ON GEOMETRIC TRANSFER IN REAL TWISTED ENDOSCOPY

D. SHELSTAD

ABSTRACT. We prove the existence of a transfer of orbital integrals in en-
doscopy for real reductive groups when there is twisting by an automorphism
defined over the reals and by a character on the real points of the group. Our
proof contains a relatively short self-contained argument for the already known
case of ordinary endoscopy.

1. Introduction

Endoscopy concerns conjugacy classes and irreducible representations for reduc-
tive groups: conjugacy classes within a stable class and irreducible representations
within a packet. We consider just real groups. Here, under the assumption of
no twisting, geometric and spectral transfer identities have been used to display
structure on packets of representations which in the regular elliptic case (discrete
series) reflects that on the set of conjugacy classes in a regular elliptic stable con-
jugacy class. As is well-known, this structure plays a role in various comparisons
of trace formulas and in multiplicity formulas for automorphic representations. In
the present paper we consider the broader setting of twisted endoscopy, again for
real groups. Our purpose is to present a complete argument for the main geo-
metric transfer identity. This identity shows that sums of integrals over suitably
regular twisted conjugacy classes, when weighted by the transfer factors defined in
[KS], may be interpreted as integrals over stable conjugacy classes in an endoscopic
group. The precise result has two immediate applications. First, locally (i.e., for
real groups), it establishes the underlying structure for a functorial dual transfer of
stable traces on a twisted endoscopic group to virtual twisted traces on the ambient
group. In a separate paper [S9] we begin the description of an explicit form for the
dual transfer via compatible spectral transfer factors. This extends the ordinary, or
untwisted, case [S2, S3] and appears useful in the global theory; see, for example,
[A1, Theorem 2.2.4]. Second, in the global picture, our geometric transfer identity
is of course one ingredient for stabilization of the geometric side of the general
twisted version of the Arthur-Selberg trace formula.

Suppose G is a connected reductive algebraic group defined over R. There are
two familiar types of twisting we will consider for an admissible representation
7 of the reductive Lie group G(R): composing 7 with an R-automorphism 6 of
G and multiplying 7 by a character w of G(R). An isomorphism A, between 7 o
and w ® 7, if it exists, provides us with a distribution f — Trace(n(f)A,), a
(0, w)-twisted character for m, on a suitable space of test functions f. Comparing
these twisted traces with ordinary stable traces for a lower dimensional group, an
endoscopic group H; (R) for (G, 0, @), requires a correspondence on test functions.
That is provided by the main geometric transfer identity which displays weighted
sums of (¢, w)-twisted orbital integrals of test functions on G(R) as stable orbital
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integrals of the corresponding test functions on Hy(R). For the remainder of Section
1 we will discuss in some detail our setting for this and related results. The results
themselves will then be described in more detail in Section 2.

Our setting is based on the constructions and results of [KS] for the case of real
groups. There are two minor technical assumptions on the automorphism 6 beyond
its being defined over R, as explained in Section 6. They are satisfied in familiar
applications. We do allow 6 to be any inner automorphism that is defined over
R. For the norm correspondence of [KS, Chapter 3, Section 5.4] between points of
G(R) and points of an endoscopic group Hi(R) for (6, w), it is an associated outer
automorphism 0" of a quasi-split inner form G* that is significant. If 6 is inner
then 0" is the identity, and we have just a slight variant of the setting for ordinary
endoscopy.

To simplify the presentation we will carry another assumption for most of the
paper. This assumption is more significant for the structure we are seeking for stable
conjugacy classes and packets of representations, and so we do drop it eventually.
Fix an inner twist ¥ : G — G*, where G* is quasi-split over R. There is an R-
automorphism 6* of G* which preserves a given R-splitting of G* and for which 6*
and 1 o § o ¢y~ ! differ by an inner automorphism of G*. We then say (G, 6, ) is an
inner twist of (G*,6%), as in [KS, Appendix B]. Start now with the pair (G*,0"). We
will consider those (isomorphism classes of) inner twists (G, 6,) for which there
is a norm correspondence from twisted conjugacy classes in G(R) to the ordinary,
i.e., untwisted, conjugacy classes in an endoscopic group H;(R). See Section 6 for
a precise version of the assumption. If #* is the identity this excludes certain inner
automorphisms 6. In these cases the twist 6 persists to conjugacy classes in the
endoscopic group in the formalism of [KS, Section 5.4]. The general excluded case
is a variant of this, and we use a slightly twisted norm correspondence. It can be
handled by a straightforward extension of our arguments for the ordinary norm
which we will describe in Section 12.

An endoscopic group H; comes with more data. First, we assume that we are
given, rather than the twisting character w itself, a 1-cocycle a, (of the Weil
group W, in the center of the connected complex dual group GV of G or G*) to
which @ is attached by Langlands’ construction [Bor, 10.1]. A set e of endoscopic
data for (G,0,a) or (G*,0",ax) is a tuple (H,H,s,£) as in [KS, Section 2.1].
There is no harm in assuming that £, an embedding of the group H in the L-group
LG =GV~ We R, is the inclusion map incl, so that H is given as a subgroup of La.
We do so, and drop £ entirely from notation. This subgroup H is, by definition, a
split extension of W /r by H V. In some cases, there is an L-isomorphism &, : H —
LH. This provides us then with an L-embedding inclo (¢;)~! of “H in I'G, and H
itself may serve as an endoscopic group. The L-embedding inclo (£;)~! determines
both a term for geometric transfer factors and a shift in infinitesimal character for
the dual spectral transfer from H(R) to G(R). The shift is necessary for the existence
of a transfer identity satisfying the functoriality principle; for some examples, see
[S4, Part B, Section 2]. Existence of £; as isomorphism, however, excludes many
cases; quick examples can be found for an outer automorphism for SU(2,1) or for
base change in Spy4 (in ordinary endoscopy, examples are harder to find). To avoid
these exclusions, we add to the endoscopic data e = (H,H,s) a z-pair (Hy,&;) as
in [KS, Chapter 2], and then H;, rather than H, serves as endoscopic group. This
group H; is quasi-split over R with simply-connected derived group, and there
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is an exact sequence 1 — Z; — Hy — H — 1 defined over R, where Z; is an
induced central torus in Hy. Then H;(R) — H(R) is surjective and “H is naturally
embedded in ©H;. Now &, is an injective L-homomorphism of H in L H; (see [KS,
Section 2.2] for proof of existence), and £; determines, in particular, a character
w1 on Z1(R). For example, in the SU(2,1) case we may pass from the problematic
H = PGL(2) to the group H; = GL(2) with sign character w; on Z;(R) = R*.
Spectral transfer from H;(R) to G(R) involves just those representations m; of
H;(R) for which Z; (R) acts by ww1. We will assume this property for a representation
71 without further mention. The L-embedding incl o (£;)~!, now defined on a
subgroup of ©H, plays essentially the same role in spectral transfer as before, but
of course with H; in place of H.

There are no solutions to the equivalence m 0 § =~ w ® 7w unless the central
character w, of 7 satisfies w,((0(2)z271) = w(z), for all z in the center Z(R) of
G(R). In particular, we may as well assume that w is trivial on the #-invariants of
Z(R), and consider only test functions f on G(R) for which

F(0(2)2""g) = w(2)"" f(9),

for all z € Z(R) and g € G(R). Similarly, and also without further mention, we will
always require that a test function f; on Hp(R) satisfy

fi(zihy) = @1 (21) "t fi(ha),

for all z3 € Z1(R) = Ker(H;(R) — H(R)) and hy € H;(R). For test functions we
could go directly to spaces of C2°-functions (smooth, compactly supported modulo
an appropriate central subgroup), and then obtain, as a corollary of the geometric
transfer, the dual transfer of stable admissible traces to twisted-invariant distribu-
tions. Instead we prefer to start with a more general space of functions of Harish
Chandra Schwartz type, and later pass to C2°-functions using a well-known result
of Bouaziz [B2, Théoréme 6.2.1]. From our main theorem we obtain first a dual
spectral transfer of stable tempered traces to tempered twisted-invariant distribu-
tions. There has been recent progress by Mezo [M] on identifying these distributions
as weighted sums of tempered irreducible twisted traces. For ordinary endoscopy,
this program has been completed [S2], with the weights identified as the prede-
fined canonical spectral transfer factors of [S2]. Then, for ordinary endoscopy, we
conclude from the existence of geometric transfer that a spectrally defined transfer
identity for a pair (f, f1) of test functions of any type also yields a geometric trans-
fer identity for the pair if and only if it is correct on the tempered spectrum, i.e.,
it has the spectral transfer factors as weights. For progress with twisted spectral
factors and their relation to Mezo’s constants, see [S9].

To define a (0, w)-Schwartz function f on G(R) we consider as usual the manifold
G(R)6 within G(R) x Autr(G). On G(R)0 there is an action of G(R) by conjugation:
20.g = g 1(20)g = g o 6(g) 6. To a smooth complex-valued function f on G(R)
we attach the smooth function fp on G(R)6 given by fp(x8) = f(z). Notice that
with our assumption on the central behavior of f we have

fo(z0.2) = @w(2) " fo(x0)

for z € Z(R), x € G(R). We call f a (0, w)-Schwartz function on G(R) if fy is
Schwartz on G(R)§ modulo w. This requires a (routine) generalization of Harish
Chandra’s definition; see Appendix for references. Write C(G(R), 8, @) for the space
of all such functions. On H;(R) we consider the space C(H1(R),w;) of functions
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that are Schwartz modulo w;. As mentioned already, for the fully general case there
is a slight twist also for H;(R). There we consider functions f; that are (01, w1)-
Schwartz, where 67 is an inner automorphism. In that setting, H;(R)6; may be
replaced by an appropriate coset of Hq(R) in H;(C); see Section 12.

To specify a correspondence (f, f1) it will be sufficient to consider those twisted
conjugacy classes of elements ¢ in G(R) that are strongly #-regular and have a
(strongly G-regular) norm -y, in H;(R) in the sense of [KS, Sections 3.3, 5.4]. Then
the 0-twisted centralizer Centy(d, G) of ¢ is reductive and abelian, but is not nec-
essarily connected. Write Gg for the identity component of Centg(d, G). Because ¢
has a norm in Hy(R), @ is trivial on G(R) [KS, Lemma 4.4.C]. The ordinary cen-
tralizer Cent(y,, Hy) is a torus which we write as H,, (we will assume no twisting
in Hq(R) until Section 12). There is a simple notion of compatibility for normaliza-
tion of Haar measures on G%(R) and H,, (R), or more generally on Z(R)G%(R) and
H., (R) (see Section 11). We fix Haar measures dg on G(R) and dh; on H;(R). This
choice can be avoided if we work instead with Schwartz measures fdg and fidh;. In
any case, it plays no significant role provided we insist on compatible measures dts
and dt.,, for Z(R)GY(R) and H, (R) when 7, is a norm of strongly 6-regular . For
f € C(G(R), 0, w) and quotient measure jTi we have the well-defined (0, w)-twisted
orbital integral

o=(5.0)~ | (g™ 60())=(g) 2
Z(R)GY(R)\G(R) ts
(see Appendix). At the same time we have the familiar stable orbital integral
SO(vy, f1) for f1 € C(H1(R),w;) and the quotient measure L?t}:bfll' If strongly 6-
regular ¢ does not have a norm in H;(R) we may still define a (6, w)-twisted orbital
integral O% @ (6, f) but it plays no role in the transfer to H;(R). There will be other
endoscopic groups that do account for it [KS, Chapter 6].
The last ingredient for our transfer identity is the transfer factor A(y,,d) from
[KS]. While its definition is complicated in general, it has the property that the
relative factor

A(y1,6)/A(7,0) = A7y, 65771, 0)

is canonical [KS, Theorem 4.6.A]. This means that the relative factor depends only
on the data we have prescribed: the inner twist (G,8,v), cocycle a, defining the
twisting character w, endoscopic data e with z-pair (Hy, ;) for e, and of course the
pairs (71,6), (77,0). When @ is trivial, it is only the appropriate conjugacy classes
of these pairs that matter: the stable (slightly twisted) conjugacy classes of v;,77
in H;(R) and the ordinary (G(R)-) twisted conjugacy classes of §,0 in G(R). In
general, there is a twist by w over twisted conjugacy classes in G(R) in the sense
of [KS, Theorem 5.1.D (2)].

The canonicity property motivates our approach to proving transfer and is crit-
ical to our arguments, reducing the difficulties in establishing the main transfer
identity to simply stated problems at various walls in the endoscopic group. We
are free to make convenient choices for the data determining the individual terms
in transfer factors at each wall, and thereby avoid the long consistency arguments
for various local choices over on the ambient group in our original approach to the
case of ordinary endoscopy for real groups [S8]. In particular, given the definitions
of the transfer factors in [LS1] and the alternate characterization of stable orbital
integrals we use here (see Section 4 and Theorem 12.1, where we may set go to be
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the identity), the present paper offers a relatively short proof of the transfer for or-
dinary endoscopy. We may go directly to Section 9 since the results of Sections 6 - 8
for ordinary conjugacy are known [S5] and Section 5 is essentially just a statement
of the main jump formula from which the transfer follows quickly. The argument
for this jump formula is a special case of the arguments in Sections 9 - 11. There
we reduce easily to questions about the terms in transfer factors. Then, in loosely
technical terms, our choice of a-data from Section 3, which is different from but
in the same spirit as that in [Kal], makes the previously intractable term A; easy
to handle (Lemma 9.5). The term Ay is trivial to handle and so the burden is
on Ajyrr. Our choice of x-data from Section 3 allows us to deal with this term in
our main lemma (Lemma 9.3) by a sequence of cohomological calculations based
on results in [LS1], [LS2] and [KS], and we are done. In particular, we avoid the
convoluted arguments needed in Section 13 of [S1] for the proof sketched there.

In some cases there are particular normalizations for the absolute factor A(vyq,d)
which simplify its form, but these do not play a direct role in the arguments of
the present paper. In fact, since the choice of normalization does not matter for

existence of the transfer identity, in Section 5 we simply fix a pair (F7,0) and
specify A(¥7,6) in a way that allows us to avoid carrying various constants in our
calculations.

Finally, we note that Waldspurger has pointed out two corrections ([W], personal
communication) needed for the definition of twisted transfer factors in [KS]. The
first is discussed in [KS+] and does not affect our archimedean setting; see Remark 1
of Section 9. The second involves the choice of a sign in the Galois hypercohomology
pairing of [KS, Appendix A]. In the archimedean case we may simply invert the

pairing without further change, as explained in Remark 2 of Section 9.

2. Statement of the main theorem

We fix a set ¢ of endoscopic data, along with a z-pair (Hy,&;) for ¢, and study
geometric transfer for G(R) and H;(R) under the transfer factor A of [KS]. Until
Section 12 we assume that the norm correspondence involves no twisting of the
conjugacy classes in Hp (R).

Suppose f is a (0, w)-Schwartz function on G(R), i.e., f € C(G(R),0,w). We
have attached to e and (Hy,&;) the shift character @y on the central subgroup
Z1(R) of Hy(R). Define the subset

Trans(f)

of C(H1(R),w1) to consist of those wi-Schwartz functions f; on H;(R) whose
strongly G-regular stable orbital integrals match, through the norm correspondence
for G(R) and H;(R) attached to 6, A-weighted combinations of (6, w)-twisted or-
bital integrals of f :

SO(, 1) = > A(11,6)0%%(5,f)

8, 0-conj

for all strongly G-regular v, in H;(R). The summation is over -conjugacy classes
of strongly 6-regular elements in G(R); for fixed v, the product A(v,,8) 0% (4, f)
depends only on the f-conjugacy class of strongly #-regular , and is nonvanishing
on finitely many such classes (see Section 5).
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This transfer identity for the pair (f, f1) says, in particular, that if strongly
G-regular v, is not a norm then

SO(’h,fl) =0

since, by definition, we then have A(~,0) = 0 for all strongly f-regular ¢ in G(R).
Moreover, the stable orbital integrals of f; have relatively simple behavior around
semiregular semisimple elements. One requirement of the identity is thus that the
weights A provide a great deal of cancellation in the singularities of the individual
(0, w)-twisted orbital integrals of f.

Notice that f; € Trans(f) is determined uniquely modulo the annihilator in
C(H1(R),w;) of the space of stable tempered characters on H;(R): the strongly
G-regular elements are dense in the set of all regular semisimple elements in H (R),
and so functions f; and fo in Trans(f) have the same stable orbital integrals on
all regular semisimple elements. Then, by Harish Chandra’s regularity theorem for
characters (see [HCI], Section 11, Theorem 1) and a simple application of a stable
Weyl integration formula, those integrals generate all stable tempered characters
on Hq(R). Hence f1 and f2 agree on such characters, as asserted.

We may consider instead f € C°(G(R),0,w), by which we mean that fy
lies in C°(G(R)0,w), and define similarly the set Trans.(f) of functions f; €
C*®(H1(R),w1) such that f and f; have A-matching orbital integrals in the same
sense. Embedding C°(G(R),0,w) in C(G(R),d,w), we may adapt the argument
above to see that f1 € Trans.(f) is determined uniquely modulo the annihilator
in C°(H;(R), 1) of the space of all stable tempered characters on Hj(R).

Theorem 2.1. (Main Theorem) For all f € C(G(R),0,w), the subset Trans(f)
of C(Hy(R),to1) is nonempty.

We conclude from this theorem that the correspondence (f, f1), where f €
C(G(R),0,w) and f1 € Trans(f), is well-defined. This correspondence determines
a map from C(G(R),0,w) to the quotient of C(H;(R),cw1) by the annihilator of
stable tempered characters on Hi(R). If we switch from Schwartz functions to
Schwartz measures then the map is determined uniquely up to normalization of
transfer factors. In ordinary endoscopy, where the dual tempered spectral transfer
is available (see [S2] and [S3] for the form we need), we may normalize the tem-
pered spectral factors A(7y, 7) first if we wish. For example, for certain inner forms
there is a common Whittaker normalization that has desirable properties [S3, Sec-
tions 11, 13]. Then for simultaneous geometric and spectral transfer identities the
geometric factors must be normalized so that A(wy,7)/A(7,,0) coincides with a
predefined, and canonical, compatibility factor A(wy,7;71,d) [S2, Section 12]. In
the Whittaker case, this brings us back to the geometric version of the Whittaker
normalization in [KS, Section 5.3] for A(vy,,0) [S2, Section 12]. Similar results are
expected for the twisted case; see [S9].

There is an analogue for C2°-functions:

Corollary 2.2. For all f € C*(G(R),0,w) the subset Trans.(f) is nonempty.

Proof. Let f € C*(G(R),0,w). Using the main theorem we first find f{ in the
subset Trans(f) of C(H1(R), ). Then because the stable orbital integrals of f{
vanish off the conjugacy classes meeting a set in H; (R) that is bounded modulo
Z1(R), Bouaziz’s characterization of stable orbital integrals of C'S°-functions shows
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that there exists f; € C3°(H(R), w1) such that

SO(’Yhfl) = SO(’Vlﬂ f{)

for all strongly G-regular v, in H;(R). Here, a slight extension of [B2, Théoréme
6.2.1] is needed; see [R2, Section 5.3]. Then f1 € Trans.(f). O

Let K, K; be maximal compact subgroups of G(R), H;(R) respectively. If f €
C*(G(R),0,w) is K-finite then spectral methods are expected to show that there
is Kp-finite f1 in Trans.(f), as for ordinary endoscopy. In the ordinary setting,
if A(my,7) is the spectral transfer factor compatible with given geometric factor
A(7,,9), then the Paley-Wiener argument of Clozel in an appendix to [CD] shows
that there is Ki-finite f; satisfying tempered spectral transfer for f with weights
A(my, ). Thus fi € Trans.(f).

Sections 3 - 11 are dedicated to a proof of the main theorem which, after some
preparation, hinges almost entirely on Theorem 5.1. In Sections 3 and 4, we in-
troduce a variant of Harish Chandra’s 'F; transform that fits better with transfer
factors. In particular, we obtain the limit formulas of Theorem 4.2 for ordinary
stable orbital integrals. These are simpler; for example, the troublesome fourth
root of unity that appears in the jump formulas for stable 'Fy (see [S1, Section 3])
is gone. In Sections 5 - 10, our main goal is to prove Theorem 5.1 which amounts
to analogous limit formulas for the right side of the transfer identity, i.e., for sums
of twisted orbital integrals weighted by the transfer factors. At this stage we ignore
the limit formulas for derivatives that will be required later in the paper and focus
instead on the needed analysis of terms in the transfer factors.

The main lemma (Lemma 9.3) in the proof of Theorem 5.1 is a simple wall-
crossing property of the term Ajj; in the transfer factor A = A;A A Ary
that we deduce from a detailed examination of constructions from [LS1], [LS2]
and [KS]. Two features are crucial to the cancellations that yield this result: use
of the s-compatible data sets introduced in Section 3 and a simplification of data
attached to the abstract norm map (see toral data at 7, in Section 6). The term
Ajs then contributes trivially at the wall, apart from the piece needed for descent
to a neighborhood of the identity in a twisted centralizer of Dynkin type A;, while
analysis of A; may be avoided if we use known results for ordinary endoscopy. Since
we plan to deduce that case as well we also give an independent analysis of A; as
an exercise with descent formulas from [LS2]. The term Ay is, as usual, absorbed
into the definition of normalized integrals.

Once we have finished the proof of Theorem 5.1, we extend the limit formulas
to derivatives. Again use of the alternative transform simplifies both statements
and arguments. We then complete our proof of the main theorem in Section 11. In
Section 12, the theorem is extended to the general case, i.e., to the case of slightly
twisted norms.

Our notation will follow this pattern: O for unnormalized integrals, ® for nor-
malized integrals, and ¥, , for our variant of the stabilized 'Fy transform.

We should mention the work of Renard [R1, R2] which offers insight into the
difficulties of local analysis for twisted transfer. In [R2], however, the focus is
different from ours; certain choices are made there that we expressly exclude here by
the symmetry (s-compatibility) requirements of the next section. Those choices are
reminiscent of our initial approach to ordinary endoscopy [S8], and unfortunately
the reference [Sh6] in [R2] consists only of some personal notes which make no
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attempt to address the remaining problems for making the method work. In the
example of base change, we note that the consistency problems in [S11] were resolved
only by the new approach of [S12]. With the dual spectral transfer in mind (see
[S9, Section 11]), we also need the slightly more general setting of [KS], and we
start with Schwartz functions to capture the dual tempered transfer first. Some
of our early results from Section 6 have analogues in [R2], but our paths soon
separate since we bundle transfer factors with the twisted integrals from the start,
and then focus on the space of norms and the endoscopic group. This leads us to
local problems for transfer factors directly related to descent arguments from [LS1]
and [LS2]. Those are the problems we propose to describe and solve here since, as
we have already mentioned for the special case of ordinary endoscopy, the desired
transfer then follows quite quickly.

3. Generalized Weyl denominators

A stabilized version of Harish Chandra’s 'Fy transform was introduced in [S5] to
characterize stable orbital integrals. We prepare in the present section to introduce
a variant of this transform based on the generalized Weyl denominators from [S1,
Section 9] (see also [S2, Section 7c]) that depend on the a-data and x-data of [LS1,
Section 2] rather than on a choice of positive roots.

Let G be a connected reductive algebraic group defined over R, and T be a
maximal torus in G defined over R. The familiar skew-symmetric Weyl denominator
on the Lie algebra tg of T(R) does not in general lift to T'(R). Harish Chandra
introduced the closely related function A’ on T'(R) defined by

A'(y) = |det(Ad(y) — De/m|*T] (a(y) - 1)

a>0,imag

where m is Lie algebra of the centralizer M in G of the split component of T. The
product is over those imaginary roots, i.e., roots of T in M, which are positive for
some specified ordering. See Section 17 of [HCI]; this paper has the final version
of 'Fy. An earlier definition, which differs by a sign that depends on the ordering,
is recognized by the presence of a term eg. Note also that we have modified the
definition to accommodate the use of the right action of conjugation in prescribing
orbital integrals. Following Harish Chandra [HCI], we partition roots of T in G
as real (ca = a), imaginary (ca = —a), or complex (ca # *a). Here, and
throughout, o denotes the action of the nontrivial element of I' = Gal(C/R) on T,
on the rational characters X*(T), etc. Then

/ _ _
A (’Y) - Ha>07ima9(a(7) 1) Ha real,cmplx

1/2 _

1/2
a2 —a() 2|

where |a(7) a(y)~1/2| is convenient notation for |(a(y) — 1)(c(7) ! = 1)

If 7 is regular as an element of M we may further write

/ (a(y) = 1)
A (7) = Ha>07imag m Ha

Let O, denote the Galois orbit of the root a of T'in G. If « is imaginary then O, is
symmetric: O, = —0,, = {£a}. Otherwise O, is asymmetric. Then O, and —O,,
are disjoint and O, consists of one or two roots according as « is real or complex.
Recall that we define a-data {a,} and yx-data {x,} as follows [LS1, 2.2 and 2.5].

/2 —1/2

aly)

o) .
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For each root «, a, is a nonzero complex number and
OGoq = Qay, O—q = —0q.
If o is imaginary or complex then x,, is a character on C* and

Xoo = Xar X o = Xa 't

If « is real then yx, is a character on R* and a, € R*.

Thus if O, is symmetric then x, must be an extension to C* of the sign character
on R* and a, must be purely imaginary. If O, is asymmetric then x, may be the
trivial character, in which case the choice of a, will not matter for the objects we
construct (for the sake of completeness, we will often pick a, = £1 = —a_,), and
we say that such data are trivial.

The associated (right) generalized Weyl denominator is

Buerignt() = [T %o I Ja) /2 = a) 2

1/2

= |det(Ad(7) — D)o T] )

where the product is over all Galois orbits O, symmetric or not. Notice that the
choice of representative o for O does not matter.
We may also define A,y jer¢(7y) by replacing each term XQ(%) with the
term
Xa(—aa(l—a(y)™).
A useful property for computing the dual transfer of characters is that the product

Aa,x,lefiﬁ ('Y) Aa,x,right (7)

coincides with the term {det(Ad('y) —1I), /t| appearing in the Weyl integration for-
mula [S2, Lemma 7.3]. In the present paper we are interested only in Aa x,right )
and will write it simply as Ag (7).

To return to the Harish Chandra factor A’(y), we choose a positive system for
the imaginary roots and then set

Xo(2) = (2/2)F = W

for « positive imaginary. We also set x,, trivial for all real roots and all complex
roots. Then for any choice {a,} of a-data we have

A(y) = Do ]]

Notice that the product on the right is a fourth root of unity.
Suppose (arbitrarily chosen) x-data {x,} are replaced by another such set {x/, =
NaXa}- Then

Doy (1) =DaxN]]

Suppose « is imaginary and choose a square root a(7)*/? for a(7). Then n,, (a(7)'/?)
is independent of this choice, and the last formula may be rewritten as

Aoy (V) =DaxM]] nala() ] Na(a(7)),

+0,asymm

a()t

a>0,imag |aa| ’

n(C=H ] nala(y)).

O,symm - +0,asymm

O,symm
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showing that the change is independent of the choice of a-data. Replacing {a,} by
another set {al, = anb,} yields

Aarx ) = Bax N ]y, $19700),
and then that change is independent of the choice of y-data.

Let « be an imaginary root of T. By a Cayley transform with respect to a we
mean the restriction to T of an inner automorphism of G, written v — v° = s 1s
or T — T%, for which so(s)~! acts on T as the Weyl reflection w,, with respect to
a. Then T% is defined over R. This is a generalization of the usual Cayley transform
(see [S5] and [S10, Section 3], also a review in [S6, Section 2]) that works well for
stable conjugacy. Such a transform exists if and only if the orbit of o under the
imaginary Weyl group, i.e., the Weyl group of T in M, contains a noncompact root
(see [S5, Proposition 4.11]). In the terminology of [S6, Section 2] this says that «
is not totally compact. For each root 3 of T we denote by [3° its transport by s to
a root of T°°.

Suppose that {ag}, {xs} are a-data and x-data for 7', and fix an imaginary root
a. Assume that « is not totally compact so that we may choose a Cayley transform
s with respect to a. Then we call {ag},{xz} together with a-data and x-data
{ap=},{xg:} for T* an s-compatible data set if

Gwa(B) = @8> Xwa(8) = X8
for all 8 # +a, and
ags = ag,Xgs = X3
for all roots 8 # da of T except those complex 3 for which 3° is real, while for
such (8 we require
ag = ag=, Xg = Xg= ONm%'

This definition places no additional restrictions on the data an,Gas, X, O Xae
corresponding to the Cayley roots a, a®. On the other hand, we are not free to
make the usual assumption that the data are trivial on all asymmetric orbits for
T* : the data must be nontrivial on those asymmetric (complex) orbits for 7 which
bifurcate into symmetric orbits on passage back to T' (see the last step in the proof
of Lemma 3.1). In the case of bifurcation of an asymmetric (complex) orbit for T'
into asymmetric (real) orbits for T, mentioned in the definition, we may choose
trivial data, but if we do not then only real (Galois-invariant) ag, X are allowed.
The requirements in this last case are made with the proofs of Lemmas 4.1 and 9.1
in mind.

Lemma 3.1. Suppose that s is a Cayley transform. Then s-compatible data sets
exst.

Proof. Write o,0° for the Galois actions on 7', T respectively. By construction,
o*(8°) = (waoB)*,

for all roots B of T'. Thus, as in the case of the standard Cayley transform, the roots
+a® are real. If § is real then so is §°. If 8 is complex then either w, 3 # +o8 and
B° is complex, or w, /8 = o and 3° is real. Here the case w,f = —cf3 (equivalently,
B° imaginary) has been excluded since that implies 8° is orthogonal to «®, so that
£ must be imaginary and orthogonal to «.

First we pick a-data and y-data for T. Clearly we may adjust the data to satisfy
the conditions that a,,, (s) = ag and x,, 3y = X for all imaginary 8 # +a. Suppose
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that 3 is real. Then we may take x4 trivial and arrange that ag = +£1 = — a_g.
Suppose that § is complex. Then we again take xz to be trivial and arrange
that ag = &1 = — a_g. We may also require that a,_ 3y = ag = asg. For

this we observe that the orbit of 8 under the group generated by o and w, is
asymmetric and moreover disjoint from its negative: if 5° is real then w,f = of3
and the orbit is {8,008}, whereas if 8° is complex then w,f # +of and the orbit
is {8,008, waB,wacB}. The disjointness property is then clear.

To complete the proof of the lemma we show that we may define a-data and
x-data for T as follows. First use the formulas

ags = ag, XBS = Xﬁ
for all roots 3 of T except a and those complex 3 for which 3° is real. Suppose
B is complex and 8% is real. We pick ags = ag, and take Xpge trivial on R*. We
choose xp,s trivial on R* and aqs = 1= —a_qs.

There is nothing left to show for ags, xz. unless 3 is imaginary and 8 # +a.
Then $3° is imaginary or complex according as 3 is orthogonal to « or not. If 3
is orthogonal to « then o°(8°) = (¢3)® and so it is clear that our chosen aygs =
ag,X+ps = X are appropriate. If 3 is not orthogonal to a then

o*(8°) = (—wap)’.
Using the additional requirement

Awo(B) = A8 Xwa (B) = Xp>
we see that

Gos(B°) = O—waf = Qw,p = 0B = 0p
and
Xo#(8%) = X-wap = Xwap = Xg = Xg*-
Since clearly a_ge = —ags and x_g. = nglv this finishes the proof. d

4. A limit formula for stable orbital integrals

We continue with the setting of the last section. Suppose that SO is an un-
normalized stable orbital integral on the regular semisimple set of G(R), i.e., that
there is a Schwartz function f on G(R) such that, for each regular semisimple ~
in G(R), SO(v) is the stable orbital integral SO(v, f). Suppose also that 7 lies
in T(R). Then we use the factors A’ and A, , from the last section to define the
transforms

U(y) = A'(7)SO()

for a given choice of positive imaginary roots for T', and

Vo (1) = Aax (7)SO(y)

for a given choice of a-data and x-data for 7. The choice of measures has been
suppressed in notation; we follow [S5] (see also Section 11). Our purpose in the
present section is to deduce simple limit formulas for ¥, , from the limit formulas
for U; see [S5] for a detailed proof of the latter.

We confine our attention to the behavior of orbital integrals near semiregular
semisimple elements of G(R), those elements with centralizer of type A;. Suppose
then that 7, is a semiregular element of T'(R), that a(y,) = 1, where « is an
imaginary root which is not totally compact, and that s is a Cayley transform with
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respect to a. We may regard the coroot oV as an element of the Lie algebra of T
and then a,aV lies in the real Lie algebra: o(anaY) = a_qo(—aV) = aqaV. For
a sufficiently small nonzero real number v, the element vy, = v, exp(va,a") is a
regular element in T'(R). Moreover it is unchanged if « is replaced by —a. At the
same time, the element +§ lies in T°(R) and is annihilated only by the real roots
+a®. Then U,- = (7)) is prescribed by smooth extension [HCI, Section 17, Theorem
1]. In particular, if we set v, , = 7§ exp(vaqs (a®)") then

\IlﬂstS (78) = ill% \Paﬂx“ (’Ys,u)'

We note first a lemma that simplifies our argument for the next theorem (and
motivates the definition of s-compatibility).

Lemma 4.1. For any s-compatible data set {ag}, {xs},{ap:},{xp:} we have

—1 S(yg) — 1
HO#OQ Xﬁ( (6(70) )) — HOS#iO(YS Xgs ( (6 (70) ) )

ag apgs
On the left, the product is over all Galois orbits O for T except O, = {xa}.
Each term is independent of the choice of representative 8 for O. The right side
is defined by using all Galois orbits for T except {a°} and {—ca’}, and again the
choice of representative has no effect on the terms.

Proof. If O is orthogonal to O, then we find immediately a matching term for O
on the right side of the equation. For the remaining cases, if 8 is imaginary and
B = w,p is distinct from 3 then the contributions to the left from {+8}and {+3'}
are equal and moreover they each equal the contribution to the right from each of
the two orbits {5%, —(5)*} and {—3°, (8")*}. If B is complex and $3° is complex then
we clearly have matching terms. If 8 is complex and 8° is real then (68)% = wqs5°.
The product of the terms for {3,083} and {—3, —0 3} is x5(8(7p)). The product of
the terms for {°}, {—8°} is x5:(8°(7§)) which equals the product for {was3°},
{—wqa=B%}. Since B(y,) = B (7§) is real, s-compatibility ensures that

X5 (B(10)) = X2 (8°(78)%) = X s (B°(V8))- X p (Warr B (7)),

and the lemma is proved. O
Theorem 4.2. For any s-compatible data set we have
Vl_i%l, \I”%X (71/) = - l}i}%ﬂ \I]CHX(VV)

and
Jim W (1,) = Vo i (33):

Proof. As a first step, we check that it is sufficient to verify these limits for one s-
compatible data set. Suppose then that the result is true for the choice {ag}, {xs}
and {ag-},{xg:}. We now use another set which we write as {agbs}, {xsm5} and
{apsbg=},{xgsmpgs }, and consider the effect on W, \(7,) and W,s y=(75). We may
argue orbit by orbit.

Notice that only the data for O, = {£a} affect 7,. The characters 1, = nt’
are trivial on R*, while b, = b_, may be any nonzero real number. Then =, is
replaced by v,_, and A, \(7,) is multiplied by

Xalbo) (M) ign o)
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since a(y,) = €?% and (e"% — e"V%)/a, is real. Thus the first limit statement
remains true (each side is replaced with the negative of the other if b, is negative),
and then the second limit statement follows also. Next we observe that 1, = ni;.}
and bas = b_qs contribute no change to s s (7§) since

@0y, | @07

Neos )Xas (bas)_leas (b*as)_l = Nas (aé(V))

for any regular v in 7°(R), and so has limit 1 as «y approaches 7. Thus we are done
with the orbits O,, £0,s.

For the remaining orbits we could do a calculation for each symmetric orbit O
and each asymmetric pair £0 individually. Instead we appeal to Lemma 4.1 to
see that the (nonzero) total contribution can be cancelled from the limit formulas.
This finishes the first step.

The second step in our proof is to compare the proposed limit formulas with the
limit formulas for the stable version ¥ = A’.SO of Harish Chandra’s 'F; transform
([S5], recalled in Section 3 of [S1]). It is convenient to assume first that « itself
is noncompact and then drop this assumption later. We pick a system of positive
imaginary roots for T that is adapted to .. This means that « is positive and that if
B is positive imaginary and not orthogonal to o then 8, = —w, () is also positive.
For convenience we will choose x5 to be the standard character 2 — = if 3 is
positive imaginary and orthogonal to «. This is also assumed for 8 = «. In each
of these cases we set ag = i. For each pair of positive roots 3, 3; not orthogonal
to a and distinct from a we pick one, labelling it 3, and make x4 the standard
character. Then x5 must be its inverse. Also we set ag = i, so that ag, must be
—i. We assume that g is the identity character if 3 is real or complex.

Now we compare A, , (y) with A’'(y) at v, = vy exp(iva"), as well as Ags = (V)
with A’(~§). We proceed orbit by orbit, considering the contribution of O to the
change for A, and of O° to the change for Ays ,s. Real or complex orbits for
T contribute no change to either A’(vy,) or A’(~§). Consider the imaginary orbits
orthogonal to a. Suppose there are N such orbits. Then passage to Ag(7,)
multiplies A’(y,) by (i)~". Since N is the number of imaginary orbits for T°®
and we use s-compatible data for T%, the term A’(v3) is also multiplied by (i)~
Consider next the orbits of a pair of positive imaginary roots 8, 8; not orthogonal
to « and distinct from «. Then we replace

ﬂ(’}/u)_l 61(’71/)_1
1B(7,,) = 1] 1B1(7,,) — 1]

A(v,) =

by

By, =B =V B0y =1 B0 =1 16 () =
1B =1 =B = Di 1=Bin) 18(n) — 1

Because 1 (7) = B(70) " = B(79), we have
lim A(y,) = lim A(y,)=1,

v—0+

whereas

lim B(y,) = lim B(v,) = B(7¢)-

v—0t v—0—
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Thus we have to multiply all limits by 5(,). Consider now the change to A’(+§).
This term is multiplied by

B -1, BOp -1
a(;s )0X7a5( _Oaﬁs

= Xﬁ(%) = B(vo) = B(70);

and so we are done with this case.

There is one remaining orbit, that of «. Its contribution multiplies A’(vy,) by
i~1, but there is no change to A’(v§). This is exactly what we need to deduce the
claimed limits from the analogous limits for the Harish Chandra type function ¥
(see [S1, Section 3, Property (vi)]). Step 2 is thus complete and the assertions of
the theorem proved for the case that a is noncompact.

Suppose that « is compact and that w is an element of the imaginary Weyl group
for which af = w™!a is noncompact. Assume that w acts on T as Int(w). Then
if s is a Cayley transform relative to o, s' = w™'s is a Cayley transform relative
to af. Also if 7, is a semiregular element of T'(R) such that a(y,) = 1 then 1% is

B*(v) — 1

XBS( )= ng(W)

a semiregular element of T(R), af(y¥) = 1 and (’y“dJ)ST = ~§. Finally, to obtain an
sf-compatible data set from an s-compatible data set {as}, {xp} and {ag:}, {xs-}
we may replace {ag}, {xg} by {as}, {xj}, where a; = aus and X} = x.3, and
leave {ag:},{x -} unchanged. Then

VY =¥ expvagr(al)Y,

and because SO is stable we have

Vo (1) = Yar x/ (7))
The limit formulas at v, now follow immediately from those at 7§, and this com-
pletes the proof of Theorem 4.2. O

Notice that Lemma 4.1 allows us to use A, in place of A, , in the statement of
Theorem 4.2, where

(a(y) = 1) 1/2

Ba(r) = xal =) Jdet(Ad(r) ~ 1)gyd

Here A_, = A,n = A,, and so only the (symmetric) orbit O of a matters. We
write then Ao in place of A,.

We end this section with a remark on the normalized orbital integral
1/2
@(y) = [det(Ad(y) = D | SO).
Set
Uo(7) = Ao(7) SO(y) = x, (=1 ¢
o(7) =Ao(7) SO(7) = xo(*=22—) @(7).

Assume, as in the theorem, that « is not totally compact. Notice that if we write
aq as iby, where b, is real, then for |v| small and nonzero we have

X ((a(j/l/) — 1))

[e%

—ivby

)

eil/b(1

= e
aa XO(( X(X( Zba
; 2sin(vby)
_ ell/b(, (&3
X )Xo (==
Because s defines an inner twist between the identity components of their respective
centralizers, the elements 7, and ~{ are stably conjugate in G(R) in the sense

iub(\,) — €

V) = x,(e7%)sign(v).
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introduced by Kottwitz in Section 3 of [K] for the untwisted setting. Comparing
limits for Uy with limits for ®, we see, by an argument along the lines of Section 2
that the assertions of Theorem 4.2 may be rephrased as the existence and equality
of the limits of ®(v) as (i) v approaches v, through the regular elements of T'(R)
and (ii) v approaches the stable conjugate ~§ of 7, through the regular elements
of T°(R) (see Section 2 of [S6]). This suggests another approach to the proof of
transfer; we simply found our present approach quicker. Our preference for working
with U rather than ® is explained by the formulas of Section 10 for derivatives.
It is now a short exercise to modify the characterization theorem for stable
orbital integrals in [S5] using the statement of Theorem 4.2 or, more precisely, its
generalization to derivatives. As mentioned in Section 1, we will need eventually to
introduce a slight twist in the stable integrals. Thus we will wait until Section 12,
and then write a slightly more general characterization theorem (Theorem 12.1).

5. A limit formula for twisted orbital integrals

We return to the statement of the main theorem in Section 2, and follow the
notation established in that setting. In particular, we will consider (6, w)-twisted
integrals for GG, while the endoscopic group H; will now assume the role of the group
of the last two sections. Recall that, because of our assumption on the inner twist
(G, 6,1), we consider completely untwisted integrals on H;(R). To commence the
proof of the main theorem, we assume that f € C(G(R), 0, w) and define a function
®; on the strongly G-regular elements v, of Hy(R) by

®1(7,) = |det(Ad(yy) = D,y | 7~ D A(y1,8)0"%(3, f).

§,0—conj

1/2

We must show ®; is a normalized stable orbital integral on H;(R). Our primary
concern will be an analogue of the limit formulas of the last section.

Consider ®; near a semiregular element 7, in H;(R) annihilated by an imaginary
root ap of a maximal torus 77 in H;. Because H; is quasi-split over R the root
o is not totally compact [S10, Lemma 9.2]. We then have a Cayley transform
s1 in the sense of Section 3 for «j, along with the semiregular element 7g' in
the adjacent Cartan subgroup 77'(R) annihilated by the real root aj'. We will
choose an sj-compatible data set in Section 9 based on compatible twisted data.
We make the additional requirement that v, be G-semiregular (see Section 6 for
definition). For all nonzero real v with |v| sufficiently small, we will see that both
Vv = Yoexp(vaa, ) in T1(R) and v,, , = 75" exp(ra,s (af')Y) in I7H(R) are
G-regular, and then that ®1(v,), ®1(v,, ) are defined.

Theorem 5.1. All relevant limits exist and the assertions of Theorem 4.2 are true

for the group Hy when ® (normalized stable orbital integral on Hi(R)) is replaced
by ®1 (normalized transport of a weighted sum of twisted integrals on G(R)) :

lim ¥, =— lim U, (7,
Jim W (y,) = — lm Way(7,)

and

lim, W (7,) = lim Weer o (3,.):

v—0

We will gather ingredients for a proof of the theorem over the next four sections,
completing the argument in Section 10. Later the theorem will be strengthened to
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include derivatives (see Lemmas 10.1, 10.2) and all semiregular -y, (see Section 11).
Often we will write ~,, for v, , and a’,x’ for a®*, x*1.
To begin, we replace O% (4, f) by the normalized integral

1/2

(I)G,w((s’ f) = |det(Ad(6) o 0 — I)g/Cent(gg,g) Oe,w(éa f)-

Assume strongly G-regular v, is a norm of §. Then the term Ay (vy4,d) in the
transfer factor is the quotient of the normalizing term above by that for ordinary
orbital integrals on H;(R). Thus our proposed normalized stable orbital integral is
given on v, by
P1(yy) = Z M‘I’g’w(&f)-
6,0—conyj IV(FYl’ )

We may as well assume for the rest of the paper that there exists a strongly
G-regular element in H;(R) that is a norm, for otherwise the zero function lies in
Trans(f) and the main theorem is proved. We then fix a pair (¥,0), with strongly
G-regular ¥ € H;(R) a norm of strongly f-regular § € G(R), in order to normalize
transfer factors as mentioned in Section 1. We gather all terms involving only (¥, )
as

A*(7,0) = A, 8)[A (DA A )]
Here we have dropped the second argument in our notation for Ay, Ajr, Ay since
it plays no role. There is no harm for the proof of Theorem 5.1 in assuming that
transfer factors are normalized so that
A, 0) = Ar(M AT AV (7),
and then
A(7,5) = 1.
This allows us to rewrite ®1(7,), for any strongly G-regular 7 € H;(R), as

Ar(y)Ar(n) Y. A, 67,0) 8975, ),
6,0 —conj
where the summation is over #-conjugacy classes of strongly -regular elements o
in G(R). Here we declare the contribution of the class of ¢ to be zero if v, is not a
norm of 4.

If v, is a norm of ¢ then the torus Cent(vy,, H1) is a norm group (in the sense
of the next section) which implies that the character w is trivial on G¢(R) [KS,
Lemma 4.4.C]. The transformation rule (2) of Theorem 5.1.D of [KS] further allows
us to write Arrr(vy,0;7,0)0% (8, f) in the form

/ Arrr(v1,97160(9):7.0) f (g~ 60(g))dg/dt.
ZR)GIR\G(R)

As a function of 9, this is constant on #-conjugacy classes, as is the normalizing

1/2
det(Ad(0) 00 = I)g /cent(g?.q) for ®%7(§, f). The set of elements with

v, as norm forms a single stable f-conjugacy class of elements in G(R), as will be
reviewed in Section 6. Thus the summation in @4 () may be taken over the (finite)
set of f-conjugacy classes in this stable class.

In Section 7 we will define @4 (v, ) for G-regular elements 7, that are not strongly
G-regular in the same way as for the untwisted case, i.e., by smooth extension.
First, we need to describe our choice of stable f-conjugacy class with norm v, in

factor
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that setting. At the same time we prepare for the more delicate analysis of ®1(v;)
when 7y, is near semiregular ~,.

6. Norm groups and semiregular elements

To view semisimple elements of the endoscopic group H;(R) as norms, we adapt
the definition of image in ordinary endoscopy (see (1.2) of [LS2]) to our twisted
setting. Recall that we have made an assumption to avoid any twisting in H;(R).
Namely, we have fixed quasi-split data (G*,6%) and inner twist (G, 0,1);

Yo ()~ = Int(u(0))
and
Yoboyp ™t =Int(ge) tob*,
where u(0), gg lie in G%,. We write u(0), go also for the images of these two elements
in G* under the natural map G%, — G*. Define m : G — G* by m(8) = 1(d)g, "
Then our assumption is that we may choose u(0), gs so that

a(m)(8) = u(o) ™ m(8)0" (u(v))-

See Lemma 3.1.A and Appendix B of [KS] for its (hyper)cohomological significance.
It is not difficult to drop the assumption, as we will check in Section 12.

There are also two minor assumptions that we will retain throughout the paper.
First we require that 6 is strongly semisimple on the center of G in the following
sense. Assume 6 is semisimple on the center of G in the (usual) sense that the
restriction of df to the center of the Lie algebra of G is diagonalizable, and then 6
must be of finite order on the center. We may replace (G,0) by (G*,6%) without
harm. Let T be a 0"-admissible maximal torus in G*, i.e., a 0*-stable maximal
torus in G* for which there exists a 8*-stable Borel subgroup B containing T' [KS,
Section 1.1], and let Z% be the group of #*-invariants in the center of G*. Then
Z' = Zn(T%)° is independent of the choice for T and so is defined over R. If
G* is simply-connected then Z' = Z% and T?" = Z% (T%)° is connected, while
in general Z! is of finite index in Z? . We require that there is a finite subgroup
7Z? = Z%(C) of 2% = Z9(C) preserved by o such that Z% is a direct product
Z'.Z% Then T = 7% (T?")° is a direct product Z2.(T%")°. The (few) examples
where Z' is properly contained in Z?", so that there is something to check, include
the outer automorphism of a form of GL,, for n > 1 odd. Here the requirement is
satisfied. We use it in our analysis of stable conjugacy under passage to adjacent
Cartan subgroups (see Section 7), with the purpose of aligning jump formulas as
simply as possible for semiregular descent. We will also embed Z? in G via the
twist ¢! and use the same notation Z2 for its image.

Our second assumption is just for convenience in referring to results in harmonic
analysis (see Appendix). Namely, we assume that 6 is the product of an inner
automorphism defined over R and an automorphism of finite order. In [S9, Lemma
3.2] we will notice that, with 6 semisimple on the center of G, there is a particularly
useful such product formula over R provided G is cuspidal, i.e., provided there are
maximal tori in G that are R-anisotropic modulo Zg.

We start our discussion of norms with the correspondence of [KS] between the
set of stable conjugacy classes of strongly G-regular elements in Hy(R) and the set
of stable #-conjugacy classes of strongly 6-regular elements in G(R). Recall from
the last section that we may as well assume this correspondence is nonempty. It is



18 D. SHELSTAD

uniquely determined by the choice of gy (see [S9] for a related discussion). If the
class of strongly f-regular ¢ in G(R) corresponds to the class of strongly G-regular
v; in Hi(R) then ~, is a norm of 6. We will call a maximal torus T; over R in
H; a norm group for (G,0) if T1(R) contains strongly G-regular elements that are
norms of strongly -regular elements in G(R); this generalizes a definition in [KS,
Section 3.3].

Let T} be a maximal torus over R in H;. Then by Lemma 3.3.B of [KS] there
exist a §*-stable maximal torus T in G* defined over R and an admissible homo-
morphism T} — Ty~ from T} to the coinvariants of #* in T. In more detail: there
exist a 6”-stable maximal torus 7" in G* defined over R and a 0*-stable Borel sub-
group B containing T, along with Borel subgroup B; containing 77 such that the
homomorphism

T1 — Tl/Zl — Tg*
attached to the pairs (By,Ty) and (B,T) is defined over R. Here the map T} —
Ty/Z, is the natural projection, and the construction of T7/Z; — Ty~ comes from
the definition of endoscopic data. The strongly 0*-regular elements of T'(R), which
include a dense subset of T(R)?, have strongly G*-regular norms in 73 (R), and so
the cited lemma shows that any maximal torus over R in H; is a norm group for
the pair (G*,0").

Assume now that T3 is a norm group for (G,0). Suppose that v, is a strongly
G-regular element of T (R) and that 7, is a norm of strongly #-regular ¢ in G(R).
First we take an admissible homomorphism 77 — Ty~ mapping 7, to an element,
say v*, of Ty~ (R). Because 7, is a norm of ¢ there is also an associated isomorphism

Int(g) oty : G§ — (T7°)°
defined over R, where g is chosen in G, so that
8" = gm(8)0"(9)~"

lies in T and N(6%) = v* ; see [KS, Sections 3.3, 4.4]. Here, as in [KS, Section 3.2,
N denotes the abstract norm map, i.e., the projection T' — Ty~ to coinvariants,
while Gg denotes Centy(5,G)°, a torus defined over R. In the equation §* =
gm(8)0*(g)~1, the element g has been identified with its image in G* (we will do
this repeatedly, often without mention) and m is the modification of the inner
twist ¢ : G — G* defined in the first paragraph. Because of the strong regularity
condition, g is unique up to an element of Ty, once T} — Ty~ has been fixed. Also,
changing T — Tp- changes g in a simple manner [KS, Section 4.4].

In summary: if strongly G-regular v, in H;(R) is a norm of strongly #-regular §
in G(R) we identify the quotient of Cent(vy,, H1) = T1 by Z; with the group of 6*-
coinvariants in 7. Here T is provided by the data for an admissible homomorphism
Ty — Ty-. We also identify G¢ = Centy(5,G)° with the identity component of the
group of §*-invariants in 7.

Recall that the strong #-regularity of § ensures only that Centy(d,G) is abelian
and diagonalizable. The isomorphism Int(g) o 1 above maps Centy(d,G) onto the
full group of 6*-invariants in 7. Then our assumption that # is strongly semisimple
on the center of G allows us, via the isomorphism Int(g) o ¥, to write Centy(d, G)
as a direct product Z2.GY (recall our notational convention for Z2).

Now we drop the assumption of strong G-regularity on a semisimple element in
H,(R). Then the ambient norm group is not unique unless the element is G-regular
and so we proceed torus by torus.
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Suppose that 7, is an element in the the norm group 73 (R) and assume that dg
is a #-semisimple element of G(R). Then, by definition [KS, Section 3.2], Int(dg)of
preserves some pair (B, TT). Write T?% for the identity component of the fixed
points of Int(§p) o in TT. Then 7% is a maximal torus in the reductive group Ggo
defined over R, and we may assume 7% is defined over R (otherwise replace (B, TT)
by a suitable Ggo—conjugate pair). Fix an admissible homomorphism 77 — Ty« and
write v for the image of v,. Then there is an isomorphism Int(g) o ¢ carrying
(BT, TT) to (B,T), where g € G%,.. This implies that & = gm(50)0*(g) ! lies in 7.

Definition: We call 7, a Tj-norm of §y if we may choose g € G%_ so that (i)
N(65) = % and (ii) the isomorphism Int(g) ot : T% — (T?")° is defined over R.

In the case that 7, is strongly G-regular the second requirement follows from the
first [KS, (3.3.6)]. A check of definitions shows that in general, for given Ty, the
choice of admissible homomorphism 77 — Ty« does not affect the existence of g.

Next, we consider together all elements in the v,-component v,T1(R)? of T1(R).

Lemma 6.1. The following are equivalent for v, € T1(R) :
(i) 7o is a Ty-norm,
(i) some strongly G-regular element in the v,-component is a norm,
(iii) every element of the y,-component is a Ty-norm.

Proof. Fix an admissible homomorphism 77 — Ty~ and assume that v, € T1(R) is
a Ti-norm of a f-semisimple §p € G(R). Choose elements g, dg as in the definition.
Take ¢ in the identity component of the Cartan subgroup 7°°(R) of Ggo (R) and
consider 6 = €dg. Then ¢ is f-semisimple since Int(d) o § preserves the same pair
(BT, T") as Int(dg) o . Also, by results of Steinberg (see Theorem 1.1.A in [KS]),
GY(R) contains 7°°(R) as Cartan subgroup. Further we may choose ¢ so that § is
strongly f-regular; the elements £ with this property are dense in 7% (R)°. Set

§* = gm(8)0*(9)~' = gm(e60)0* (g)"

= gy(e)g~".gm(30)07(9) ™" = €705 = dge”,
where e* = gip(e)g~" lies in T% (R)?. The image of the v ,-component in T} (R)
under 77 — Ty- then contains N(§%) = 5N (e*), where 7; is, as before, the image
of vy under T3 — Ty-. Since §* is strongly 0*-regular, each element in the ~,-
component which maps to N(§*) under Ty — Ty~ is strongly G-regular, and (ii)
now follows.

Assume (ii) and suppose strongly G-regular <y, in the 7y,-component of T;(R)
is a norm of §. Choose 6", ¢ as in the definition of norm for strongly G-regular
elements. By our assumption that the restriction of 6 to the center of G is (strongly)
semisimple, the homomorphism N : T? (R)? — Tp«(R)? is surjective. Thus the
image of v, T;(R)° under Ty — Tp- coincides with the image under N of §*T?" (R)°.
We write an element v, of v,;T1(R)? = 7,71 (R)? as the image under N of some
element 65 in 6*7% (R)°. Then, as in Lemma 4.4.A of [KS],

o(53)05 1 = 0(6)5" 1 = (6" — (o),
where the cochain v(c) is (the image in T of) the cochain gu(c)o(g)~! in Ty.. Thus
d2 =m~ (g7"030"(9))

is @-semisimple, lies in G(R), and has norm 7,, so that (iii) follows. The rest is
immediate. g
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We expand now on the argument for (¢) = (i) in the last lemma. Write the
element ¢ defined there as exp Y, where Y belongs to the Cartan subalgebra t°° (R)
of the Lie algebra ggo (R) of Ggo (R). Let Y map to Y*, where Y* € t?" (R), under
the bijection provided by Int(g) o 1. Recall from the definition of z-pair we have
the exact sequence 1 — 727 — Hy — H — 1, with Z; central in H;. We split the
corresponding sequence for Lie algebras in the usual manner and identify, over R,
the Lie algebra h as a subalgebra of h; complementary to 3;. Then the Lie algebra
ty of T1/Z is a subspace of t; complementary to 3;. There is a linear isomorphism

O (R) - to- (R) — ta(R)
determined by the restriction of N : T — Ty~ to §*-invariants and the chosen
admissible isomorphism Ty« — Ty /Z;. Write Yy for the image of Y*, so that we
have
tO(R)3Y « Y* & N(Y*) & Yy € ty(R).

Write Y7 € t;(R) as Y7 = Yi + Y;,. Then the following is immediate.
Lemma 6.2. Assume that 7y, is a Ti-norm of o and Y1 € t1(R). Then the element

Yo(Y1) = 7o exp Y1 = exp Y17,
in the vo-component of T1(R) is a Ty-norm of the element*

00(Y) = expY.§p = dg. exp Y.
The cochain v(o) attached to v, also serves for ~,(Y1), while the attached element
of T is

0" (Y)=6dp.expY* =expY™.4;.

*Recall here that expY lies in the #-twisted centralizer of dg.

Now we consider all tori 77 containing a given semisimple element v, in H; (R).
Let 09 be a #-semisimple element of G(R). We call v, a norm of gy (or, for emphasis
on the ambient group, a G-norm of dg) if there exists a norm group 7T such that
Yo is a Ti-norm of §p. Otherwise we say that 7, is not a (G-) norm. The following
will be proved after Lemma 6.6.

Lemma 6.3. Let v, be a semisimple element in Hi(R) and 6o be a 0-semisimple
element of G(R). Then: (i) if vy is a G-norm of dg then so are all stable conjugates
of 7o in Hi(R), and (ii) if v, is a G-norm of 8o then v, is a G-norm of 8y if and
only if 8 is stably 0-conjugate to &g.

Remark: By 4, is stably 0-conjugate to §o we mean that we may write d, € G(R)
as 20p0(x) !, where z € G and Int(z) : Ggo — Gg6 is an inner twist. Because of
our assumption that @ is strongly semisimple on the center of G, this is the same
as requiring that xo(x)~! lies in the product of the connected group Ggo with the
finite central subgroup Z2, a direct product.

Assume now that semisimple v, € H1(R) is a T3-norm of §p € G(R). Fix admis-
sible T3 — Tp+ and choose g,d; as in the definition of Ty-norm. Then Int(g) o v
maps Ggo to the group (G*)gg. We will abbreviate (slightly) the notation for the
latter group as Ggg. We have also arranged that Int(g) o 1) maps, over R, the
maximal torus 7% over R in Ggo to the maximal torus (7?") in Geg_ Observe that

if, as we are free to do, we replace d5 by &5.t.0°(t)~!, where ¢t € T, then Ggg is
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replaced by the conjugate tGegt’l. It will be helpful for calculations to restrict the
choice of 4j.

Lemma 6.4. Suppose that semisimple vy € H1(R) is a Ty-norm of 6o € G(R) and
that Ty — Ty~ is an admissible homomorphism. Then we may choose the elements
9,04 so that (i) v(o) = gu(o)a(g)~lies in the product of the torus (Ts.)% < with the
center of G*, and (i) o(63)64 is central in G*.

In particular, if G is of adjoint type then we may arrange that d; lies in T'(R).

Proof. Choose any g, §; as in the definition of 73-norm. We use the subscript ad
to denote images in the adjoint group G, and temporarily write v,4(o) for the
cochain v(c). Recall that (T,4)%«, like (Ts.)%e, is connected (e.g., [KS, page 14]).
Since u(0)qq is a cocycle, so also is vgy(0)qq. Since

(00 = 1)vg(0)aa = 0(55)ad(60)a -
we have that the class of vy(0)qq in HY(T, Thq) lies in

0%, — . g
Ker(HY(T, Tad)Ll>Hl(F, Toa)) = Im(H' (T, (Tyq)%a) 2 HY(T, Tog)).

Thus we may find ¢ € T, such that
Vg (U)adotada(tad)71
lies in (T,q)%=¢. We may replace g by gt and & by d5(1 — 6%)t; in the last instance
we have projected t into G without change in notation. Then
vge(0) = vg(0)te ()™
lies in (T%4.)%< modulo the center of G*,. Also

(04 = 1)0g(0)aa = 0(85)aa(05)q = (0ag — V(0 (taa)tyy)
implies that (65(1 — 0%)t)aa lies in GZ4(R). Thus our replacement for d; has the
property (ii). O

Definition: Choose g, d; satisying (i) and (ii) of Lemma 6.4. Then we will call
(Ty — Ty, g) toral data at y,.Then, as is always the case in the very regular setting
[KS, Sections 3.3, 4.4], Geg is defined over R and Int(g)oy : G§ — Geg is an inner
twist.

It will also be convenient to have at hand an explicit analysis of the various
roots of Ggo and Geg. As in Section 1.3 of [KS], we label roots o of T' in G* as
of type Ry (@res reduced), Ro (s nonreduced, short), or Rz (ay.es nonreduced,
long). Here a5 denotes the restriction of a to the torus (7% )°, maximal in each
of the reductive groups (G**")° and Ggg. Also following [KS], we may identify a
root a1 = ((@¥)yes)¥ of Ty in Hy, or of Ty /Zy = Ty« in Hy/Zy, as Na or 2Na. If
is of type Ry, R3 then a; = Na, and if « is of type Ry then a; = 2Na. Recall that
Na is the sum of all distinct roots in the 8*-orbit of a. Assume «aq is a root of T}
in the identity component (H;),, of the centralizer of v, in H;. The identification
then implies that

a1(v) = Na(dp) =1
if a is of type R; or Rz, and that
ai(yg) = Na(d5)* = 1

if a is of type Ry. Write this second case as Ry 4+ according as Na(d) = £1.
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We use the inner twist Int(g) o ¢ to identify roots of 7% in Ggo with roots of
(Te*)0 in G‘gg. Let a be a root of T in G*. Then s is a root of 7% in Ggo if and
only if Na(d;) = 1 in the cases « is of type Ry, Ra, or if and only if Na(dg) = —1
in the case « is of type R3. We conclude the following.

Lemma 6.5. Assume that a; = ((a¥)yes)Y s a root of Ty in (Hy),, i-e., that
a1(yg) = 1. Then:(i) ag = roQres is a oot of T, in Ggo, where ro, = 1 if a is of
type Ry or Ry y,rq =2 if o is of type Ro —, and ro = % if a is of type Rs. Also,
(i) if a is of any type except Ry _ then Na(3y) = 1 and g is a oot of (T?)° in
(G*0")°. Finally, (iii) if o is of type Ra,_ then Na(34) = —1 and ayes = 2ayq is a
root of (T%7)° in (G*0")°.

Remark: We will often write Na(dp) for Na(d5). Notice we may make a defi-
nition of N« that is intrinsic to G by using the automorphism Int(dg) o 6 and the
maximal torus 71 = Cent(T?%, G).

Next, we assume also that v is semiregular, i.e., £a; are the only roots of T} in
(H1)y,- We will say that v is G-semiregular if g are the only roots of T5, in Ggo,
i.e., both (Hy),, and Ggo are of Dynkin type A;. Explicitly, the extra condition is
that if root 3 of T is not in the Q-span of the 8*-orbit of o then N3(dg) # 1 if § is
of type Ry or Ra, and NB3(d5) # —1 if 8 is of type Rs3. Notice that if 3 is of type
Ry then NG(d5) = —1 implies that 23, is a root of Ggo, and so we conclude that
for 8 of type Rs the extra condition can be rewritten as 3,(y,) = NB(d5)* # 1,
and then that the condition for g of type Rg is redundant. We may now write the
G-semiregularity condition directly in terms of ~, as:

a1(y9) =1 and B1(vy) # 1 for all roots B of type Ry or Ry not in the Q-span
of the 0" -orbit of a.

If semiregular v, € T1(R) is not a norm we will use this condition as our definition
of G-semiregularity (which coincides with the more natural definition using the map
Ag/u of [KS, Theorem 3.3.A]).

We return to the setting of Theorem 5.1, where « is imaginary and s; is a Cayley
transform with respect to a;. Because of the stability of the transfer factor A(vq,0)
in its first argument 7, [KS, Lemma 5.1.B], the argument of the last paragraph of
the proof of Theorem 4.2 shows that there is no harm (for the proof of Theorem
5.1) in assuming «; itself is noncompact and that s; is a Cayley transform within
(H1)~,- Then also vg' = g, i.e., 7q lies in Ty NT7".

An element 7, in T (R) is G-regular in the sense of [KS] if and only if 81 () # 1
for all roots B of type Ry or Rs. Because v, is assumed G-semiregular, the elements

Y, = Y0 exp(Vaq, (@1)")

in the yy-component of 77 (R) and the elements

’751,u =% eXp(I/CLall (O/l)v)ﬂ
where of = af', in the vyy-component of T7*(R) are easily checked to be G-regular

for all real nonzero v with |v| sufficiently small. We gather the following observations
with some special cases of Theorem 5.1 in mind (see Lemma 7.2).

Lemma 6.6. Suppose 7, is a G-semiregular element in a Cartan subgroup T1(R) of
H1(R) annihilated by a noncompact imaginary root a;y. Suppose that s1 is a Cayley
transform for a1 in (Hy),,. Then: (i) if vy is not a G-norm then the G-regular
elements v, and vy, , are not norms, (i) if 7" is a norm group for (G,0) then
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Ty is also a norm group for (G,0), (iii) if v, is a G-norm of §y in G(R) then 7,
is a Ty-norm of &g, () if vy is a G-norm of &g in G(R) then vy is a Ty -norm
of dg if and only if Ggo is split modulo center, and (v) if Ty is not a norm group
for (G, 8) then the group Ggo is compact modulo center, for each d¢ in G(R) with
T1-norm v,.

Proof. For (i), assume 7, is not a G-norm. We then apply Lemma 6.1 to 7, as
element of 77 to conclude that 7, is not a norm, and to v, as element of T} to
conclude that v, , is not a norm.

For (ii), assume that 77" is a norm group for (G, 6). By Lemma 6.1, there is a
component of 7' (R) consisting of 7;*-norms. Choose an element ~y, of this compo-
nent annihilated by the real root j' and suppose it is a T} *-norm of do. There are
0*-stable maximal tori T, T’ in G* defined over R and admissible homomorphisms
Ty — Ty, 17" — Tj.. Since 17" is a norm group for (G, 0) there is also an isomor-
phism Int(gs) o9 : T2 — (T"%)° defined over R, where &5 = gom(d2)0* (g2) "
lies in 7" and N (d5) is the image of v, under 77" — T}.. We also require the usual
properties of go and 03, i.e., 0(05)d5 " is central, etc., so that Ge% is defined over
R and Int(gs) o v : G§2 — Ggg is an inner twist. The root aj of 772 in ng
corresponding to af = aj* is also real: oo, corresponds to oo = o) and so equals
af. Let t € G, define an inverse Cayley transform in (ng)sc for afy. On the other
hand, the 6*-stable pairs (B, T) and (B’,T") defining Ty — Ty~, T}* — Ty. are con-
jugate under (G7,)%: (by Steinberg’s structure results, see [KS, Theorem 1.1.A])
and so they determine an element t* of (G*,)%- such that Int(t*) maps T" to T,
Té* to Ty~ and completes a commutative diagram with Int(sl)_l : I7Y — Ty and
the admissible homomorphisms 77 — Tp=,T7* — Tj.. Then ¢* is an inverse Cayley
transform for the real root rafy of (77%7)% in (G*"), where r = 1 or 3 since the
action of o(t*)~'t* on (T"")° coincides with the dual transport of (s;)s; " which
acts on 17! as the Weyl reflection for of; this dual transport coincides with the
Weyl reflection for raf. Here we define dual transport using the bijection (1.3.8)
of [KS]. Also the action of o(t*)~'t* on (7"%")° coincides with the transport by
Int(gy) o 1 of the action of o(t)~'t on T7%2 (¢t was defined earlier in the present
paragraph) since again each act as the same Weyl reflection. Let 772 be the image
of T'%2 under t. This property of ¢, t* (via our definition of Cayley transform in
Section 3) implies that if g5 = t*.g2.4(t~1) then the composition

Int(gs) o ¥ : T — (T”)°,
is defined over R, and that
g93m(32)07(93) " = Int(t")(53) = 03
lies in 7. Finally,
N(E5) = (1) € Ti(R),
so that (’yQ)‘”f1 is a Ty-norm of 0. In particular, T3 is a norm group for (G, 6), and
(ii) is proved.

For (iii), assume 7, is a G-norm. Then because (H1),, is of type A;, we see
that -y, must be either a Ty-norm or 77 '-norm. The argument for (ii) with v = 7,
shows that if v, is a 7' -norm of an element g then it is also a Tj-norm of dy.

For (iv), we return to the argument for (ii), except that now 77 in place of T}*
is assumed a norm group for (G, 6). We replace the element o by dg and, as usual,
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write 79 for the image of (7%")° under the embedding into GY . If G is split
modulo center, which implies that the root ag of 77 is noncompact imaginary,
then we may construct a Cayley transform s! in (Ggo)sc and argue along the same
lines as (ii) to write v, as a T;*-norm of §y. For the converse, assume 7, is also a
T7*-norm of dg. Then the argument for (ii) shows that Ggo contains a torus 779
which has a real root and so is split modulo center.

Lemma 6.1 shows that (v) is a consequence of (iv) and the lemma follows. O

Proof. (Lemma 6.3) Suppose semisimple v, is a T{-norm of &y, where T7 is arbi-
trary. By definition, 77 lies in (Hy),,. If 77 is not fundamental in (H;),, then it
has a real root. Now we argue similarly as for (ii) in Lemma 6.6, with -y, in place
of 74 and Jp in place of do, to display v, as a Ti-norm of dg, with 73 of split rank
one less than that of T7. Repeating this argument until real roots are exhausted, we
conclude that if v, is a G-norm of §y then 7, is a T3-norm of 6y, where T7 = T'ynq
is fundamental in (H;),,. Recall that a stable conjugate of v, in H;(R) may be
written as wy,w™!, where the restriction of Int(w) to Tfuna is defined over R [S6,
Lemma 2.5.1]. Then (i) follows.

To prove (ii), let semisimple v, be a G-norm of dg, dy. Then by the last paragraph
we may use an admissible homomorphism Ty — Tp-, with 77 fundamental in (Hy )~ o
to attach g,¢’ € G*, and &, (6g)* € T to 6o, 0y respectively. Following the proof
for (i) = (i) in Lemma 6.1 we use the elements g, g’ to define strongly #-regular
83,05 and corresponding elements &3, (0%)*, in §5.(7%)°(R) and (5p)*.(T? )°(R)
respectively, such that N(&3) = N((d%)*). That construction allows us to assume
(65)" = 65t0* ()=, where t € T satisfies (6p)* = 85 t 0%(t) . Set x =~ (¢’ 'tg).
Then z8360(x) ! = §4 and £5¢0(z) ~* = J;. From the first of these two equations (the
strongly regular case) we conclude that o(z)~ !z lies in the product of G§3 = T%
with f-invariants in the center of G' and so §, is stably f-conjugate to do. For the
converse, we start with z in G and ¢ in G, and reverse the argument after choosing
g in G%, so that ¢ (x) = zg'~!g for some z in the center of G*. O

7. Application to Theorem 5.1

We return to the normalized sum of twisted integrals

®1(vy) = |det(Ad(7,) — Dy |? Y A(1.8) 9% (5, f)

8,0 —conj

for v, strongly G-regular. This was rewritten in Section 5 as

ArALG) S Ari(10.6:5,8) (5, ),
6,0 —conj
where the twisted integrals themselves are now normalized, and the terms Ay, Ajy,
and Ajrr come from the twisted transfer factor A.

Fix a maximal torus T} over R in H;, a G-semiregular element -, in the Cartan
subgroup T3 (R) annihilated by an imaginary root a;, and a Cayley transform s;
for ag.

Our next step is to write ®;(v,) for strongly G-regular -y, in the y,-component
of T1(R) in a way that will be useful both for extending ®; to all G-regular elements
and for jump analysis around ~,.

If o is not a Ti-norm then ®4(v;) = 0 for all strongly G-regular 7, in the ~,-
component of 71 (R) and so we define ®;(,;) = 0 also for the remaining G-regular
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elements in the component. Assume then that v, is a 73-norm of the #-semisimple
element dg of G(R). Let (T1 — Ty, g) be toral data at y,. As in Lemma 6.2, we have
the element § = §o(Y") = (exp Y')do with given norm v, = v, (Y1) = vgexp(Yu+Y},)
in the ~,-component of T7(R). Suppose 7, is strongly G-regular, so that ¢ is
strongly f-regular. We fix representatives &' for the #-conjugacy classes in the
stable #-conjugacy class of &, and then define inv(§,6’) and ks as in the preamble
to Theorem 5.1.D of [KS] which also describes how these two objects are paired (for
more on the definitions, see the proof of Lemma 9.6). Then by (1) of that theorem,
®;(v,) may be rewritten as

Ar(v) A () A (11, 67,0) Y (inw(8,6'), ks) @4, f).
5/
Suppose, slightly more generally, that ¢ is stably #-conjugate to strongly 6-
regular § = 8, where ¢ € T%°(R). We may write

8 =6(w) = w0(w) = w ew.w 1 5oH(w),
where w € G(C) (we stress C in notation just for this paragraph). Strong 6-
regularity implies that o(w)~!w lies in Centy(5, G(C)) = Z2(C)T% (C). Set
Ap(T%) = {w € G(C) : o(w)w™ ' € Z*(C)T?% (C)}.
Then, via the map w — 6(w),
Dy(T70) = Z*(C)T7 (C)\Ap(T*) /G(R)

parametrizes the #-conjugacy classes in the stable #-conjugacy class of §.
If now we assume only that 6 = §o(Y) is f-regular, then by definition (see the
remark after Lemma 6.3)
{6(w) : w € Ap(T?)}

is the stable #-conjugacy class of §. We will define ®1(y;) to be
’det Ad 71 h1/t1 ZA’717 Oew(é( )7f)7

where ) indicates summation over a set of representatives w for Dg (7% ) and

A(yy,0(w)) = lim Ay}, ' (w)).

’Y —71

w

In this limit, the variable ’yJ{ =, exp YT is a strongly G-regular element in the -
component of T3 (R). This element 7| is a norm of each (strongly #-regular) element
5" (w), where 67 = (exp Y1) 6. Here YT < Yy, where YT = Yz +Y;, as in Lemma
6.2. To see that the limit exists, we have just to recall how the term A(y1, ' (w))
depends on Y. First,

A(, 0 (w)) = (inv(o!, 6t (w)), k51 ) A1),
The first term is a constant sign and so can be ignored. The term A('yJ{, (5T) is a
product
Ar(v1exp YDA (v exp YDA (v exp YT, (exp YT1)8:75,8) Ary (v, exp YT).

The new first term is a constant sign. The term A;; Ay is a quotient of generalized
Weyl denominators for G and H; (see [KS, Section 4.3]). It is well-defined, smooth
and nonzero on the subset of all G-regular elements in T} (R). It remains then to
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examine Arrr(y,exp YT, (expY11)d5;%,0). A check of definitions shows that it is
the product of a constant and a character on 79 (R) evaluated at exp Y Tt; see the
beginning of the proof of Lemma 9.3 where we introduce more detailed notation for
an analysis of Ajrr. We conclude then that limﬂé% A1, 6T (w)) is well-defined,
which completes our (smooth) extension of ®; to the full G-regular set in T} (R).

Let w € Ap(T?0) and write w™'dof(w) as dp(w). Then Int(w™?') : G§ — Ggo(w)
is an inner twist and do(w) is stably conjugate to dg. The inner type of the group
Ggo (w) of Dynkin type Ajp, either split modulo center or compact modulo center,
depends only on the double coset of w in Dy(T% ). We may ignore those w for
which Ggg(w) is compact modulo center, as they contribute nothing to the final
limit formula (see Section 8). We have the following analogue of Lemma 4.2 of [S5].
Again aq denotes the multiple of a...; that is a root of T% in Ggo.

Lemma 7.1. If both Ggg and Ggo(w) are split modulo center (i.e., both ag and

w™ g are noncompact imaginary roots) then there exists g € G(R) such that Int(g)
maps G2 to GY and Té0 to T5 , and w™'ag = £goyg.
do do(w)

Proof. We follow the proof of Lemma 4.2 in [S5]. First, a simple argument with
root vectors shows that Int(w™1) : Ggo — Ggo(w) is defined over R (see the first
paragraph of the cited proof). Let s be the standard Cayley transform in (Ggo)sc =
SL(2) relative to the root ag of T% in G§ , and set T"% = (T%0)*. We may argue in
the untwisted setting with w € A(TY,), where T, is the maximal torus Cent(T"%, G)
in G, to choose g; in G(R) so that Int(g;) maps T"% to w~1T"%w and acts on
the maximal split torus in 7" as Int(w~'). Then Int(g; 'w~"') normalizes the
derived group of Ggo (by another argument with root vectors) as well as T"60. Then
Int(gy 'w™") normalizes Ggoitself. Multiplying g; by a suitable element of Ggo (R)
we obtain g in G(R) such that Int(g~1w™!) normalizes both Ggo and T%. Then
w ™ layg coincides with fgayg. O

We will need an analogue of Proposition 4.6 of [S5] in order to match the elements
of Dg(T%) contributing to jumps with the elements of Dg(T"%), where T"%0 =
(T%0)®. Assume o is noncompact and that s is standard in (Ggo)sc = SL(2). Let
w be an element of Dy(T%0) such that Ggo (w) is split modulo center for some, and
hence every, w representing w. Then, following the last lemma, we may choose
w so that w normalizes Ggﬂ and 7%, and w'ay = £ag. Now consider those w
with representative w such that w™lag = . Suppose wp is an element of Ggo
normalizing T% for which the action of Int(wg) on T? realizes the Weyl reflection
relative to . Then w and wow represent the same element of Dy (7% ) if and only
if we may choose wq in Ggo (R) because if wow = gwtz, with g € G(R), t € T,
and z € Z2, then g = wowt 'w'z7! lies in Z2.GY . Then z € Z*(R), and so
gz € Ggo (R) acts on T as the Weyl reflection relative to ag; the converse is
immediate. Thus if we may choose wy in Ggo (R) then the elements w of Dg(1'%0)
with a representative w such that w™'ay = ag are exactly those w such that
Ggo (w) is split modulo center for each representative w. We denote this subset of
Dy(T%) by Dg(+ap). On the other hand, if the Weyl reflection relative to ay is
not realized in Ggo (R) then for each element w of Dgy(T% ) with representative w
such that w™'ag = g there is an element w_, distinct from w, with representative
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w_ = wow such that w”_'ag = —ayp. In this case, Dg(dag) will denote the set of
pairs {w,w_}.

Consider now Dy (T"% ). We will argue with cocycles for the analogue of Proposi-
tion 4.6 of [S5], a bijection between Dg(T"% ) and Dg(£ay). First, let w’ € Ap(1"%)
represent w’ € Dg(T"%0). We may assume that w’ normalizes T"%, that w'~'af =
o, and then also that w’ normalizes G§ , with Int(w’) : G§ — G§  defined over R.
Notice that w' € Ap(T"%0) and Int(w') : G§ — G defined over R together imply
that o(w’)~'w’ lies in the product of the center of G§ with Z%. Let w = s™'w's.
Then w™tap = ap and o(w) tw = o(w') " tw'.s7 1t s. Here wj = o(s)s~! realizes
the Weyl reflection for af and ¢, = (wf)~'.Int(w') =" (wp) lies in T"%0 N (G5 )der-
Then w lies in Ag(T% ) and t, = s~ 't/ s is a cocycle in T% N (Ggo)der. Suppose
the Weyl reflection relative to ag is realized in Ggo (R). Then t, must be trivial
(i.e., a coboundary), and the map w’ — w determines a well-defined map w' — w
of Dp(T"%) to the subset Dg(+ag) of Dg(T% ). On the other hand, if the Weyl
reflection relative to aq is not realized in Ggo (R) then t, may be cohomologous to
(nontrivial) (—1)® and thus to o(wo) *wo. We then trivialize ¢, by replacing w
with wow. Thus we have that w' — {w,w_} is well-defined. It remains to check
that these maps are bijective. Injectivity is clear, in each case, from our construc-
tion. For surjectivity, suppose w has representative w such that w normalizes Ggo
and 7%, and w™'ay = ag. Then we may also assume that Int(w) : Ggo — Ggo
is defined over R and adjust the argument above to produce w’ with image w or
{w,w_}.

Before continuing with the analysis, we finish the proof of Theorem 5.1 for some
special cases:

Lemma 7.2. All limits in Theorem 5.1 are zero if
(i) vo is not a norm, or if
(i) vq is a norm but T} is not a norm group for G, or if
(iii) o is a norm, Ty is a norm group for G, but 7, is not a T;*-norm.

Proof. For (i) we have only to apply (i) of Lemma 6.6: ®1(7,) = 0and ®;(v,, ,,) =0
for |v| sufficiently small and nonzero. On the other hand, for (ii) and (iii) we have,
in general, only that ®; (v, ,) = 0 for |[v] sufficiently small. Thus it remains to show
limy,_0®1(7,) = 0. By Lemma 6.6, each group Ggo(w)(R) is compact modulo center

and so each unnormalized integral O%= (§(w), f) appearing in ®;(v,) is bounded
as v — 0 (see Section 8). Thus the limit of ®;(y,) exists and is zero. O

For our analysis of the limits in Theorem 5.1, we may now assume that both T}
and 7' are norm groups, and that «y, is both a Ti-norm and a T}'-norm. Recall
that we assume also that the root o of T} annihilating 7, is noncompact and that
51 is a Cayley transform in ((H1)4,)se = SL(2).

We return to the setting established in the proof of (ii) in Lemma 6.6, now for
the case 7, = 7,. We may suppose 7, is both a 77'-norm and a Tj-norm of an
element ¢y of G(R) for which Ggo is split modulo center, as in that proof. Thus we
choose admissible homomorphisms Ty — Tp-, Ty — T}. and define inverse Cayley
transform ¢* of (G%,)%¢ which maps (T"7)° to (T9)°, T’ to T, Tj. to Tp- and
completes a commutative diagram with Int(sy)~! : Ty — Ty and Ty — Tp=, T7* —
Tj-. Let t € Gy define an inverse Cayley transform in (G§ )sc for ofy, where af is the
root of 77% in Ggo corresponding to of = aj'. Then, in the notation of the proof of
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Lemma 6.6, we choose first ¢’ = g2 and then g = g3. This ensures that the inverse
Cayley tr:*msform t* maps (65) € T' to 8 € T and v(0)' € (T.)%<.Z(Gs.) to
v(o) € TS 7 (Gse). There is another requirement that will be useful since it makes
the limits we consider for Ay, Ar;r in Lemmas 9.3, 9.5 both equal to one. Namely
we insist that if a complex root of (7"%")? is positive in the ordering determined by
the toral data and our choice of R-splitting for (Ge*)o then its complex conjugate
is also positive. That this is possible follows from a familiar argument using a
suitable lexicographic ordering of roots for the R-splitting (start with toral data for
a maximally split torus in Hy, identify inverse Cayley transforms needed to reach
(T"%")° through H;, adjust the R-splitting accordingly via Cayley transforms from
the torus attached to the maximally split torus in H;y, and prescribe toral data for
T7* using the inverse transforms).

We call the two toral data (17 — Ty=, g) and (I7* — Tj«, ¢') of the last paragraph
toral descent data at ;.

8. Jump analysis for twisted orbital integrals

The limit formulas for the individual twisted orbital integrals guide our analysis
of the transfer factors and so we write them next. Formulas of this type are well-
known. We need only to extend the setting and to write the results in a way that
fits well with our transforms.

We continue with the toral descent data at -, from the end of the last section:
7o is both a T} -norm and a T}-norm of an element dg of G(R) for which G§ is split
modulo center and of Dynkin type A;. Now s will be the Cayley transform ¢t~! in
(Ggo)sc. Suppose wag = g, where {w,wow} corresponds to the representative w’
for an element of Dg(7"%) chosen as before. Then w~! normalizes both T%° and
the derived group of Ggo. Hence w™! normalizes Ggo itself and then Ggo(w) = Ggo.
By definition, one of w,wow acts on T as s~ 'w's and Ggo(w,) = Ggo. Then
s 100 (w")0(s) = do(w’) and so we conclude the points §o(w), do(wow), and do(w’)
in Ggo (R) all coincide. We will make a descent from G(R) to Ggo (R) around do(w).
For this, notice that because the twisting character w is trivial on both Cartan
subgroups 7% (R), T"% (R) in G5 (R) [KS, Lemma 4.4.C], we have that @ is trivial
on Ggo (R).

We may write ag as rqQures, where a1 = ((")res)” and the coefficient r,, is
described in Lemma 6.5. As in [KS] (see Section 9 also), we use the same a-data and
x-data for all multiples of e, and write x,a, x" and o’ for data x,,_,aa,.., Xas
and aqs_ - -

Assume 0§ is a f-regular element in T° (R)%5,. For ag of type Ry, set

Aoy (9) = (T =1

which we abbreviate as

) INa(8) = 1 [Na(8)~ = 1]/,

(O L) |Nas) 2 - Na(e) 2.

For ag of type Ry or R3 we include the contribution from the orbits of all multiples
of ay.es to the numerators of Ajy, Ajy:

Na(d)?

A (6) = x( 1) |Na(6) - Na(6)|.

a
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On the other hand, the roots +aj of T'% form two Galois orbits and we include
them both. Thus if 6’ is a f-regular element in T7% (R)°§, then we define Ay (6"
as we have A, (0), but using only the contribution from +«f, for the absolute value
term. Set

Acor (8) = Ay (8).A oy (8)

No/(8) " -

Nal@) L) INa/ (&) -1

!
-1 . 1/2 — 1/2
= X () [N () = 1] )7 /

—a

= x'(No/(8)"). ’(No/(é’)r/Q — N/ (8")7"/ 2( :
where 7 = 1 if ag is of type Ry and r = 2 if «y is of type Rz or Rs.
For v € R, set 6, = exp(vY(aay)).dp, where Y (aay) € t°°(R)) corresponds
under the bijection of Lemma 6.2 to the multiple ac) of the coroot o regarded as

an element of t(R). Then ¢, has as Ty-norm the element -y, from the statement
of Theorem 5.1. Also

5, (w) = w5,0(w) = exp(vY (aa)).w 166 (w)

since way = ap implies that w=1.Y (aay) = Y (acy). Again starting with &g, define
s, with v, as T{-norm, and §,,(w’) similarly. For |v| sufficently small but
nonzero, the elements d, (w), s, (w') are f-regular.

Since s is a Cayley transform mapping 7°% to 7"%°within the group Ggo, we
require that the Haar measures on 77°(R) and 77%°(R) are compatible in the sense
of [S5] (also see Section 1.4 of [LS1]; we may start with differential forms, attach
measures and define compatibility using a/ |a| in place of 7).

Lemma 8.1. Let f € C(G(R),0,w). Then for any choice of x,a,x, and as we
have
lim, A0y (6,)0%% (8, (w), f) — lim Aa, (0,)0%% (5, (w), f)
= d(00) i Aoy (5:,)0" 7 (B (). ).
where d(ag) = 2 if wo is realized in Ggo (R), and d(c) = 1 otherwise.

The proof uses descent to Ggo (R) via the following variant of Harish Chandra’s
compactness principle.

Lemma 8.2. IfC is a compact subset of G(R) then there exist a neighborhood Y of
0 in ggo (R) and a compact subset C of Ggo (R)\G(R) such that if g € GR), Y € Y,
and g~ (expY)dg 0(g) € C then G§ (R)g € C.

Proof. We follow the argument for Theorem 8.1.4.1 of [War] in our setting, noting
the arguments for Proposition 3.1 of [R1]. O

Proof. (Lemma 8.1) Notice that the choice of x,a,x’ and a’ does not matter, by
an argument as in the first step of the proof of Theorem 4.2. In particular, there is
no harm in taking x’ trivial and and o' = 1.

It is enough to consider the case f € C°(G(R)) (see Appendix). Using Lemma
8.1 with §y replaced by dg(w), we may then follow a variant of Harish Chandra’s
descent argument (see[S5, Section 4]) to write the normalized twisted integrals
®%7 (5, (w), f) and ®%% (4, (w'), f) as the normalized ordinary orbital integrals
of a function ¢ in C° (Gg0 (R)), evaluated at exp(rY (aay)) and exp(vY (a(a})Y)),
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respectively. Let Yy(a) = aay € t°9(R) and Y{(a') = a'(af))¥ € t°°(R) (we could
drop a’ from notation since we have assumed a’ = 1). Then the familiar jump for-
mula at the identity element for the ordinary orbital integrals of ¢ may be rewritten
as

lim A(exprYp(a))O(exprYp(a),¢) — lim A(exprYy(a))O(expvYo(a), o)

v—0+ v—0—
=d(a) hmo A'(exprYy(a")O(exprYy(a'), o),
where A(exp vYy(a)) is given by
ap(exprYp(a)) — 1

x( - ) |(co(expr¥o(@)? = ao(expr¥o(a) ~/2)
621/11 -1
= (=) e — e,

and
A'(exprYy(a)) = |e” — 67V| .

The vectors Y (aay), Y(a'(a})V) are positive multiples of Yy(a), Y (a'), and so
we just have to check that the (germs at the identity of the) normalizing factors
AN A, AL, behave correctly under a rescaling of the variable v. Rather than
write down the evident general principle, we record explicit calculations for each of
the three types for a.

Assume first that ag = au.es, where « is a root of T in G* of type R;. Here, as
in Section 6, we have transported the root ag of 7% in Ggo to (T%)° by the twist
Int(g) o9 : Ggo — Geg, without change in notation. The coroot of g is N(aV),

the sum of the coroots in the §"-orbit of oV, so that Yy(a) = aN(a"). The root a;
of Ty in Hy has coroot (a"),es. In the Lie algebra t; = tg« = t/(6" — 1)t, we identify
(a")pes with the coset of a¥ € t. Then Y*(aay) must be the real §*-invariant
N(aY) = iYO(a), where [, is the cardinality of the 6"-orbit of & (or §*-orbit
of ). Since Na(do) = Na(d;) =1 and (Na, N(a)) = 21, we have that

Aay(dy) = Aay (exp(vY (acy)))
Na(exp(72N(a¥))) — 1 v

= X( - ) [Nalexp(;=N(@¥))/? ~ Nafexp(-N(a¥) ™/
(e — e,

a
By the same argument, Y (a’(c})V) = iYO’(a’) and

Aoy (0s,0) = Doy (exp(Y(a'(e1)"))) = |e” —e7"].
We can now finish the proof for the case «q is of type Ry. In the limit formula

for the orbital integrals of ¢, replace the variable v throughout by liy. Rewrite the
quotient of

2va __ 1
X(GT) |eva _ efz/a|
by
2va/le _
X(e va 1) evalla _ g=va/la ,
a
as

sin(vb) sin(vb)

va(l—1/1ly)
x(e X Gmwb/i) smtbi)”
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where a = b. Since x is trivial on positive real numbers, the second term in this
product is trivial, and so the quotient extends continuously at ¥ = 0 with nonzero
value [,. The same is true, with same value [, for the analogue

1 sinh(v)

vila _ —v/la - _
N ¢ sinh(v/ly)

e =™

on the other Cartan subgroup. This allows us to replace A(exp iuYO(a)) by
Ay, (6,) and Al(exp ivYO’(a’)) by Aiay(ds,) when computing limits, and so we
get the desired formula.

Suppose that ag is of type Rs, so that ag again has coroot N(aV), and Yy(a) =
aN(a"). Here the root o of T} in H; has coroot (3"),s in the notation of Section
1.3 of [KS], where (@"),cs = 2(8")res (see Lemma 6.2). Thus

1
Y*(aaY) = ZN(8Y) = 5-N(a") = 3-Yo(a).
Again
Aoy (0y) = D, (exp(vY (acy))),
since Na(d5)? = (=1)2 = 1. Also, (Na, N(a")) = 2l, and so we again get the
formula

e?ua

-1 B
Aao(éy):X(T)}eya*G Va|.
After the substitution of %u for v, we have to examine the quotient of

e —1 va —va
X(T) ‘6 —€ |

by
eua/la -1

X( ) ez/a/2la - efua/QlQ
a

)

and we may proceed as for R;.

Suppose that aq is of type Rs. In keeping with the notation of the last paragraph,
we write the coroot of ag as 2N(3") and Yy(a) = 2aN(B"). Now the coroot oy
may be either (8Y),cs or (@")res = 2(8")pes. Suppose af = (3"),cs. Then

B

1

) a
Y*(aay) = —N(8") = 5-Yo(a).
z 213
Also,
(NB,N(B)) = 2lo = I3,
so that
€2Va -1 va —va
B52) = x(dy e - e
Suppose o) = (a¥)yes. Then
1 1
Y*(aa)) = —N(a¥) = —Yp(a) = —Yo(a),
I o, s

e4ua

-1
Aao (61/) = X(T) |62ua - e—2ua| )

and once again we finish the argument the same way. (I
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For any w € y(T*0 ) we may also do a similar descent (i.e., find ¢ as in the proof
above) around dp(w) in Ggo(w) (R). If Ggo(w) (R) is compact modulo center then we

conclude that O%# (8, (w), f), like the ordinary orbital integral for ¢, is bounded
as v — 0 and so contributes nothing to the jump formula for ®;. This remark also
applies to the proof of Lemma 7.2 for the setting where every O%% (8, (w), f) is of
this type.

9. Twisted transfer factors

We now examine the various terms Ay, ..., Ajy of the twisted transfer factor
A(74,9) [KS] in the setting established in the last paragraph of Section 7 for toral
data (T7 — Ty~,g) and (I7* — Tj.,¢') based at 7,. For the relative analysis we
have three associated Cayley transforms. First, there is s; : T3 — T}* associated
with the root ay in Hy. Second, there is s* : T'— T" in (G?")° associated with the
least positive multiple of a5 that is a root, and, finally, there is s : T% — T"%
for the root «q in Ggo. Details of the construction of the terms Ay, Arrr will be
included where they are used in proofs. There is a last ingredient for our setting,
a twisted analogue of the s-compatible data sets of Sections 5 - 7. The results for
Ayr and Ay then follow quickly (Corollary 9.2), while the analysis for A; and
Ajyr takes longer. The proof of the main lemma, Lemma 9.3, consists of several
steps to remove parts (which we show to be trivial) of a particular Ar;; term until
we arrive finally at a term we can compute explicitly and also show to be trivial.

We choose a-data and x-data following Section 1.3 of [KS]. These are data for
the system of restricted roots f,., of T'in G*. We use the same pair ag___,xg
for any positive multiple of j,.., that is also a restricted root and the same data for
coroots of the restrictions and for the restrictions of coroots:

ABres = A(BY)res = A(B,.0q)Y
and

XBrew = X(BY)res = X(Brew)¥-
This provides us then with data for the roots and coroots of 77 in H;. We make
the same choices for the torus 77 and define s*-compatibility for the twisted data
set {ag .}, {xp  } {as,  } {xs  } asin Section 3. Our constructions ensure that
s*-compatible data (which we also call s-compatible) provide data for Ty, 75" that
are sij-compatible.
Following p. 36 of [KS], we write Ay; in quotient form

_ num denom
Apr = A" AT

where A?¥™ is a term attached to (G, #) and A%m°™ is from ordinary endoscopy
for the group Hi. We now prefer to index the contributions to A7}™ by the orbits
O of reduced restricted roots a,..s. Thus the formulas of p. 36 of [KS] yield

num Na 6* =1
8317 (01:8) =TT, (=0,

aO‘T‘ES
where au..s represents O, and r = 1 or r = 2 according as s is of type Ry or of
type Ro.
Remark 1: Waldspurger [W] has pointed out that a correction is needed in the
definition of twisted transfer factors in the nonarchimedean case, and that it can
be made by the insertion of 2 in certain contributions to A;; when the system of
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restricted roots au..s is not reduced. This has no effect in our present archimedean
case; see [KS+, Section 1] for details. An alternate way of making the correction,
which involves Ay instead and works in all characteristics, is presented in [KS+].
It also has no effect on the definitions in the archimedean case [KS+, Proposition
3.5.2].

Remark 2: First we observe an error on p. 137 of [KS] pointed out to us by
Waldspurger. The exponent —1 in the formula (A.3.13) does not belong there.
We emphasize that by the term Langlands’s pairing in the statement of (A.3.13)
we mean the pairing from [L]. The source of this error is on p. 131 where what
is described as the Langlands map is the reciprocal of that defined in [L]. To be
explicit in the case at hand, if T is a torus defined over R then the isomorphism
Hy(C*, X.(T)) = X.(T) ® C* = T(C) defined in the middle of p. 131 of [KS] has
an exponent —1 not present in the isomorphism defined in [L] (an explicit formula
is found on p. 243 of [L] after the first commutative diagram). We resolve this
by inverting the formula for the pairing in (A.3.9). Then the formula (A.3.13) is
true as stated in [KS]. Now, in principle, we should insert an exponent —1 in the
formula (A.3.14) involving Tate-Nakayama duality, but here in the archimedean
case the term is simply a sign and so we may use the formula as stated in [KS].
Our resolution agrees with that suggested to us by Waldspurger for the general case
[KS+]. It also gives the correct shift in infinitesimal character for functoriality of
the dual spectral transfer [S9].

Returning now to our analysis of the various terms Ap, ..., Ajy, we observe the
following generalization of Lemma 4.1.

Lemma 9.1. For any s-compatible twisted data set {ag}, {xs},{ap/},{xg} we
have

Ho Xﬁres(w) = HO, Xﬁi‘es(w)'

ag,.. ag;

res

On the left, the product is over all Galois orbits O of reduced restricted roots
for 7% (i.e., of types Ry or Ry) except those containing a multiple of ag. Each
term is independent of the choice of representative 3,., for O; r = 1 if 3, is of
type Ry and r = 2 if 3, is of type Ra. The right side is defined analogously, using
all Galois orbits O of reduced restricted roots for T'% except those containing a
multiple of . For the precise meaning of N3(dg) see the remark after Lemma 6.5.

Proof. We match contributions to each side of the formula orbit by orbit as in the
proof of Lemma 4.1. O

Because we will eventually consider derivatives of the transforms ¥, , and ¥/ -,
we use the variables §¢(Y),7,(Y1), ete. from Lemma 6.2 in our limit formulas for
terms of the transfer factors. Each of A;; and Ajy is defined as a quotient of a
term associated with G and a term associated with Hy (Sections 4.3, 4.5 of [KS]).
Each denominator cancels with an identical term in one of the transforms ¥, , and
U,y of Theorem 5.1. Denote the numerators as Arrnum and Ajv,um. These
numerators contribute the factors Ag,, ALy, from the orbits in Qayp, Qqy for the
twisted transforms in the jump formulas of the last section, and so these terms will
also be removed. In the case of A;; what remains is each side of the equation in
Lemma 9.1. There is a similar assertion for Ary. Thus:
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Corollary 9.2. For an s-compatible data set and toral descent data at vy, we have
ZimYlﬂO AII,num(70(Yl))AIV,num((sO(Y))Aozo (5O(Y))71
= limy; 0 Arznum (VoY) A1vinum (80 (Y")) Arar (5o(Y')) "

Lemma 9.3. (Main lemma) For an s-compatible data set and toral descent data
at vy we have

limy, y; o Arrr(70(Y1), 00(Y);79(Y7), do(Y")) = 1.

Transitivity of the relative transfer factor (Lemma 5.1.A of [KS]) then implies
immediately the following about the terms of type Ay which appear in the limit
formulas of Theorem 5.1 and Lemmas 10.1, 10.2.

Corollary 9.4. In the same setting, we have:
limy, ~oA111(79(Y1),80(Y); 7, 0)
= limy; oAr11(70(Y7), 60(Y"); 7, 0).
Proof. (Lemma 9.3) We start by showing that

Arrr(vo(Y1),00(Y); 70(YY), 60 (Y")),

defined as the term (V1, A1) on p. 43 of [KS], is the product of a term independent
of Y7,Y{ which we will denote
Arrr(v9,00; 11, T7)
and a term which has limit 1 as Y7,Y7 approach 0. A longer argument will then
show that
Arr1(vo, 005 T, T7) = 1.
Recall Remark 2 earlier in this section: the pairing (—, —) is now defined by the
reciprocal of the formula displayed on p. 135 of [KS]. First we factor Vi as
Vo.V(Y). The tori U, S and S; are attached to T, T” in Section 4.4 of [KS]. Notice
that our 77,77 are labeled THNTI’{1 there. The element V; belongs to the hy-
percohomology group denoted H(T',U 1-¢ S1). It is the class of the pair (V, Dy),
where V' = V(o) is a Galois 1-cocycle in U and Dj is an element in S;, and the
hypercocycle identity (1—6)V = o(D1)D; " is satisfied. We have defined 1-cochains
v(0),v'(0) in Section 6. The pair (v(c)~!,v'(0)) lies in Tye x T%,. Its image under
the projection to
U=TexTl/{(z71,2): 2 € Zs.}
is, by definition, V. To describe D; we start with the elements §;(Y), (65) (Y”) of
T, T" (Lemma 6.2). To resolve a notational conflict, we write the pullback torus T;
of p. 42 of [KS] as Ty. Then (65(Y),v(Y1)) lies in Ty and ((85) (Y”),v(YY)) lies
in T3. The element

((65(Y )70 (Y1) ™ ((55)" (Y"), 70 (Y1)
of Ty x Ty factors as
((637 70)_17 ((63)13 'yo)).((exp Y*7 exXp Yl)_la (exp Y*/’ exXp Yl/))'
This factoring persists for images in the quotient S; (defined on p. 42 of [KS]) and

we write the factoring in S7 as Dy = Dy.D(Y1,Y!). Because Y*, etc., lie in the real
Lie algebras of the relevant tori, we also have a factoring of hypercocycles:

(‘/7 Dl) = (V, DO)'(LD(YM Yll))
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Then V( will denote the class of (V, Dy), and V(Y7,Y7) will denote the class of
(1, D(Y1,YY)).
Define
Arrr(70,00; T, 1) = (Vo, A1),
so that
(Vi,A1) = Aqri(v9,00; 11, T7). (V(Y1,Y]), Aq) .

To see that the complementary term (V (Y7, Y{), A1) has limit 1 as Y7, Y{ approach
0, we recall that the element A; in the hypercohomology group H!(Wg, SY =07
UVY) is represented by the pair (A7, sy) specified on p. 45 of [KS]. In particular,
A is a 1-cocycle of Wg in SY. The pairing for hypercohomology is compatible with
the Langlands parameterization of characters on S1(R) [KS, A.3.13]. This allows
us to compute (V(Y7,Y/), A1) as the value of the character attached to the class
of A=t in HY(Wg,SY) on the image D(Y1,Y7) of

((expY™, exp Y1), (exp Y™, expY]))

in S1(R). The limit assertion is now immediate.

Thus it remains to show that (Vo, A;) = 1. We factor each of (V,Dy) and
(A71,sy) further, and so reduce to calculations with familiar pairings in cohomol-
ogy.

We have arranged that the 1-cochains v(c),v(0) are central modulo 77, , T
respectively. Since we have also arranged that the inverse Cayley transform t*
transports v'(c) to v(c) we conclude that (6* — 1)v(o) and (0" — 1)v'(0) are the
same central element, so that V(o) is #*-invariant. Thus V is a 1-cocycle in U?".
We then have (or may check directly) that Doy € S1(R), so that (V, D) factors as
(V,1).(1, Dy). Turning to the dual side, we have from the hypercocycle equation that
the element s determines a I'-invariant element in Uy = UV /(1—6")U", and hence
an element s¢7 9 in o ((Uy)"). The group U?" is a torus since the usual isomorphism
of U with Ty xT" ; (see p. 38 of [KS]) commutes with §* and the invariants for each
factor in the product torus are connected. The dual of U?" is Uy’. Write (V, s7,¢) for
the Tate-Nakayama pairing of the class of V in HY(I',U?") with sy € mo((Uy)")
and A for the character on S; (R) attached to A~! by the Langlands correspondence.
Then we may compute (Vo, A1) as the product (V, sy,9) .A(Do) (see p. 135 of [KS)]).
We check now that each term in this product equals 1.

The image v’ (o) of the cochain v/(¢) in T/, is a cocycle in the torus (77 )%,
As usual, we identify the cocharacters of this torus with the #*-invariant coweights
of T’. Under the Tate-Nakayama isomorphism

H™H (0, X ((Th)")) — HY(L, (T54)"),

9*
C

v} 4(0) is cohomologous to the cup product of the fundamental 2-cocycle for C/R
with a @*-invariant coweight @/, for 7" such that o2, = —a’,, i.e., to (—1)%ew.
Write

Vaa(0) = (=1)7 (o (')t )aa,
where ¢’ lies in the torus (17,)%-. Extend the root o trivially to Zs.. Then our
assumptions on ¢’ ensure that

ap(v'(0)) = o (vga(o)) = 1.
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Thus af(o(¥)t’"1) = 1. Apply the inverse Cayley transform t* to 2., to obtain a
0*-invariant coweight z,, for T. Then 0%, = —Z, and a calculation shows that

Vaa(0) = (=1)%e (= 1) o (¢}t aa,
where € € {0,1} and ¢’ € (Ty.)%. To recall the characters and cocharacters of U
we use t* to identify T” with T over C. The characters may be identified as pairs
(A, 1), where each of A and 1 is a weight of T and A — p is an integral combination
of roots, while the cocharacters may be identified as pairs (A", ") of coweights
such that \Y 4+ p¥ is an integral combination of coroots. The canonical pairing is

(), (N 1)) = (A= X))+ (s, A+ )
Set
T = (—Tew — €, Ter)
(recall z’,, has now been identified with z.,). Then z lies in X, (U?"), oz = —z,
and, by evaluating characters on both sides of the following, we see that (—1)* =
V(o).o(u)u~", where u is the image in U?" of (#,#')~'. Thus ¢ — (—1)® is coho-
mologous to V.

We may now compute (V,517) by evaluating z, as character on (U?")Y = Uy,
at the element sy9. In the notation of p. 39 of [KS] where sy is defined, we have
arranged that 57 = 57/, so that to show (V,syg) = 1, it is enough to show that
ay(st) =1, i.e., N(aV)(s7) = 1 if o is of type Ry or Rs, or N(a"V)(s7)? = 1if ag
is of type Ro. But if g is of type Ry or R3 then the corresponding root ai; of H; is of
type Ry or Ry only, so that N(aV)(sr) = 1, as desired. If ag is of type Rz then the
corresponding root «a is of type Ry or R3, and N(aV)(s7) = +1 accordingly. Since
we need only N(a¥)(s7)? = 1, we are done. This remark, namely that o (s7) = 1,
will be useful again. Also a partial converse result (see the proof of Lemma 11.1)
provides a crucial cancellation in the final steps of our proof of the main theorem.

It remains then to show that A(Dg) = 1. Here s-compatibility of the y-data
plays a key role, along with an extension of the comparison arguments of Section
4 of [LS2] already used in the definition of A in Section 4 of [KS]. Our (second)
argument for Lemma 9.5 below will have a similar structure, using the first lemma
of comparison from [LS2] in place of the second.

The element Dy of S;(R) is the image of ((Jg, 7o) ™1, ((05), Vo)) under Ty x T —
Sy. As before, we will use t* to identify 7" with T, and then T with T5, over C. The
element ((45)’,7,) is thus identified with (5, 7,). As on p. 42 of [KS] we identify
Sy as Ty X Thq (T4 is labelled T in the reference) and then as Ty x Tyq. The Galois
action on the first component is the transport ¢’ of that on T4, while on the second
component we use the twisted action

(17 tad) i (wwo (Oj(tad))a U(tad))~

Here 1, : Toa — T3 is defined as follows. Pick t3 € T, in the inverse image of t4q
under the surjection 7y — T' — Tuq. Then v, (tad) = wo(tg)tgl is independent of
the choice for t5. The chosen Galois action makes

T2 X TZI — Sl — T2 X Tad : (tg,t/z) — (tgt/z, (tg)ad)

defined over R. Write 6,4 for the image of (85,7,) ! in T,q. Then §,4 is fixed by o
and ¢’ (recall our assumptions on dg, (9y)’), and ¥, (daa) = 1, also because of our
assumptions on 45, (05)’. Notice that Dy € S1(R) is identified with

(1,044) € (Ta x Tua)(R).
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As in [KS], we identify Sy as Ty x T,

scy

(t2,tsc) = (07 (t2), o, (07 (t2))o (tsc))

(recall we have chosen Ty rather than 75 to be the torus 7 in [KS]). Here ¢, :
T, — T, is the dual of 1, (this is the variant of the definition of a(wp) in
[KS] needed when U is replaced by S7, and we will recall how to compute it when
needed below). The 1-cocycle A(w) of Wg in Sy is constructed as the element
(ary(w), zse(w)) of Ty x Ty, where z4.(w) is a product

sc)

with Galois action

o~

?(wo, U/).b(ﬂ)o)il

awo(¢'(w)).c(w) ™ .y, (agy (w)).

To begin examining these terms, we observe that we may replace the cocycles
ar,(w), ary(w) by cocycles a_(w),a’ (w) for which ¢,, (a’(w)) = 1. Then A(w)
will be replaced by

A_(w) = (a"_(w),7(wo, 0").b(wo) ™ wo(c_(w)).c—(w) ™)

and there is now no twist in the Galois action on the first component. This ensures
that the second component is a cocycle for the action by o. Our strategy then will
be to examine that cocycle and see that the attached character on T,4(R) takes the
value 1 at d,4, which is sufficient to complete the proof of the lemma.

To define a_ (w), a’_(w) it is more convenient to view S} as a subtorus of Ty’ x Ty,
with Galois actions ¢’, o on the first and second components respectively. The cocy-
cle A(w) = (aqy(w), ar, (w)) lies in SY'. By construction, TV xT" embeds in Ty x Ty,
and S contains the image of the standard homomorphism T}, x T, — TV x TV.
Consider a cocycle in SY which is the image of a cocycle (a/, (w), at(w)) in Ty, x T}...
We will write this image also as (a/, (w), a4 (w)). To evaluate the corresponding
character on S7(R) under the Langlands correspondence on the element Dy we
may, by functoriality of the correspondence, evaluate at (844, 044) the character on
Tuda(R) xT,4(R) (o’ is the action for the first component, o for the second) attached
to (a/, (w), a4 (w)) as cocycle in Ty, x T,... We will choose (a/, (w), a4 (w)) so that
the resulting value is 1, and thus A(Dy) is unchanged when we divide A(w) by
(a’ (w), ay(w)). The cocycles a’, (w), a4 (w) will come from ¢'(w)), c(w).

The cochain ¢'(w) is defined as a quotient 7} (w)/7.(w) of terms from con-
structions in Section 2.5 of [LS1]. First, r{(w) is the term r,(w) for the group
GY = ((GY)?")", Galois action o’ and gauge p associated to our choice of posi-
tive roots (that determined by our fixed T-splitting of GV preserved by 6" and our
choice of toral data). Then

Tll (’LU) = SP/PO (w) H r+o’ (’LU),

where the product is over pairs £0’ of orbits for ¢’ in the roots of TY = ((T")
in GY. The term 7/, (w) is defined similarly, using the roots of T/ in H". In the next
paragraph, we will keep track of contributions after cancellation, using the pairs
+0O' of orbits of roots in GY (the reduced restricted roots) to index them.

We claim that there are nontrivial contributions from £0’, £20’ to ¢/(w) only in
the following two cases: (i) neither £0’, £20’ belongs to H" and (ii) £20’ belongs
to HV. Recall we have fixed the root g = yes Of Ggo, and (reduced) au is the

GV)O

multiple of ag that is a root of (GQ*)O. Now on the dual side, we set ., to be the
multiple of ("),es that is a root of T in GY, and denote by f3,, = (8Y),es a root of
TY in GY distinct from +a,.. The coroot of 3,, is rN3, where r = 1 unless 3 (and
hence also ") is of type Ry in which case r = 2. The term 710/ (w) is constructed
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in Section 2.5 of [LS1]. We will need its explicit form only for symmetric orbits.

Then

rror(w) = X, (wo(w))™7,

where ,, represents O’ and ug(w) is defined in Section 2.5 of [LS1]. This applies
also if ,, is not reduced (as in case (ii)). Now to check the claim we examine the
various possibilities as in the argument on p. 49 of [KS]. We see that the contri-
bution in case (i) is 710/ (w), while in case (ii) it is 7420/ (w) ™!, In the remaining
cases, it is 1, as asserted. We of course define c(w) in the same way as ¢’ (w), using
instead the action o.

The terms s,,/,, (w) are, in general, different for G and H"Y. We have assumed
that our toral data have the property that complex conjugates (relative to ¢’ only)
of positive complex roots are positive. Then both terms s,,/,, (w) contributing to
¢ (w) , but not necessarily those contributing to c(w), are trivial (see Section 2.4
of [LS1] for their definition) and will be deleted in notation. We will deal with
5p/po (w) for the action defined by o in the last paragraph of our proof.

Suppose O # {+au.} is asymmetric and not orthogonal to ... Our plan is to
remove a cocycle for each £’ contributing to ¢/(w) and then to remove a matching
cocycle from c(w). Because there exist trivial x-data for +£0’, the contribution
r+o/(w) must be a cocycle (see also Corollary 2.5.B of [LS1]), and we may compute
the corresponding character Ayos on Toq(R) as in Section 3.3 of [LS1]. Assume
B.. belongs to +£0’. Suppose first that ¢'8,, = —wB,, # £B.. (i-e, B, is
complex for ¢’ and imaginary for o). Then according to Lemma 3.3.D of [LS1],
Ato/(8aa) = X5, (NB(0ad)"). To extract a matching cocycle from c(w) we may
simply write down any cocycle that gives the correct character value. We will,
however, take time to motivate our construction, as we will use the result later.
Namely, we consider the (distinct, symmetric) o-orbits @ and woO of §,, and
wo,.,- The contributions 7o (w) and 74,0 (w) to c¢(w) are not cocycles. However,
because we use compatible y-data, 740 (w)r1w,0(w) is of the form

.. (10(10)) ™. (o)) = x5 (o))" V8 + )

But

NG +wogNB =2NF mod Na.
We extract x5 (uo(w))* NP from ¢(w). This is a cocycle since x3 is trivial on
R* (Lemma 2.5.B of [LS1]). The value of the corresponding character at d,q is

Xg. (x?), where /T = N[B(d4a)" (see the calculations of Section 3.3 of [LS1]).
Since

Xs..(@%) = xp, (2/T.2T) = x5, (2/T) = Asor(8aa),
we have removed an appropriate pair of cocycles from ¢/ (w), e(w).

In the next step of the definition of a/, (w), a4 (w) we consider the asymmetric or-
bits O’ not orthogonal to a.. for which the o-orbit O of 3,, € O’ is also asymmetric.
Then both rLo/ (w) and r+o(w) are cocycles. If O, O are of the same cardinality
(i.e., both consist of a complex root and its conjugate) then the correponding char-
acters have the same value at §,q, and so we remove 710/ (w), 7+o(w) from ¢ (w),
c(w) respectively. It remains to consider the case that ¢/3,, = 8., and §,, is not
orthogonal to au.. Then wyf,, also has this property, is distinct from 3,,, and
has same o-orbit as 3,,. Here we remove both ro/(w) and 0 (w) from ¢ (w),
and r+o(w) from ¢(w). The requirement of s-compatibility that x5 = X} o Nm
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ensures that the corresponding characters match at d,4 (see Section 3.3 of [LS1]),
and so we are done.

The final step in the definition of a/, (w), a4 (w) is needed only for the case where
Qs 18 Of type Rg and 20 is a root of HY, so that {+a..} satisfies the requirements
of case (ii) above. Then ri20/(w)™* is a cocycle which we include in @/ (w), i.e.,
discard from ¢’(w), since the method of Section 3.3 of [LS1] shows that the value
of the corresponding character at 0,4 is 1.

We observe next that ¢_(w) = ¢/(w)/a/, (w) has contributions only from orbits
which are orthogonal to ., so that ¢’ (w) is fixed by wy. Moreover, by construction
[LS1], each contribution is the image of an wg-invariant in T.%.

Turning now to A_(w), we verify that ¢, (a’(w)) = 1. The cocycle az; (w) takes
values in the torus 7 which is the quotient of T} x T by the diagonally embedded
torus 7. It may be written as the image of the pair (¢;(w),t(w)™1) on p. 45 of
[KS]. To compute ¢, on this image, we may choose an element ¢z (w) of T} so that
t1(w)ty (w) lies in the center of Hy, and then compute ¢, (¢(w) tg(w)). In this
last formula, ¢, denotes the standard homomorphism TV — T, : t — wo(ts.)t
where t;. has same image as t in Tavd. Then

-1
sc

Pu (A (W) = @y, (azy(w).aly (w) 1) = @, (H(w) " g (w).aly (w) 7).

Notice that ¢, (¢’ (w)) = 1. Our claim now is that

Py (H(w) Mg (w).ay (w) 1) = L.

To provide a more explicit description of ¢(w), and of our choice for ¢ty (w), we
review the construction of ary(w). We fix a I'-splitting of GV that is preserved
by 6" and assume that the endoscopic datum s lies in the maximal torus of this
splitting (which we identify with TV using our chosen toral data). Then we use the
attached I'-splittings for GY and HV. Let wgy denote the action of 1 x w € “H on
HY. Then wy acts on Ty = T, and thus on TV = Cent(TY,GY) as w(wy)wg,
where wg is the action of 1 x w € LG (or L'G.) and w(wy) lies in the Weyl
group of GY. Let MY be the Levi group in G containing 7./ and with root system
consisting of those 3,, for which of,, = —f,, (recall we use o as an abbreviation
for o). Then w(wg) lies in the Weyl group of M), and so we construct n(w(wg))
in M acting as w(wg) as in [LS1]. Further, we may find t};(w) in T N (M) der
so that h(w) = th(w)n(w(wy)) x w € LG lies in H (part of the endoscopic data
¢) and acts on HY as wy. Then for the embedding &, : H — “H; (part of the z-
pair) we have &, (h(w)) = z1(w) X w, where z1(w) is central in Hy. The embedding
§T1, LTy =% H; has the property

Ery (1 x w) = rg(w)ns Wy (w)) x w

= z1(w) g (w).ms (W ())& (h(w))

= z1(w) g (w).& (ns (W (w).h(w)).
Here o’ acts as wy(0).0g on T}, and w'y(w) = w'y (o) if w — o under Wy — T,
while w’y(w) = 1 if w — 1. Notice that w’(o) also lies in the Weyl group of
M) (although we construct ng(w'y (w)) in HY). We have to compare &y with the
embedding {7, : LT L @, which extends naturally to &7, : “T" —%F G. Write
the action of ¢’ on Tp; = T as wi;(0).0¢. Construct n(wg(w)) in M, and notice
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that wi;(w) = Wy (w).w(wgy). Then
Ery (1% w) =7 (wn(we (w)) x w
= 7 (w)wy (w)(ty) ™ n(we())n(w(wn)) " h(w).
We claim that
n(we(0)n(w(wn)) ™ =t (w)ns (Wi (w)),

where 2 (w) € T N (M) ger- To prove this, we compare the left side to n(w; (w))
using Lemma 2.1.A of [LS1]. For the right side, there is a routine generalization
of Lemma 4.3.A of [LS2] to the twisted case that allows us to compare n (W (w),

an element in the Levi group of HY corresponding to the appropriate multiples of
roots in M)/, to n(w’y(w)), an element of M. The claim then follows. Thus

€y (1% w) = 7' (w)wy (w) (ty) ™ 7 (w)-ns (W (w)h(w).

Turning now to ary(w), we set

tr(w) = 21 (w) "y (w), by (w) =g (w)

and
t(w) = 7, (W)W (w) (ty) " (w).
Then
Puy (H(w) ™ g (w).al (W) ™) =y (W (w) () " (w)) =1

Wi (w) ()~ i (w) € T 0 (M )aer
and @, is trivial on T N (M) ger-
Our last step is to examine the second component

F(wo, ") b(wo) ™ wo (' (w)).c— (w) !

of A_(w). Consider

—1 -1

wo(c_(w)).c_(w)™' = (w)e_ (w)

If O is orthogonal to .. then O is also a g-orbit O, and ryo/(w) = rro(w).
Thus all that remains in wg(c__(w)).c_(w)~! is a term in (C*)"™ and the term
5p/po(w) for the action o. We compare s, /p,, (w) with 7(wo, U’).g(wo)*l. Recall our
assumption that if 5,, > 0 then ¢’F,, > 0 unless 0’3, = —f,,. Then §,, > 0
and of3,, > 0 requires wyf3,, = 0'0f,, > 0. Thus the sum defining 7(wy, ') is
empty, so that 7(wp,c’) = 1. Next, we use a routine generalization of Lemma 4.3.B
in [LS2]. This shows that the term E(’UJ()) is a product of an element of order two
and an element in (C*)"™V, The element of order two is of the form s . (—1)P-,
where the product is over representatives for the pairs {f,,, —wof,,} with the
property that 8,, > 0 and —wof,, > 0. If we consider just those pairs where
B s> —Wof3,, are also complex roots (if one is, the other is) then we obtain s/, (w)
(see Section 2.5 of [LS1], and cancel terms for GV, HY appropriately). Assume now
that 3, is imaginary. Then (—1)5:* is a Galois cocycle which inflates to a cocycle
of We/r of order at most two. To evaluate the corresponding character at 44, we
use the method of Section 3.2 of [LS1] to reduce the calculation to evaluation at
the element NB(0,4)" of a character of order at most two on the real points of a
1-dimensional torus 7%+«+. Since T%+(R) is compact the (cocycle and) character
must be trivial. Notice that here the canonical constructions of [LS1] have allowed
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us to avoid the more complicated setting in Theorem 6.1.1 of [S7], where case-by-
case computations were needed. Thus we may discard the pairs {g,,, —wo0,, } for
which ,,, and hence also —wgf3,,, is imaginary. Since no real roots contribute, we
conclude that, after the discard, 7(wo, o").b(we) ™ .wo(c’_(w)).c— (w)~! is a cocycle
with values in (C*)"™Ve. It remains to evaluate the corresponding character at §,q.
We again use the method of Section 3.2 of [LS1] to reduce this to the value of
a character on a 1l-dimensional torus T+ at the element Na(d4q)". If cu is of
type Ry then Na(dq.q)" = Na(dqaq) = 1, and if . is of type R then Na(dqq)" =
Na(64a)* = (£1)? = 1 also. Thus the value is 1, and we have finished the proof of
Lemma 9.3. Notice that we could have based our last calculation on the coroot of
the root a1 of Hy in place of the reduced a,. Then we arrive at the evaluation of
a character at ay(y,) = 1. O

Lemma 9.5. For an s-compatible data set and toral descent data at v, we have

Ar(v0(Y1),00(Y) = Ar(79(¥7), 60(Y"))
for all Y1 € 4 (R) and Y{ € t{(R).

Proof. Given our choices, the sign A; depends only on the torus T3 or T 1, to which
the first argument, v,(Y1) or (YY), belongs. The lemma asserts that not even
that matters. There are two ways we can argue this. The first is to observe that
the proof in [S8], [LS2] of geometric transfer (with the transfer factors of [LS1]) for
untwisted endoscopy avoids Lemma 9.5, using instead regular unipotent analysis
and the local hypothesis. We deduce Lemma 9.5 in the untwisted case from the
cited proof together with Corollaries 9.2 and 9.4 above: if transfer exists and all
terms but Aj; are known to match correctly then A; must match correctly. We
then prove Lemma 9.5 in the general case with the observation from Section 4.2 of
[KS] that Aj for the twisted case may be interpreted as Ay for a case of ordinary
endoscopy.

Our second proof for Lemma 9.5 is a direct argument, allowing us to complete a
proof for geometric transfer that works as well for, rather than assumes, ordinary
endoscopy. The starting point is the observation cited above for twisted A;. We
consider ordinary endoscopy for the quasi-split group G%- = (G*,)%¢ (denoted
G* in [KS]) and the datum sp ¢ defined on p. 32 of [KS]. The two maximal tori

*

T%c,T"% in GggC are norm (image) groups for the endoscopic group J. Our toral
data and a-data provide data for this setting also. Write «, for the multiple of
o that is a root of 7%« and define o, similarly. Recall that the inverse Cayley
transform t* carries o/, to a. Pick a GY%c-semiregular element ¢ of T"%«(R) with
image € in J(R). Then we make an endoscopic descent around the pair (¢,e;) as
in [LS2]. By construction, the connected centralizers of ¢, ¢ s are isomorphic over R,
so that the base endoscopy is trivial up to passage to z-extensions. In particular,
each Ay term is trivial. Our setting satisfies the requirements for the comparison
formulas of Section 3.3 of [LS2], including the condition (3.3.2). The formula of

Lemma 9.5 is the same as the corresponding formula for Ggg“ relative to the tori
T, T"%c. Thus it is enough to show that the quotient of the two terms in the
formula divided by the (trivial) quotient for the centralizers, or the quotient of the
terms O of [LS2] for T"%cand T, is trivial. Lemma 3.3.D of [LS2] describes a
class v in HY(T', T%¢) with which we may pair s, by the Tate-Nakayama pairing,
to obtain this quotient of the ©;. It remains thus to examine v (which we will write
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as v,) and conclude that, because of our particular choice of a-data, this class is
represented by a cocycle (—1)50‘*v, where € € {0,1}. Since ) is a root of JV the
pairing yields 1, and the lemma is then proved.

We use, just for thi*s paragraph, a to denote a reduced root of 7%« different from
+a, (we argue in Gg‘éc with no reference to H" or the endoscopic data). Identify
T'%%c with T via ¢*, and write o for the Galois action on T?%«, ¢’ for the transport
of the Galois action on 7"%¢, and a/, for the a-data for T'%:c. Then o = woo’, where
wy is the Weyl reflection for ., and

v.(0) = T(wo, 0").b(wo) " we(y'(0)).y(e) 7 .

Here

rwoo)= T ()

a>0, woa<0, ca>0

Up to multiplication by an element of (C*), the term b(wp) is [] (—1)*, where
the product is over representatives for pairs {a, —wpa} such that a > 0, woa < 0
(see Lemma 4.3.A of [LS2]). Here the order on the roots is obtained by transport
of that determined by our choice of an R-splitting. The choice of splitting does not
affect the quotient of A; terms, and there is no harm in our assumption that if
a > 0and o'a # —a then o’a > 0 (or see Lemma 2.3.A of [LS1], and note that the
assumption (3.3.2) of [LS2] is retained). Finally,

yi)= I (a)"

\%

a>0, o'a<0
and
A\
yo)= 11  (aa)” .
a>0, ca<0
Suppose o > 0, o’ < 0, so that « contributes to wo(y'(c)). Then a = —o'«
and woo = @ = —0’a = —oa, so that « is imaginary for both T"%c and T?%-.

By t*-compatibility of our a-data we have a!, = a,, and the contribution from «
to wo(y'(0)) cancels that to y(o). There are two remaining types of contribution
to y(o). The first is for @ > 0 such that « = —oa and woar # «. Then woa =
—wooa = —d’a < 0 since —o’a # . Thus we also have —wpa > 0 and —wga is of
same type as a. The contribution to y(o) from {a, —wpa} is

(aa)® (a—woa) ™" = (an)® 0% (=1)7"°

since a_ywya = —Guwea = —Qq. The first term in the product lies in ((CX)C“*v and the
second cancels with a term in b(wg) up to multiplication by an element of (C* you .
The second type of contribution to y(o) is from « > 0 such that ca < 0 and
oa # —a. Then each of a and —oa contributes and their joint contribution is

(a2)" (@) ™7 = (@) (@) 7 (=1) 77

Since (aa)‘lv (@)_‘m‘v is a coboundary we may ignore it. Let S = —oa. Then
B>0,08 < 0. Also w3 = —c’a < 0 since a > 0 and o’ # —a. Thus (—1)77®" =
(=1)#" cancels with the corresponding term in b(wg), and so we conclude that, up
to coboundaries, the cocycle v, (o) lies in (C*)* . The lemma now follows. O

\%

Finally, the following equalities will be used in assembling the jump formulas in
the next section. The terms were introduced in Section 7.
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Lemma 9.6. Under the assumptions of the present section we have:
(inv(60(Y ), 60(Y)(w)), Kso(v))
= (inv(80(Y), 60(Y) (wow)) Ksy(v))
= <z‘m;(5o(Y/)7 So(Y')(w')), ”60(Y/)>

Proof. The representatives w’, w were defined in the paragraph before Lemma 7.2,
and wy lies in Ggo. Write the three inv terms in the statement as inv(w), inv(wow),
inv(w'). To define inv(w) we start with the Galois cocycle o(w)!w in the maximal
torus A% = Cent(T°, G) of G. Notice that A% is preserved by 8y = Int(5y)o8 and
Int(6o(Y)) 00 acts as 6 on A%. Let A% be the corresponding torus in G.. Then
we factor w in the usual manner, as the product of the image of an element w,. of
Gse and a central element z. The pair (o(ws.)  wse, (0g — 1)z) represents inv(w),
an element of H(I', A% £ B%). Here B% is the image of A% under y — 1 and
¢ is the composition of §y — 1 with the projection A% — A%. We have arranged
that o (wow) wow coincides with o(w) Lw.(—1)* up to coboundaries in A% N
(G )der = T% N (GS,)der- Thus we can factor the corresponding hypercocycle as

(0(wse) Fwge, (B — 1)2).((—1)? , 1). The usual argument (see the proof of Lemma

9.3) shows that the second term in the statement of the present lemma is o (1)
times the first. Since o (s7) =1 (see the proof of Lemma 9.3 again), we are done
with the first equality.

Replacing w by wow if necessary, we may assume both o(w)~!w and o(w’) 1w’
are central in Ggo, so that inv(w) is represented by a hypercocycle (as.(o), (0g—1)z)
and inv(w’) is represented by (s(asc(0)), (6o — 1)z). Here, recall that s is a Cayley
transform in (Ggo)sc. Since we have also to analyze the dual data we use our chosen

toral data to pass from G to G*. Then in place of H'(T', A% £ B%) we consider
HY(T,Ts. — (0° — 1)T), etc., and we identify 7" with T over C using the inverse
Cayley transform t* = (s*)~!. Consider the pair (inv(w)~!,inv(w’)) in

HI(F7T9c X T;(' - (9* - 1)(T X T/))

1

It is represented by

((tse(0), (07 = 1)2) 7", (tse(0), (67 = 1)2)),

where t,.(c) is the image of as.(c) under our identification of A% with T To prove
that the (equal) first and second terms in the statement of the lemma coincide with
the third, we show that (inv(w)~!,inv(w’)) pairs trivially with the class in

HY (W, [(07 = )(T x T — Ty % (T")aa)
represented by

((bT(w)75ad)7 (bT/ (w)75ad))a

where by, by are as constructed on p. 55 of [KS] (we will describe them in detail
shortly). Recall

S=8S(T,T)=TxT/{(z7',2): 2 € Z(G*)}.

The projection (6 —1)(T xT") — (6" —1)S determines a map on hypercohomology
groups under which the image of (inv(w)~!,inv(w’)) is represented (in the obvious
manner) by ((tsc(o)71, 1), (tse(0),1)). Thus by functoriality of the pairing, it is
enough to show that ((br(w),8saq), (br(w),sqq)) represents a class in the image of

HY (We, [(07 = 1)S]Y — Ty > (T")aa)
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under the (dual) map on dual hypercohomology groups. Thus it is enough to
show that the cocycle (br(w), b (w)) in [(6* — 1)(T x T")]Y lies in the subtorus
(0" —1)S]".

Recall the cocycle (ar, (w), aqy(w)) of Wg in Ty’ x Ty from the construction of
Ajyy ; see the proof of Lemma 9.3 and p. 45 of [KS]. Also, the torus [(8* — 1)(T x
T"]Y may be identified with Ty x Ty / Ty x T} (see p. 55 of [KS]). Then (br(w),
br: (w)) is, by definition, the image of (ar,(w), ary(w)) under the natural projection

proj : Ty x Ty — Ty x Ty /T x T} .
By construction, (ar,(w),ar;(w)) lies in Sy’ (identified as a subtorus of Ty x T').
We denote by 62 the extension of 6% to To, T4 (p. 42 of [KS]). The torus (6* — 1)T'
may be identified as the (isomorphic) image of (f2 — 1)T5 under the projection
Ty — T, and so (6" — 1)S may be identified with (6 — 1)S; under S; — S. Since
[(82 — 1)51]Y coincides with the image of S} under proj, we are done. O

10. Proof of Theorem 5.1 and extension to derivatives

To complete the proof of Theorem 5.1 we return to the formulas of Sections 7
and 8, and combine them with the results of Section 9. We have only to consider
the case that «, is both a T}*-norm and a 7j-norm, and maintain the toral data
attached to 7, along with the s-compatible data sets, in Section 7. Write ®1(v,)
as

|det(Ad(y,) — Dy, 0 |72 Y A, 60(w)) 0% (8, (w), )

= AI(’VV) AII('YZ,) AIII(’YV75D;77 5) AIV,num((;y)
X Z (inv(d,,6,(w)), ks, ) O%F (8, (w), f).

w
To pass to the transform ¥, ,(v,), we simply replace Arr(7v,) by Arrnum(7,)-
Without changing notation, we drop the terms for those classes in Dg(7T%0) with
no representative w for which wag = taq. Since

(inv(d,, 0, (w)), ks, ) = (inv(d,, 6, (wow)), Ks, )

(Lemma 9.6), we may then replace the sum by a sum over representatives w for
Do(+ap), and write

\I"LX (71/) = AI (’YV)'AII,num (’YV)AIV,num((SV)AOAO (6V)_1'A111 (’7u7 6V; 7’ 3)
x(2/d(@0)) Y (inv(8,,8,(w)), Ks,) Aag(8,) OV (6,(w), f).

On the other hand,
Voo (V) = Ar(v0)-Arnum (Vo) Arvinum (6,) Aoy (6,) " Ar11 (7, 6,7, 6)

x Y (ino(,,,8,(w)), ks, Duay(8,)0%7 (8, ("), f),

where the summation is over representatives w’ for the elements of Dy (7"% ). From
Lemma 8.1, Corollaries 9.2, 9.4, and Lemmas 9.5, 9.6 we conclude that

Tim W (7,) = Hm Way(y,)

=2 lir% Tar e (7)-
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For the final step in the proof of Theorem 5.1, we notice that the Weyl reflection
wi for a; provides a stable conjugation of v_,, with . Since ®; is invariant under
stable conjugacy, it is enough to examine the factor

(Bi(y1) — 1)
[Ixp,(-————),
01 & ag,
where v, is regular in T3 (R). There is no change in the total contribution from the
orbits 07 # {£a;} when v, is replaced by v]"* since the definition of s-compatible
data ensures that x,, 3, = xg, and aw,3, = ag,; the contribution from the orbit of
1 1 1 1

B, is interchanged with that from the orbit of w;3;. For the case O; = {£a;}, we
have
(a(hy") = 1) - (a(y1) = 1)
() = ~Xa, (@1 (7)) X, ).
o, Ao,
Since Xq, (@1(70)) = Xa, (1) = 1,
lim W, (y,) =— 1im+ Yo (7))
v—0

v—0—

@1

and so we are done with the proof of Theorem 5.1.
0o
To consider limit formulas for derivatives, let S(t;) denote the symmetric algebra

of t;. Denote by D — D the automorphism of S(t;) determined by the map Y, —
Y1 — niai(Y1)I of 4 into S(t;1), where 2n; is the odd integer given by x,, (2) =
(2/Z)" = (2/ |2])*™.

For v, = voexpY; near ~, define x,, (1(v,))"/? to be x,, (exp a1 (Y7)). Then
the function (germ)

Vo (71) = X (@1(71)) 72Ty (1)

is defined for G-regular «; near v, in T1(R) (recall the smooth extension from
strongly G-regular elements to all G-regular elements in Section 7). Moreover, this
function is odd:

~

Vo x(07") = =Wanx(11):

Lemma 10.1. For all D € S(t1), we have that both lim,_g- E\I/ayx('yl,) and
lim, o+ DV, (v,) exist. If D¥* = —D then

li .ﬁ\I]a =1 B\I]a )
Jdim DWay(v,) = lim DWa,(7y,)
and if D' = D then

lim DU, (y,) = — lim DV, (7,).

v—0— v—0t

Proof. Existence of each of limits in (i) and (ii) follows from the basic estimates
(see Appendix). The twist D of D was defined expressly to obtain the property
~ 1 ~
DY, (ypexpY1) = Xa (exp §a1(Yl)).DIIJa’X('yO exp Y1).
Thus we have
lim DWay(v,) = yli%li DVqy(7,)-

v—0%t

The desired equations are then immediate from the oddness of (I}a,x- g



46 D. SHELSTAD

We may choose the x’-datum x,, nontrivial. Because o is real we define \Tfagx/
by
o (71) = Xy (01 (1)) War 0 (7)
for G-regular ) near v, in 77(R). The Cayley transform s; provides us with an
isomorphism D — D’ from S(t;) to S(t}). We write D’ for the image of D' under

the automorphism given by Y{ — Y/ — za/ (Y{)I, where z is the complex number
given by X/ (z) = (sgnx)° |z|*. Then for all D € S(t;), we have that

lim D',/ v (7)) = lim D'V, v ()
v—0 ’ v—0 ’
exists.

Lemma 10.2. If DYt = D then, for any s-compatible data set,
Vli%l+ DV, () = 1}{% D'Wqr (7))

Proof. For this we return to the formulas obtained by descent in Section 8, and
use Harish Chandra descent for operators in the center of the universal envelopping
algebra of the complex Lie algebra of G as well, extending the arguments for Propo-
sition 4.5 of [S5] via results of Bouaziz (see Theorem 2.4.1 of [B1]). The formula
then follows by repeating the steps at the start of this section. [l

This concludes then our extension of Theorem 5.1 to derivatives of ¥, ,. The
extension applies, in particular, to the setting of Theorem 4.2.

11. Completion of proof of the main theorem

We recall once again that if

Stn)= Y, AG,60"T (. f),

6,0 —conj

then we have the normalized integral

Q1(7y) = |det(Ad(’Y1) - I)m/u

|1/2 5(71)3

and the transform

‘I’a,x(%) = Aa,x(%)s(’h)-

Recall also that S(;), defined initially for strongly G-regular elements v, was
extended smoothly to all G-regular elements. Next, we extend S to a smooth
function around all regular elements in 77 (R). Since A, , is nonvanishing and thus
smooth on the regular set in 77 (R), we may replace S by ¥, , for this extension.

Assume that v is regular in 7' (R), so that (Hy),, = T1.If 7, is not a norm then
U, (v1) = 0 for G-regular v, near v, in 77 (R) by Lemma 6.1, and so S extends
trivially. Suppose now that ~, is a Ti-norm of §; € G(R). We consider the case
that dg is f-semiregular, by which we mean that Ggo is of type A;. As before, we
denote by +aq the roots of 7% in Ggo. If the root « is real or totally compact then
we follow our earlier descent arguments (and include derivatives) to see that ¥,
extends smoothly around v,. Suppose then that «g is imaginary and not totally
compact. By passage to a stable #-conjugate of dy, we may assume that aq itself is
noncompact. Again we rely on the earlier descent arguments, except that Lemma
9.6 is replaced by the following.
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Lemma 11.1. In the present setting, we have ag (s7) = —1 and then
<inv(60(Y),50(Y)(w)), Hgo(y)> = — <inv(60(Y),60(Y)(w0w))7ngo(y)>.
Proof. Since cag = —ag we also have that o(Na") = —NaV, and then Na¥ (s7)? =

1 since sr is T-invariant. Suppose « is of type Ra. If NaV(sr) = 1 then «; is a
root of Hy and a1 (v,) = Na(dp)? = 1 which is impossible. Thus NaV(s7) = —1 is
the only possibility. Then the coroot 8, of 2(a¥),es is a root of Hy and §(v,) =
NB(60) = Na(dp) = +1. Thus Na(dy) = —1, a contradiction since « is of type Ra.
We conclude that « cannot be of type Rs. Suppose « is of type R3. Consider the
subgroup generated by the torus Cent(T%, @) and the root vectors for those roots
which restrict to a multiple of ag. Then a computation for groups of Dynkin type
As shows that Na(dp) = —1 implies that the root «g of Ggo is compact, contrary
to our assumption. Thus « must be of type Ry and o (s7) = Na¥(sp) = —1. O

The argument of Section 10.1 now shows that

lim DV, ,(y,) =+ lim D¥,,(v,)
v—0— v—0+
for all D € S(t;). Thus ¥, , extends smoothly around ~,.

We have then that ¥, , extends smoothly around all regular elements v in 7} (R)
that are norms of #-semiregular elements in G(R). Next, ¥, , extends to a smooth
function around all regular elements 7, in 77 (R) that are norms of #-semisimple
elements in G(R). For this, Lemma 6.2 implies immediately that we may apply a
familiar principle of Harish Chandra which we call semiregular is sufficient ; see,
for example, Section 6 of Part I and Section 13 of Part IT in [V], also Lemma 8.4.4.6
and Section 8.5 of [War]. We conclude then that ¥, ,, and thus S itself, extends to
a smooth function on the full regular set of T;(R).

To finish the proof of the main theorem, Theorem 2.1, we check that S satisfies all
requirements of our characterization theorem for stable orbital integrals on Hj(R),
i.e., properties I - IV of Theorem 12.1 with G = Hy, go = 1. Recall that we use
Haar measures attached to invariant differential forms of highest degree defined
over R as in [S5, Section 4] and [LS1, Section 1.4], and use provided inner twists or
R-isomorphisms to transport forms when needed (for example, in the formulation
of the property I). We assume that the forms on g, h; are products corresponding to
the Lie algebra decompositions g = 3°+(1—0)3+g4er, b1 = 31 + bh. Suppose strongly
G-regular ~, is a norm of strongly #-regular §. We require that Haar measures on
Z(R)G4(R) and T1(R) be compatible in the following sense. First the underlying
forms are to respect Lie(ZGY) = (1 —0); + g%, t1 = 31+ tu. Because the constant

det(Int(d) o0 — I)Cent(gg,g) / g8
from the normalizing factor Ay, we include it now by requiring that the form on
ty be obtained by transport of [det(0” —I), ; o+]~" times the form on gj.

For III, it remains to consider ¥, , around a Tj-norm -, annihilated only by real
or complex roots. Again we use the semiregular is sufficient principle to assume
that the root is real and unique up to sign, and that both (H;),, and Ggg are of
Dynkin type A;. Then descent finishes the argument. As in Section 14 of [S1] for
the ordinary (untwisted) case, an alternative proof that ¥, , extends to an wi-
Schwartz function on T7(R);m—reg Will be provided by the formulas for parabolic
descent (see [S9]).

or, more simply, |det(6* — I), / to* | was omitted
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By Theorem 5.1 and its extension to derivatives, S satisfies IV under the ad-
ditional assumption that v, is G-semiregular. Our (stronger) statements of limit
formulas for transfer factors in Section 9 allow us to remove the assumption by an
application of the semiregular is sufficient principle, and then we are done with the
proof of the main theorem.

(]

12. The general case: slightly twisted norms

Without the assumption at the beginning of Section 6, the norms of strongly
f-regular elements in G(R) lie in a certain coset of Hy(R) in H;(C), rather than
in Hy(R) itself. This feature requires only a minor modification in the formula-
tion of transfer, as we will recall from Section 5.4 of [KS]. Thus we again take
(G,6,ax), endoscopic data e and z-pair (Hq,&;) as in Section 1, but now with just
the assumption that the restriction of 6 to the center of G is strongly semisimple.

We return to the notation at the start of Section 6. Recall that we work with
the variant m : G — G* of the inner twist ¢ defined by m(5) = ¥(5)g, '. Then we
now have that

a(m)(8) = z(o)u(o) ™ m(8)0" (u(v)),

where z(o) is a 1-cochain of I" in Z¥, (as usual, we have used the same notation for
the image of 2(¢) in G*). The image of z(0) in (Z3,)e=_ is a 1-cocycle zg(c). As in
(5.4) of [KS], z¢(c') determines a 1-cocycle zg (o) in the center of H which we assume
splits in H (otherwise the transfer statement is empty). Let zz (o) = hy o (ho).
Then there is a 1-cocycle z1 () = hi'o(h;) in the center of H; which projects to
zp (o) under Hy — H. Write 6, for the automorphism Int(h,). We replace H; (R)
by the coset Hi(R)h; in the formulation of transfer.

First we extend the definition of stable orbital integral to this setting and describe
a characterization theorem. Until after Theorem 12.1, we return to G as notation
for the group on which we consider orbital integrals. Since it is enough for our
purposes (i.e., for the case G = Hy), we also assume G quasi-split over R and
with simply-connected derived group. Then the complex points of centralizers of
semisimple elements are connected and there are no totally compact imaginary
roots.

Fix an element go in G(C) such that o(go) 'go is central, so that 0 = Int(go)
lies in Gq(R) and G(R)gg lies in the inverse image of G,4(R) under the projection
G — G4q. There will be no harm in assuming that 6 preserves the pair (Bsp, Tspi),
where By, Tsp are from a chosen R-splitting of G. Then g lies in the maximal
torus Ty of the splitting. There is also no harm in assuming gg lies in Gge,. Then
a(g0)"tgo = 2(0) lies in the center Zge, = Zse of Gaer = G-

Let v € G(R)go C G(C). Then Cent(v, Q) is defined over R since o(y) 1y =
o(90)"*g90 = z». Suppose v is regular semisimple, so that T, = Cent(v,G) is a
maximal torus defined over R. If v = ~/gg, then right translation by go maps
bijectively the Int(go)-twisted conjugacy class of 4" to the G(R)-conjugacy class
of 7. It also maps the intersection of G(R) with the Int(gg)-twisted conjugacy
class of 7/ in G(C) to the intersection of G(R)gy with the conjugacy class of v in
G(C). We will call this last set the stable conjugacy class of v (again since G g, is
simply-connected). The G(R)-conjugacy classes in the stable conjugacy class of ~
are parametrized by untwisted D(T},), as for the case v € G(R).
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Let T be a maximal torus over R in G. Then T contains an element 7 in G(R)go
if and only if z, splits in H(D, Tye,) = H(T', Tsc). In that case, T(R)~ also lies in
G(R)go and moreover T(R)y = T'N G(R)go. Write 7T (go) for the collection of all
such T. Clearly, T, € 7 (go) and the set of regular semisimple elements in G(R)go
is the union over T € T (go) of the (open, dense) regular set (T' N G(R)go)reqy in
T NGR)go. Suppose T € T(go), 7o € T N G(R)go is semiregular and a(y,) = 1,
where o is an imaginary root of T'. On replacing vy, by a stable conjugate we may
assume that « is noncompact, i.e., that Cent(v,, G) is split modulo center. If 7"
is a maximally split maximal torus over R in Cent(vy,, G) then clearly TV € T (go).
It then follows that if T € 7T (go) and s is any Cayley transform relative to an
imaginary root « of T' then T° € T (gg). Also, if v, € T N G(R)go is semiregular
and a(y,) = 1 then (v¢)® € T° NG(R)go. We denote by (T'NG(R)go)im—req the set
of all elements in T'N G(R)go such that a(y,) # 1, for all imaginary roots o of T'.

Let S(v,dt,,dg) be a complex-valued function defined for regular semisimple ~y
in G(R)go, and Haar measures dt,, on T7(R) = Cent(y, G)(R), dg on G(R). Write
® for the normalized version of S :

1/2
O (v, dt,,dg) = |det(Ad(y) — I)g /0, |/ S(v, dt,, dg).

Since it is useful for our application, we assume that there is a central torus Z; and
character wy on Z1(R) such that

S(z17,dt,dg) = w1(z1) "' S(v, dt,, dg),

for all z1 € Z1(R), regular semisimple v in G(R)go, and all dt,, dg.

Consider the following properties (I) - (IV).

e (I) S is invariant under stable conjugacy.

This means that if w € G(C) is such that % = w™'yw lies in G(R)gy and dtw
is obtained from dt, by transport under w, then

S, dtyw,dg) = S(v,dt,,dg).
e (IT) S transforms under change of measures according to the rule

S(y, Adt.y, pdg) = %S(%dtv,dg).

Here A, u are positive real numbers.

Next, let T' € T(go). For v in (T'N G(R)go)reqy and fixed Haar measures dt, dg
on T(R), G(R) respectively, set ST () = S(v,dt,dg) and ®T (y) = ®(v, dt,dg).

e (IIT) ®7 is a wy-Schwartz function on (T N G(R)go)rey and extends to a wi-
Schwartz function on (T N G(R)Go)im—reg-

Here the notion of wi-Schwartz function is clear since T'(R)~y, lies in the inverse
image of T,4(R) in T'(C). The final property concerns behavior at the imaginary
walls. It is simpler to state if we assume (I), (III). Suppose T € T (go), o €
T N G(R)go is semiregular and «(v,) = 1, where « is an imaginary root of 7. Let
s be a Cayley transform for a (in the sense of Section 3), and fix s-compatible
a-data, x-data for T,T° = T’ (we again use ' in place of s in notation). The Haar
measure on T"(R) is to be obtained by transport under s from that on T(R) in
our earlier sense (Section 8). We have defined the generalized Weyl denominator
Agy(7) for v € T(R). Notice that A, () depends on the image of v under
the natural map T — T,4 rather than on -y itself. We may therefore extend the
definition of A, to the inverse image of Toq(R) in T(C) and so to T(R)y,. We
also extend Ay, to T'(R)7yy. Thus we may define the transforms ¥, ,, Uy
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on (T(R)yg)reg, (T"(R)V4)reg respectively, as before. For v real and nonzero, set
v, = exp(ra,aY).y, and v, = exp(vao a’").vj. Denote by w the Weyl reflection
for a. To a differential operator D in S(t) attach D’ in S(¥) and define the twists
D, D’ as in Section 10.
o (IV) If DY = D then
lim+ Z/illlavx('yy) = lir% l/)\’\Ifalyx/(fy’V).
v—0 v—
With the assumption of (I), (III) there will be no harm in assuming in (IV) that
« is noncompact and that the Cayley transform comes from the simply-connected
cover SL(2) of Cent(vy, G). Then 7{ = v,. Also, the argument of Section 10, along
with (I) and (IIT), shows that if D¥ = +D then
lim B\IJ(LX(’yV) =7F hm+ lA)\I/a,X(fyu).
v—0

v—0—

Suppose now that f is a wi-Schwartz function on G(R)go (again the notion is
clear, or see Appendix). Then the stable orbital integrals

SO(v, f) = SO(v, f, dt,,dg)

_ dg
= Z // flg 17/9)51?
,Y/e 'D(T,Y) T (R)\G(R) Y

transform by @, ' under translation by Z;(R) and satisfy (I) - (IV). A proof of this
requires only a very minor variant of the standard argument (see the next proof or
Appendix for more general results). Extension of our main theorem to the present
setting rests on the converse theorem:

Theorem 12.1. Suppose S transforms by wl_l under translation by Z1(R) and
satisfies (I) - (IV). Then there exists f € C(G(R)go,w1), such that

S(v,dty,dg) = SO(, f,dt,, dg)

for all reqular semisimple v in G(R)go, and all dt,dg. If also S vanishes off the
orbits of some set Z1(R)B, where B is a bounded subset of the reqular semisimple
set of G(R)go, then f may be chosen in C*(G(R)go, w1).

Proof. To find f in C(G(R)go,w1) we prove an analog of Lemma 4.8 of [S5] in
which f is constructed satisfying a weaker condition, and then finish by using the
inductive argument for the proof of Theorem 4.7 in [S5]. Assume T € 7 (go).
Then an argument shows that we may replace go by an element of G(R)gg N T if
necessary and assume go € 1. It is now straightforward to extend the wave packet
construction in the proof of Lemma 4.8 to G(R)gp, and thus find the desired f
in C(G(R)go,w1). To pass to a C°-function when the support is appropriate, we
reduce to Bouaziz’s characterization theorem on G,4(R). (]

Finally, the extension of Theorem 2.1 requires a recasting of the norm correspon-
dence and transfer factors. This again is straightforward (and described in Section
5.4 of [KS]). First, for the norm correspondence we consider strongly G-regular
elements v, of Hq(R)h;, assuming such elements exist, and strongly f-regular el-
ements 6 of G(R). Then ~, is a norm of § if the -conjugacy class of § in G(C)
is the image (under the canonical map) of the conjugacy class of v, in Hy(C).
Let Ty = Cent(v,, H1), a maximal torus over R in H;. Then there are toral data
(Ty — Ty~,g) as in Section 6 for which 6* = gm(8)6*(g)~! has the property that
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N(6*) is the image of y; under 77 — Ty~. The cochain v(c) in Ty, now has the extra
term z(0) from Zs., but that does not affect the assertions of the lemmas in Section
6 when we now take semisimple v, in H;(R)h; instead of H;(R). Nor does it af-
fect the definition of the relative term Ay in transfer factors, since (2(0) 7!, 2(o))
represents the identity element of the torus U of Section 4.4 of [KS|. The results
of Sections 6, 7 and 9 thus apply. After adjusting the definition of Trans(f) and
Trans.(f), we conclude then:

Theorem 12.2. The assertions of the main theorem (Theorem 2.1) and corollary
(Corollary 2.2) remain true in the general setting of Section 6.

13. Appendix: Harish Chandra Schwartz functions

We return to the setting of Section 1, where fp is a smooth function on G(R)6
such that fp(z0.2) = w(2)~! f(x0) for z € Z(R), x € G(R). Recall our assumptions
on 6 from Section 6; there will be no harm in assuming now that 6 is of finite
order (see Section 12). Following [HCI], let V = expuv, where v is the maximal
R-split subalgebra of the Lie algebra 3(R) of Z(R), so that we have G(R) as a
direct product (1 — 8)V.V9.°G(R), where 6 acts as automorphism of each factor.
Then G(R)# is a direct product (1 — 0)V.Gy, where G = V9.°G(R)#; G; embeds
smoothly as an open subset of the Lie group V?.°G(R) x (#) to which the results of
[B1] apply. We will call fy a w-Schwartz function if the restriction of fp to Gy is
Schwartz in the Harish Chandra sense [HCI]: the functions o and = appearing in
Harish Chandra’s seminorms are well-defined on G; (see Sections 3.4, 3.5 of [B1]).
We write C(G(R)0, w) for the Fréchet space of all such functions equipped with the
Harish Chandra seminorms. If O is open in G(R)# and invariant under translation
by (1 — )V, we define C(O, w) analogously.

We need a twisted analogue of Theorem 16.1 of [HCI] which asserts that f — 'F}
is a well-defined continuous map on the appropriate Schwartz spaces. To shorten
the presentation (but also make it clumsier than necessary), we take our (0, w)-
twisted transform to depend on the endoscopic group also, or more precisely on
endoscopic data and z-pair. To use pieces of the transfer factors in the definition,
we will start with familiar constructions on G(R) and then translate to G(R)6.
Fix a strongly #-regular element §y of G(R) with norm v, in H;(R), along with
toral data, a-data and y-data associated with the torus Cent(vy,, H1). It will be
enough for our purposes to define a transform \Il‘;o on the #-regular elements ¢ in

Ggo (R)%8y, although extension to a larger set is easy. If § = exp Y.dp then we set
1 = exp Y.y, (see Section 6), and define

UP(8) = Ar11(v9, 0037, 0). A1 (6).97 (3, f).

We have omitted the term Aj since fixed toral data and a-data guarantee that
Ay is a constant that plays no role here. The term A7} (from Section 9) is a
twisted version of the Weyl denominator of Section 3. The presence of the constant
Ar11(¥g,00;7%,0) ensures that if g € G(R) then \11?91509(9)(9*159(9)) = \Il‘sf;’(é),
provided we follow the usual conventions in the choice of Haar measures. If we
replace dg by (strongly) §-regular d in Ggo (R)°§, we obtain a translate of \Ilfc‘; which
does not matter for the Schwartz properties we seek (for translation-invariance
arguments, see, for example, Section 8.5 of [War]). To pass to G(R)f, we set
(50, f5) = ®"7(3, f) and W} (50) = Wi (5) for all regular 56 in Conn(df) =
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Ggo (R)%500, a connected component of Cent(5pf, G(R)). It is now routine to define
Conn(808)im—reg- Our assertion is that Theorem 16.1 of [HCI] together with the
work of Bouaziz already cited implies that fy — \If‘sfg is a well-defined continuous
mapping from C(G(R)§,w) to C(Conn(do8)im—req, @). Theorem 16.1 is proved in
[V] following Harish Chandra’s original argument (the final steps are in Part II,
Section 12). An alternative argument not dependent on the construction of discrete
series characters has been given by Wallach (see Chapter 7 of [Wall]). Since an
analogue for the otherwise needed discrete series result has not yet appeared, we
follow step by step the arguments of [Wall]. In particular, the crucial Lemma 7.4.3
extends to our setting by preparation from Sections 1 - 3 of [B1]. This is enough
to finish the argument.
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