closure of

the dominant Weyl chamber for PS .
1

Suppose now that T is a maximal torus in G, defined over IR,
As usual, we choose x ¢ Gl((Cl) such that the restriction of ad xo u
to T 1is defined over IR and write uT for the restriction of ad x o u
to T(IR). We recall that G is the simply -connected covering group

of G and that p: G —> Gder is the natural projection; G: and

p., are the corresponding objects for Gl. Let uN be the (unique)

1
isomorphism of G with G: which satisfies g o p = P, © uN, Then

~ -

is inner for o ¢ ﬂ(@/IR) and moreover, if x € p "(x)

o Ju
~ ~ ~ -1
then the restriction of adx o u to T =p (TN Gder) is defined

over IR. This implies then that u_ (TN Gzer(IR)) =T, 0 Gf (R).

der

T

We note also that

(z .(R)) = Z_. (IR)
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since the restriction of HT to ZG is defined over IR. It then follows

that to prove the theorem (for discrete classes ¢) it is enough to show

that
* @*
® = 2 M
(4) (AL) T
on T (R)=THG° (R ivalently, that
n dor = ; der or, equivalently, a
%k * ~
@ ~ = ® ~O u ~
A Al

on TN(IR) (in the notation of p. 32) Thus we may assume, without

loss of generality, that G = Gder = G~ (cf. footnote p. 32); then also
G =G =G
1
lder L
Under these assumptions we define a function \I/A on G(IR) by

*
\I’A(g) = ®A>° Mo (g)

I g
if g is regular and Tg(IR) is the (unique) Cartan subgroup of G(IR)
containing g, and by

\I’A(g) =0

*
if g is singular. We have then to show that \I’A: ®A .

We remark first that \I/A is stable and so, in particular, \I/A

is invariant (under G(IR)); this is an immediate consequence of

Theorem 7.1..
We will need some more notation. Thus, suppose that T(IR)

is a Cartan subgroup of G(IR) and that PT is a set of positive roots

&(H)

for t(€) in g(C). We set 6 = 2 a and AT(epo) = e

ae PT ae PT

N =

He t(€) (recalling that G(C) is simply-connected). Suppose again

I (l-e

-a(t)

)s
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that x € Gl((CJ) and that the restriction of M= adxou to T is
defined over IR; we set T. = u (T). Then Mo and P_, determine a
b'e

1 T

system P of positive roots for tl((CJ) in gl((CJ) and if we set

T

a and

A (expH) = e L n - %) g £(C)

then

For ge G(IR) (or Gl(]R)) we define D(g) to be the coefficient
of tl in det(t+l-Adg) where { is the rank of G(IR). The set G(IR)reg
of regular elements in G(IR) then consists of those elements g for

which D(g) # 0. Itis clear that
D(t) = D(u_(t)), te T(R).

Next, if fe¢ CO(T(R)) (or COO(T(]R)reg)) we define
fe CO(T(R)) (or CO(T(R)_ ) by m_f(t) = fu 1), te T (R)
Hx 1 1" reg v oy TR IR
Let 'U.T be the universal enveloping algebra of t(€) and fT be the
subalgebra of elements invariant under the Weyl group of t(€) in
g(€); we regard the elements of uT as differential operators on
T(IR) (or T(IR)reg). The isomorphism M then determines a unique

isomorphism of U _ with ’LLT , again denoted IJX, which satisfies

1
u (Df) = @ Dlu_f)

T
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for De U, and fe C(T(R)).

We identify the algebra ?/G of left and right invariant differential
operators on G(IR) with the center of the universal enveloping algebra
of g(C€); the isomorphism “x then determines an isomorphism of

Q(G with J/G again denoted M- We may then show that the isomorphisms
1

9]

L2, 5 ) e .
Yo 4G ¥ and Y Tl : %Gl——> ;‘,_Tl of [4, Lemma 19] satisfy
ux ° Y T = Y Tlo Nx

We recall that associated to the character A on S(IR) is a character
Xp OB é/G which satisfies
X A7) = Mrglz), ze }G

where' A is extended to 3 S in the natural manner ([8, §l9]). It is

clear that

XA - ijlc “90
. "XA - I-I .
We define o€ (J,T by T ae PTHQ where Ha is the coroot
associated to the root a. If wT = QEIP Ha then uyT = uwa. We
1 I° 7T 1 1
remark that while T and AT depend on the choice of PT the

function wT(AT\IIA), in which we will be interested, is independent

of P

T
. R .
Finally, let PT be the set of real roots ([6, §4]) in PT and
set
H
AI,E; (expH) = T _ D me o).

Then we define
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R
T(R) = {te T(R): AT(t);! o} .

If we define Tl(IR)IR similarly, then

u (TN = T (RT

We now continue the proof of Theorem 7.2.. Thus

ProEosition 7.3.

The restriction of \I’A to G(IR)reg is analytic and an eigen-

function for }G'

Proof: Let ge G(IR)reg and suppose that T(IR) is the Cartan subgroup
of G(IR) containing g. Then we may choose a neighborhood Ng of
g in G(IR)reg which is diffeomorphic to a neighborhood in
- -1
T(IR)reg X T(RMNG(IR) under the map (g,x) —> x gx. Itis clear
that \IIA is analytic on Ng.

Suppose now that z € Z(G. Then by [4, Theorem 2]
1

1
2 2
2%, = (A ¢ y(z)e A) ¥,

on T(IR) . We recall that
reg

z®, =x,(z)®,, 2z ¢ .
11\ AllAl 1 é/Gl

A computation then shows that
Z\I’A = XA(Z)\I’A
on T(IR)reg and so also on G(]R)reg. This proves the proposition.

From [4, Theorem 4] and [7, Lemma 53] we conclude that

\I’A is locally Ll on G(IR).
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Regarding \IfA as a distribution on G(IR) we next prove:

Lemma 7. 4.

\IIA is an eigendistribution for ?’G.

Proof: We have to show that
J (1@ "t(g) - f(g)2¥,(g)) dg = O
G(IR)
for f e COCO(G(]R)) and z € }G where 2" denotes the adjoint of z.
Because the character A (= M+8) is regular we may apply [22; 2,
Theorem 2], (cf. [14]). Concerning the proof of this theorem we refer
to the comments in [22] and omit the details. Lemma 7. 4. is thena

consequence of:

Lemma 7.5.

Let T(IR) be a Cartan subgroup of G(IR). Then

(1) AT\IfA extends to an analytic function on T(IR)]R

(i) o (A

T T\IIA) extends to a continuous function on T(IR) and

if T'(IR) is also a Cartan subgroup of G(IR) then

(iil) @ (A, ¥,) = e (A ) on T(R)N T'(R).

Proof: We note that

and
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*
on T(IR) ; (i) and (ii) then follow immediately because @

reg A1

satisfies the corresponding conditions on Tl(IR)) [7, Lemmas 31, 34].
We will use the same symbols to denote the extensions of the functions

in (i) and (ii).

1

For (iiil) we remark first that if y ¢ &(T.) and Y = yle—

1 1

then

* - *
w (A @, Nyty ) =&, (A, @, ) t)
Ti’ Ti’ Ay T

for te Tl(IR).
If T = T' then we interpret (iii) as stating that WT(AT‘I’A)
*
is independent of the choice of PT’ which is so because m’Tl(Ale(EAl)

is independent of the choice of PT .
1

Suppose now that both T(IR) and T'(IR) are compact. Let
te T(IR)/ T'(IR). Then because t is semisimple Ct’ the connected
component of identity of the centralizer of t in G, 1is reductive.
Moreover both T and T' are contained in Ct' Therefore since both
T(IR) and T'(IR) are compact there exists g ¢ Ct(IR) such that

T' = ng'l. But

Moi® adg=adye M

for some vy € O‘dTl) and so, in particular,

-1
ux,(t) = yu _(ty .

Therefore



43.

*
o (A T )(t) = o (A ®
T T A Tl Tl Al

*
gy O, (0) = ey (AT

Hu_ (1)
X

Thus we have verified (iii) when both T(IR) and T'(IR) are compact.

To complete the proof of (iii) we now need only consider the
case where T(IR) N T'(IR) contains a semiregular element of noncompact
type [6, §3]. For then (iii) follows in general by a well-known
inductive argument (cf. [22, §3.6.]).

Thus suppose that T(IR) N\ T'(IR) contains a semiregular
element t of noncompact type. We remark that the set of such
elements in T(IR) M T'(IR} is dense in T(IR) NT'(IR) (the proof of
this f)roceeds as for [4, Lemma 8]) and so it is sufficient to prove
that

wT(A

LI = o (AL T (1),

But

* * -1
A = A = A
o (A1) = o (AL @) ) (0) = Y®"1)(wx(t)y )
1 1 T T
1 1
for y e OL(Tl) and, on the other hand,

*

A - A
o (B, T (0 = o (AL,@, Nu (D)
A e
Therefore, since
& @) (A @)
oy = o ' .
Ti’ Ti’ A T T4

on Ti’(]R) N Ti(IR) we have only to show that
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-1
k() = yu_(tly

for some y ¢ ijTl).

Thus let L. be the connected component of the identity in the
(1)

centralizer of t in G and L be the connected component of the

(1)

identity in the centralizer of uxl(t) in G Then pu  : L —> L
X

1

1"
-1, . . 1
and 0(ux|)u | is an inner automorphism of L . Moreover the element
X
M ,(t) is semiregular and of noncompact type and so the derived group
X
(1)

L(l) of L

der splits over IR. Since T 1is contained in L it then

follows from [18, Lemma 2.1.] that there exists y' ¢ Lder((CJ) such
that the restriction of ad y'e “x' to T p Lder is defined over IR. It
is clear that the restriction of ady' » Mo to T 1is then also defined

over IR. Therefore

t = ]
ady Juxl ady M

for some y € O’,(Tl) Hence
= o = d -]
M '(t) ad y M '(t) a y M (t)

as required, Thus (iii) is proved. The proof of Lemmas 7.4 and 7.5

is then complete.

*
From the characterization of ®A ([10, Theorem 3]) it now
1
follows that

z‘I/Az XA(z)‘I/ , Z € @rG.

Moreover

1

2
sup |D(x)‘ “I/Ax)|<oo
x€ G(IR)
reg
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and

on S({IR) (here we are using 6 to denote the character

expH—> eS(H) on S(IR}).

*
From the characterization of <H)A (again [10, Theorem 3]) it then

*
follows that \IfA = @A . The proof of Theorem 7.2., in the case that

¢ 1is discrete, is then complete.

Suppose now that ¢ is any essentially tempered class in @u(G).

We recall that we have chosen subgroups PS, M(CP} and T(Cp:T of G,
b PGl MGl d TGl f G d i hi
subgroups , , an o) and an isomorphism
T R T () ) 1 o P

, G 1
u of the form adx o u, suchthat 4 : T —> T and the
¢ @ @ @ TRR(%)
restriction of u(p to T(Cp:T is defined over IR; by construction
G G1 G Gy
P —P and M — M .
o' o u (@) o Mo uh (@)

Suppose now that T is a maximal torus in G, defined over IR.

As usual, suppose that the restriction of “x = adx oy =ady-° “(,0

to T is defined over IR and set T. = ux(T). We recall that

1
G/ M((; G
2, Y(R) = {ge GIR) : gT(R)g™ C M o B/ M (R);
G
/M)
QT W (R) 1is then defined similarly. We will need:
1
Lemma 7.6. G
G/ M
There is a unique bijection w—> w, of (P(IR) with

1 — T
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G
G/ Myn )
QT o (R) such that if s is a representative for w in G(IR)
1
then there exists a representative 8 for w, in Gl(IR) and an

Gy

element x of M @©) such that
clement %, oL Myaq)©) such that

ads, ou =4 o ads
1 X X

0

. o -1
where u is the restriction of ad x 0 qu to sTs .
NATIT Ky =
o

Proof: Let s ¢ G(IR) and suppose that sT(IR)s_lg_ MS(IR). Then we

, G
shall define x € MHA (qo)((Cl) and s € Gl(IR) such that

-1 G
slTl(]R)sl C__MHA(¢)(R)
and
ad8 ou =pu e ads.
1 X X
o)
-1 -1 ) .
We have that /Jx cads : sTs —> Tl is defined over IR.
Since
7 cads_l—adzou where 7 = yu (s-l)
X ¢ ¢ ’
G 4
it follows, as in the proof of Lemma 5. 2., that Pl = ZPu"(QD)Z is a
parabolic subgroup of Gl’ defined over IR and that M1 = zMM,\l(qo)z_l
is a Levi subgroup of Pl’ also defined over IR. By [l, 4.15.] there
exists h € G (IR) such that P. = hPGl bl and M = hMGl ht
1 1 1 (@) 1 1™ (@)
- G
It then follows then h lz € M Al . Also
ut (@)
-1 -1 -1
h Th=adh o u (T)=ad(h z)e u_° ad s(T)
1 X /)
. . . 1 -1 -1
and so is contained in M , ., Thus we set s, = h and x = h z.
u™ (D) 1 o
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Similarly for given s, we may define s and x_ so that the

1

same conditions are satisfied. We observe that if s, s' ¢ G(IR) and

sl, s‘l € Gl(IR) are such that s1 corresponds to s and si corresponds
to s' then s'e s MG(IR) if and only if s' € s MG1 (IR)
s .
@ YRS % e
Gy
G/ My SV M)
We may now define a bijection from (IR) to @ H (IR)

T T
: G Gi s o
by mapping sM(p(IR) to slMuA((P)(IR); this is the only bijection between
these sets which satisfies the requirements of Lemma 7.6..
Lemma 7.6. is thus proved.

Continuing the proof of Theorem 7. 2., it follows from what we

have already shown that

q -9
(M) Mo M (MCL )
X ¢ (-1) @Y u™N@) X ’\M (®) -
@ Nqo(ﬁo) X
A A
on T(IR) . We observe that 4 (@) = ' (¢) and that:
reg @
Proposition 7. 7.
q -9
G Gl 9 -9
M M
(n" ¢ TPy ¢ G
Proof: We shall compute q_, - g . By definition (p. 15)
—_— G G
MQD

1, .. .
95 = 3 (dim G(IR)-dim K)

where K is a maximal compact subgroup of G(IR). We choose K so

that M(C;(]ZR) is invariant under the Cartan involution on G(IR) determined

by K.Then K/ MG(IR) is a maximal compact subgroup of M(C;(

© IR) and
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G,o G, 0o
~ . .
Kn (MCP)der(IR) is a maximal compact subgroup of (Mcp)der(IR)’
G
the connected component of the identity in (MCP)der(IR)’ ([20, §2]).

Moreover dim(KA MS(]R)) - dim(Kn(Mg)Zer(lR)) + dim Ag(m), where

AG is the maximal IR-anisotropic torus in the center Z of MG.

¢ pr} ¢
We note also that

dim chp}(IR) - dim (Mg)zer(m) +dim Z _(IR)

G
M
@
and that
dim ZG (R) = dim AG(IR) + dim SG(]R)
M @ @
%
G . . . .
where S(P is the maximal IR -split torus in Z G- Therefore
M
@
1 . G,o . . G,o
9 g =7 (dim (M7 (R) - dim (KN (M)3 (R))
Mo

- El(dim M(CP}(]R) - dim (K HMS(IR)) + dim SS(IR))

On the other hand

— G T
G = KM(P(IR)N(P (R)

G G, _ G
K ﬂM(p(IR)N(P(IR) = K f“‘M(P(IR)

and M('CD}(IR) N N((;(IR) = 1, N('CD} being the unipotent radical of P('CD}.

Therefore

dim G(IR) - dim K = dim MS(IR) - dim K Mf;(IR)

+ dim NqCD}(IR)
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and so we conclude that

1 ) G ] G
qG -q G E(dlm N(P(IR) + dim S(p(IR)).
Mo

To complete the proof of the proposition we observe that

[ NG —> NG1 so that

e uMP)

G G
NE(©) = dim N~} (C) = dim N+ _(R),

G
dim Ny (R) = dim N, cNurg) W)

and that the restriction of HQO to Z G is defined over IR so that
M
@
dim SG(IR) = dim SG]‘ (IR)
@ b (@) )
Hence qG - qMG = qu - qMG1 and the proposition is proved.
@ uN@)

We may now complete the proof of Theorem 7.2.. Thus

suppose that t € T(IR)reg. Then by Lemma 4.1. we have

G
(G) (M/\ ) (Mu"(cp))
A((p Z 4 (wuxt)xu,»m((p) (ou_t)
G
G/M
wEQTl /\((p)( IR)
Gy Gl
(M A ) s
_ ¢ M (@) . )xA (<P)(M wt)
Z X @ Tx
G
we 2 T/M(p(TR)

(by Lemma 7.6.)
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G G
q.--9 (M ) (M )
TR (ut)x, Y (wt)
G
G
we 2 /M¢(R)
T
q. - 9
- (- & G xff’(t)
Here we have used the identity
(ML ) (M)
A
¢ u(<P)WX _ ¢ 1)
O

()

which follows immediately from the definition of § Hence

9~ - 4
(G) G Gy (G)
t = —]_ t .
Since X(G) and )((il/)\((m o M both vanish on the set of singular elements

in T(IR) we conclude that

on T(IR), which completes the proof of Theorem 7.2..
Finally we remark that the Cartan subgroup TS(]R) belongs
‘(PG) is not identically zero on TS(]R).

Hence the formula of Theorem 7.2. is (valid and) nontrivial for at

to JH(G) and moreover ¥

least one conjugacy class of Cartan subgroups in G(IR).

§8. Appendix
The purpose of this appendix is to describe a property of the

family j IJ(G) ({Lemma 8.1.) and to indicate the relation between ju(G)

¥
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and (I’IJ (G) (Lemma 8.2.). Since :f“(G) is closed under conjugation
with respect to G(IR) we consider instead the set t“(G) of conjugacy
classes in 7“(G).

As in [14, §3] we introduce a partial ordering on the set t(G)
of all conjugacy classes of Cartan subgroups in G(IR). Thus, if T is
a maximal torus in G defined over IR, ST will denote the maximal
IR -split torus in T. We recall that if T(IR) is a Cartan subgroup for
which ST is not maximal among the IR -split tori in G then there
exists a Cartan subgroup T'(IR) such that

(1) dim ST' = dim ST +1
and

(ii) T(IR)N T'(IR) contains a semiregular element (of noncompact
typ'e)
(cf. [6, §7]). Moreover T'(IR) is determined up to conjugacy under
G(IR) ([6, Lemma 12]) and a Cartan subgroup conjugate to T(IR) yields
a Cartan subgroup conjugate to T'(IR). Thus for 7, 7'e€ t(G) we may
define T' to be a successor of 7 if for some T(IR) ¢ 7 there exists
T'(IR) € 7' such that (i) and (ii) are satisfied. This relation extends
uniquely to a partial ordering on t(G) which we denote by <. There
is a unique minimal element for this ordering, namely the class of
fundamental Cartan subgroups ([5, §8]).

We remark that u determines a natural correspondence between
j“(G) and j _l(H). For if TG(IR) € j“(G) and the restriction of

u

adxo u to TG is defined over IR then x,u(TG(]R))x-le j l(H) and
7
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~

7

-1
TH is defined over IR then yu (T

. .. '].
conversely, if TH(IR) € | —I(H) and the restriction of adyo u to

,‘]. —
Ry e ]u(G)' Lemma 5. 2.

shows that on passing to conjugacy classes we obtain a bijection,

denoted u(t), between t/J(G) and t (H). Itis clear that u(t) is

u-l
order-preserving (cf. the argument on p. 44). In particular, if H is
quasisplit then u(t) is an order-preserving embedding of t(G) in

t(H).

We now have:

Lemma 8.1.

(i) t/J(G) contains the class of fundamental Cartan subgroups

in G(IR) and

(ii) if T € t/J(G) and 7' <7 then 7T'e€ tu(G).

Proof: Suppose that H is quasisplit so that t/J(G) = t{G). Then

from [5, Lemma 3] it follows that the image of the class 'rg} of

fundamental Cartan subgroups in G(IR) is the class of fundamental
Cartan subgroups in H(IR). If we now remove the assumption that

H is quasisplit then, since

W = (e wH) o 2

(t)

(where \ is as in §2), it follows that 'rG lies in the domain of u ;

0

G
that is, 'rO € t/J(G)’ as asserted.

The argument on p, 44 proves (ii).
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Fbinally we recall that to each class @ in HG) we have associated
G G . .
a Cartan subgroup T(p(IR). The group T(p(IR) is determined up to
conjugacy under G(IR) (Lemma 5.2.) so that we then have associated

to @ a class T(,([;J in t(G).

Lemma 8.2.

Let ¢ ¢ G). Then @ ¢ @u(G) if and only if 7'((; € t“(G). More-

over, if @ e @u(G) then

w08 - 1

@ A @)

For the proof of this lemma we refer to the constructions in §2
and omit the details.

We remark that by reversing the argument on pp. 7-8 we have
associated to each 7 ¢ t(G) a (nonempty) family of essentially tempered

classes in ®G). From Lemmas 8.1. and 8. 2. we then conclude that

¢I>“(C-) always contains a family of essentially tempered classes.
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