Transfer and descent: some recent results
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A basic tool for studying the transfer of representations is the dual
transfer of orbital integrals. Here we report on some recent results for
orbital integrals and in particular on a descent theorem [LS3].

Throughout, F is a local field of characteristic zero with algebraic
closure F and ' = Gal(F/F); G is a connected reductive group defined
over F.

§1 AN EXAMPLE

The notions of endoscopy and transfer require some care in formu-
lation, but there is one example where we can give definitions quickly.
Namely, suppose that H is the (unique up to F-isomorphism) quasi-split
inner form of G. Then H is endoscopic for G in the sense of standard en-
doscopy (where no twisting by an automorphism is specified; see [LS1],
[KS]). Up to isomorphism, it is the unique endoscopic group with di-
mension as great as that of G.

Fix an inner twist ¢ : G — H. Although % is not defined over F
(unless G is quasisplit) we may use it to define a correspondence between
points of G(F) and points of H(F). Indeed, ¥ induces a bijective map
YPeonj from the conjugacy classes in G(F) to those in H(F) and because
po()~?! is inner, 0 € T, teon; respects the action of I'. Thus we have
a bijection between the classes defined over F. We shall consider just
those elements in G (or H) which are strongly regular in the sense that
their centralizers are tori. The conjugacy class in G(F) of a strongly
regular element y¢ of G(F) is defined over F. By a converse theorem of
Steinberg for quasi-split groups, the image under %cop; of this class also
contains F-rational elements. We say that any such element vy is an
image of Yg-

Recall that the stable conjugacy class of a strongly regular element in
G(F) (or H(F)) consists of the F-rational elements in its F-conjugacy
class. Thus the correspondence (yg,7vy) provides an injective map of
the set of stable conjugacy classes of strongly regular elements in G(F)
in the stable classes of such elements in H(F) (this map is surjective
only if G is quasi-split and thus F-isomorphic to H).
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Because the strongly regular elements in G(F) are dense in G(F)
for the topology inherited from F, the correspondence just defined is
sufficient to specify transfer. Recall that the stable orbital integral of
f € CX(G(F)) (or f € C(G(F))) at strongly regular v € G(F) is

(11) q)St('Y) f) = Z Q(’Y,a f),

where the summation is over representatives 7' for the conjugacy classes
in the stable conjugacy class of v and ®(¥, f) is the ordinary orbital
integral

&', f)= f f(g7*'g)dg.
G, (F)\G(F)

Here G.,, = Cent(y', G) and dg is the quotient of some fixed Haar mea-
sure on G(F) by a Haar measure on the Cartan subgroup G.(F). If
v = g 'vg, g € G(F), then Intg : Gy — G, is defined over F: we
require that the Haar measures on Go(F) and G (F) be related by

transport under Intg. The transfer problem for (G, H) is to show that
for each f¢ € C®(G(F)) there exists f# € C>(H(F)) such that

st G . . «
(12) (o f7) = {@ (e, %) i 7y is an image of 7

0 if ¥z is not an image,
for all strongly regular elements vz in H(F).
Define A(vx,7g) for strongly regular yg € H(F) and v¢ € G(F) by

1 if vy is an image of vg
Atravre) = {

0 otherwise.

Then we may rewrite (1.2) as

(13) @St('yH, fH) = ZA(’YH,A/G)Q('YG’ fG)

for all strongly regular vy € H(F). The summation is over representa-
tives vg for the conjugacy classes of strongly regular elements in G(F).
If (1.1) or (1.2) is true we say that f¢ and f¥ have A-matching orbital
tntegrals.

For F archimedean the transfer problem is solved, at least for the
Schwartz functions [S1] or C°-functions bifinite under a maximal com-
pact subgroup [CD)]. For F nonarchimedean we consider first the prob-
lem of local transfer at the identity: given f& € CX(G(F)) we are to
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find f¥ € C>(H(F)) such that (1.2) holds for strongly regular vy near
the identity in H(F). This may be reformulated in terms of Shalika
germs. The Shalika germ expansion yields

®(y,f) =Y_To(7)ao(f)
O

for « strongly regular near the identity, where the summation is over
unipotent conjugacy classes O in G(F), I'o is the Shalika germ for O
and ap(f) is the orbital integral of f along O (for some normalization
of measure). We set

T8(y) =Y To(),

where the summation is over representatives ' for the conjugacy classes
in the stable conjugacy class of v; I'ly is the stable germ for O. For
transfer we will use instead the notation vg, Og, and so on. We write
I‘(OHG) for
I'5.(ve)  if vg is an image of g
YH . . .
0 if vy is not an image.

Then it follows readily that the pair (G, H) admits local transfer at the
identity if and only if

for each unipotent conjugacy class Og in G(F),

(1.4) the transferred stable germ F(Ofi) 15 a linear
combination of the stable germs I'y . for H(F).

For progress on (1.4) see the comments after (2.2).

We shall now assume local transfer at the identity for the centralizers
of semisimple elements in G(F) and deduce the full transfer on G(F).
The descent argument here is very simple.

First we formulate the assumption precisely. Call a semisimple ele-
ment ez in H(F) an image of the (semisimple) element e¢g in G(F) if
there exist a maximal torus Tg over F in G containing eg and an el-
ement z of H(F) such that . = Intzov : Tg — H is defined over
F and carries €g to ey. For strongly regular elements this coincides
with the earlier notion of image. Applying a lemma of Kottwitz we may
further choose z so that H., = Cent(ey, H)® is quasi-split. Observe
that ;¢ : G, — Hey is an inner twist. It is not uniquely determined
by % but its inner class is determined by the inner class of #, i.e., by
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{Intyov :y € H(F)}, and it is only the inner class that matters for the
correspondence of F'-rational strongly regular points.

Our assumption will be:

for each semisimple element e of H(F') the pair

1.5
(1.5) (GegyHey ) admits local transfer at the identity.

It is then immediate that:

we have local transfer for (Ge,,Hey) at any
(1.6) . .
central element of H, (F) and, in particular, at ey.

Now we take f& € C®(G(F)) and set

®(vu, %) = Y Alva,16)®(16, ).

Y&

We have to show that &( , f€) is a stable orbital integral on H(F). For
this it is sufficient to show that it is locally a stable orbital integral on
H(F), i.e., for each semisimple ey € H(F) there is f., € CZ(H(F))
such that

@St('YH, feH) = @(71'17 fG)

for strongly regular vy near ey [LS3, Lemma 2.2.A].

The Harish-Chandra descent for orbital integrals says that near semi-
simple ¢z in G(F) the stable orbital integral ®(vy, f¢) is a sum of
stable orbital integrals on the groups G (F), with €5 stably conjugate
to eg. See [LS3, Section 1.5]. From (1.6) we conclude that near each
semisimple ey in H(F), ®(yz, f°) is a stable orbital integral on H, , (F)
and hence one on H(F'), and transfer for (G, H) follows.

§2 AN OUTLINE OF THE GENERAL SETTING

An endoscopic group H for G is given as part of a set of endoscopic
data for G (see [LS1]). This set also includes a group H which is “al-
most” the L-group “H of H and a suitable embedding of H in LG.
The group H, rather than LH, and the embedding arise naturally in
two constructions of endoscopic data: the (T, x)-construction associated
with orbital integrals and the Sy-construction associated with represen-
tations. In many cases, H is isomorphic to LH and transfer involves
H(F) itself. In general, however, we introduce a suitable central ex-
tension H; of H; in particular, H;(F) — H(F) is surjective. Then for
transfer we consider representations of H;(F) which act according to a
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character A of Z;(F') = ker(H;(F) — H(F)) specified by our data. On
the dual side, we consider the stable orbital integrals of those functions
on H,(F) which transform under translation by Z;(F) according to the
character A71.

For the problems of local behavior (around a semisimple point) it
makes no difference whether we work on H,(F) or on H(F'). Only in
patching together the local results is passage to Hy(F') necessary. This
passage affects only a single term A, in the transfer factor which can be
handled quite easily. See Section 4.4 of [LS1]. To simplify the exposition
and save notation we will assume from now on that H is isomorphic to

LH and so take H; = H.

We follow the steps in Section 1. First, there is a canonical map of
semisimple conjugacy classes in H(F) to such classes in G(F) and this
map respects Galois action (see [LS1]). The strongly G-regular classes
of elements in H(F) are those mapping to the strongly regular elements
in G(-F-) We have then a simple notion of image for stable conjugacy
classes of strongly G-regular elements in H(F') using the inverse of the
canonical map on classes. Transfer is again specified by (1.3), i.e., by

@gt(‘YH, fH) = Z A('YH"}'G)Q('YGafG),

now for all strongly G-regular elements vy of H(F), and where now
A(vx, ) is the transfer factor of [LS1]. For local transfer at the identity
we require (1.3) only for those vy near the identity and we may replace
A(vH,vc) by a locally defined term Aj,c(vH,v6) which coincides with
A(vH,7a) up to a constant.

To shorten the exposition we will assume F nonarchimedean. Sup-
pose for now that G is quasi-split. There are various ways to describe
Ajoe(YH,YG)- See for example, [H2], [LS2], [S2]. We follow [S2]. Given
vu € H(F) strongly G-regular and sufficiently close to the identity we
shall fix an admisssible embedding of Ty = Cent{yy, H) in G together
with a set of a-data {as} for the image T of Ty. See [LS1, Sections
(1.3), (2.2), (3.1)]. Let yg € Tg(F) be the image of 7y under the em-
beding. As usual we parametrize the conjugacy classes in the stable
conjugacy class of yg by D(Tg). Suppose yg(w) is an element in the
class attached to w € D(Tg). Then

(2.1) Aroc(vH, 76 (W) = 6(w)Aloc(VH,Y6)

where « is the character on D(T;) determined by the endoscopic data
underlying H [LS2]. Thus we have just to describe Ajoc(vH,7c). It is
the product of



(i) a root of unity determined by the embedding and a-data (Ar in
[LS1)),

(ii) the usual discriminant function (Ary in [LS1])

and

(iii) a term indexed by orbits of the Galois group I in the set Rg of
roots of T¢ in G.

An orbit O makes a nontrivial contribution only if it is symmetric, i.e.,
O = — O, and it consists of roots outside H, i.e., roots not lying in the
image of Ry under the map induced by our embedding of Ty in G. Then
take o € O. For vy sufficiently near 1 the term a(vg)}/? — a(yg)~1/?
is defined in the usual way. Moreover,

a(v6)? ~ alyg) ™12

A

lies in the fixed field F, C F of the stabilizer of +a in I'. Let F, be the
fixed field of the stabilizer of a in I. Because O is symmetric, F, is a
quadratic extension of Fi,. Let x, be the attached quadratic character
of Fi,. Then the contribution to Ajec(YH,76) from O is

a(16)!/* — olye) "2

Qo

Xl

For general G there is an additional contribution to Ay(YH,vs)-
First, strongly G-regular vy may be the image of no vg in G(F). In
that case,

Dioc(YH,Y6) =0

for all strongly regular vg in G(F). On the other hand, if vy is the
image of some element vg then we may embed Tg = Cent(yg,G) in
G*, the quasi-split inner form of G. Let 75+ be the image of yg under
this embedding. Then v+ is an image of 75 in the sense of Section 1,
and with H regarded as endoscopic for G*, vy is an image of yg«. The
Local Hypothesis indicates how we are to write Ajc(7H,7¢)) in terms
of Aioc(7H,7YG+)). See [LS1], [LS2] for details.

To express local transfer at the identity in terms of Shalika germs, let
Og¢ be a unipotent conjugacy class in G(F) and define

Tog (va) = 3 Aunc(1a1,70)T 00 (1)
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with the usual notational conventions. Then local transfer at the identity
amounts to showing:

for each unipotent conjugacy class Og in G(F),
(2.2) the transferred “k-germ” I‘g? is a linear

combination of the stable germs I"SH for H.

Property (2.2) is known for Og regular [LS1], Og trivial (an easy con-
sequence of well-known results) or, in many cases, Og subregular [H1].
There are also complete results for specific groups, e.g., SU(3) [LS2],
[H2] and GSp(4) [H3].

Transition to globally defined transfer factors, i.e., factors defined on
all strongly G-regular elements, is quite subtle. First, we introduce a
term (A; in [LS1]) which is a quasi-character on the Cartan subgroup
Ty (F) containing yy. This character is an analogue of the “p-shift” for
real groups and, similarly, uses classification of the embeddings of the
L-groups of Cartan subgroups in £G. Data from this analysis also allows
us to replace (iii) above with a globally defined term. Moreover, we do
not use (2.1) and the Local Hypothesis separately but instead introduce
a new unified term (A; in [LS1]). Now, however, only a relative transfer
factor A(YH,YG; Ty T ) is well-defined (and canonical), for yg, 5 any
two strongly G-regular elements, with ¥ an image of 7. But then we
fix some such 7 and ¥g, specify A(Fy,7g) arbitrarily and set

A(ve,ve) = AYE, Y6 T Ye) AT g, T a)-

See [LS1, Sections 3.7, 4.1]. This normalization fits well with adelic
considerations [LS1, Section 6] and the problem of handling several
inner forms of G simultaneously.

With A(vs,7vg) defined we continue the program of Section 1. Let
semisimple €z in H(F) be an image [LS1} of, say, g in G(F'). Again
we may assume H,, quasi-split. Then H,, is endoscopic for G, [LS3,
Section 1.4]. We assume the analogue of (1.5), i.e., local transfer at the
identity for all pairs (G¢y, Hcy ). To obtain local transfer at ey we need
only observe the following property of transfer factors under translation
by central elements. We shall state it for (G, H). The center Zg of G(F)
is canonically embedded in the center of H(F). If z € Zg and vy is an
image of ¥ then zyy is an image of z75. According to {LS1, Lemma
4.4 A] there is a character A on Zg such that

Alzvm, 2v6) = Mz2)A(va,76)
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for all z,7y. The proof of this requires a detailed analysis of the term
A, in the transfer factor (see [LS3, Sections 3, 4}).

We now assume the analogue of (1.6), i.e., each pair (Geg , Hey ) admits
local transfer around eg. For f¢ € C>2(G(F')), consider the “normalized
k-orbital integral”

@(7H> fG) = Z A(7Ha7G)q>(7G)fG)

for vy near eg. If ey is not an image then ®(yg, f€) vanishes near eg.
Otherwise fix eg with ey as an image. Each orbital integral ®(yg, f¢)
is, by Harish-Chandra descent, locally an orbital integral on G€:G (F) for
some suitable ¢ stably conjugate to eg. We need also descent for the
transfer factor A(vy,7g). The main theorem of [LS3] is that

Ac(vm,716) = (const)Aq, (1H,76)

for vy near ey, yg near €. (For F archimedean, this is true in the
limit). The result is better stated in terms of relative transfer factors.

Take ¥y, Yo near e, €g respectively, with ¥ an image of 75, and set
0= AG/AGQ, . Then
[

(2.3) O(vu,Ye; TurTe) = 1

The proof of (2.3) in {LS3] proceeds as follows. First we reduce easily
to the case G quasi-split and e;; = e (see Section 3.1). Then we analyse
in detail the cohomologically defined factors ©;, @, of © (Sections 3,
4). The only other factor in ® possibly making a nontrivial contribution
is ©y; which is given by a simple explicit expression indexed by Galois
orbits of roots. See (5.1); ©y is the right side of (5.1.1) and the final
formulas for ©;, ©, are also given. We find that only orbits of roots
outside both G, and H may make a nontrivial contribution to @1, O,
or ©@yr. At the same time a long reduction argument allows us to assume
all roots in G have the same length and that they take only the values +1
on e while the coroots take only these values on the endoscopic datum
s defining H (Section 5). Under such conditions we are able to compute
the product of ©; and @, explicitly (see Theorem 6.3.C) and so compare
orbit by orbit with ®7;. We have, in particular, a product formula over
all places which allows us to assume odd residual characteristic. The
rest is a number theoretical computation (see Section 6.6).

We may now finish. The normalized k-orbital integral ®(vgy, f) is a
linear combination of such integrals for the groups G, (see Sections 1.5,
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1.7 of [LS3] for more precise information) and so we follow the argument
for the stable case in Section 1. Qur conclusion is that what remains to
prove transfer is the local problem (2.2) for Shalika germs.

This very long analysis has further consequences. We mention two
examples. From the study of the regular unipotent contribution we ob-
tain in the p-adic case a formula for regular unipotent germs [S2] and in
the real case a proof that the transfer factors defined here coincide with
those introduced earlier in [S1]. From descent we verify some conjec-
tures of Kottwitz [K] about extending transfer factors and the matching
of orbital integrals from the “most regular” classes to all equisingular
semisimple classes [LS3, Section 2].
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