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ON THE ASYMPTOTICS OF WHITTAKER FUNCTIONS

EREZ LAPID AND ZHENGYU MAO

ABSTRACT. We study the asymptotics of Whittaker functions on split groups
and relate them to the cuspidal exponents of the representation.

1. INTRODUCTION

Whittaker models are ubiquitous in the representation theory of quasi-split re-
ductive groups over local fields. They comprise the bedrock for whole families of
local zeta integrals of Rankin-Selberg type. In the analysis of the latter, it is im-
perative to know the asymptotics of Whittaker functions, in order to control the
domain of convergence of the integrals. The basic example of GL(2) was studied in
detail in [God70] (cf. also Example 3.7 below). More generally, this question was
studied extensively in the literature, especially in the context of GL,, (e.g. [IS90b],
[JS90a], [TPSS79], [CPS]). In the Archimedean case a fairly complete answer is
given in [Wal92] Chapter 15]. On the other hand, to the best of the authors’
knowledge, the exact connection between the asymptotics of the Whittaker func-
tions and the exponents of the representation in the p-adic case is not made explicit
in the literature. The purpose of this short note is to partially fill this gap. The
precise statement is given in Theorem [B.I] below, and is motivated by the results
above (cf. [JS90b), Proposition 2.2], [JS90al §2], [JPSS79]). As a consequence, we
realize the inner product of generic square-integrable and more generally, tempered
representations, on the Whittaker model. For simplicity we work with split groups.

After completing an early version of this note we learned that Yiannis Sakellaridis
and Akshay Venkatesh have launched an ambitious program to study the decompo-
sition of the L?-space of spherical varieties. In particular, they obtained asymptotic
results of the kind which appear in this paper, in a very general setup. Although
strictly speaking their current setup does not include the Whittaker case, there
is no doubt that this can eventually be incorporated into the general scheme. In
particular, Conjectures and 3.8 below are probably within reach. Nevertheless,
we believe that the Whittaker case is both sufficiently important and elementary
to merit its own exposition.
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2. PRELIMINARIES

2.1. Notation. Throughout, let F' be a non-archimedean local field of character-
istic zero with valuation v and normalized absolute value |-| = ¢~ *¢). If X is a
variety over F', we will often denote its F-points by X as well[l Tt forms an l-space
in the sense of [BZ76]. The space of compactly supported locally constant functions
on X will be denoted by S(X).

For any algebraic group H over F' we denote its center by Zy, its derived group
by H9" and the connected component of the identity element in H by H?. Let
X*(H) be the lattice of rational characters of H and set

H' = ﬂ Ker|x|.
xe€X*(H)
If H is reductive then Zy H' is of finite index in H. If H is a subgroup of G, we
denote its centralizer by Cq(H).
If T is a torus, then T is the maximal compact subgroup of 7. Suppose that
T is split. Then the lattice X.(T) of co-characters of T' can be identified with
Hom(X*(T),Z) and the map
H:T— X.(T)
defined by
H(p(a)) =v(a)p, p€ X(T), a € F*
induces an isomorphism
T/T" — X.(T).
In other words,
{w, H(t)) = v(w(t))
forallt € T and w € X*(T). Any A € X*(T) ®z R defines a character
Al : T — Ry
satisfying
Al (1(a)) = la| >+
for any p € X,.(T), a € F*. Moreover, any continuous character T — R, arises
this way for a unique A € X*(T') ®z R. In particular, to any continuous character
x:T—C"
we can attach
Rex € X*(T) @z R
such that
IX(®)] = [Re x|()
for all t € T. Similarly, any A € X*(T) ®z C defines a character

T/T' — C*,
by the formula
t s g )
All characters of T/T" are of this form and X is uniquely determined modulo
2mi X*(T)
loggq

LAn unfortunate outcome of this convention is the possible ambiguity in the notation H\G
when G and H are groups over F'. However, in this paper such quotients show up only when the
first Galois cohomology group of H is trivial, in which case there is no ambiguity.
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We say that a function f : H — C is smooth if it is invariant under right
translation by an open subgroup of H. We denote the space of smooth functions
on H by C*°(H) and by R the right regular representation of H on C*°(H).

Throughout, G will be a connected reductive group which is split over F. Fix a
Borel subgroup B of G and a maximal torus Ty contained in B, both defined over
F'. Let Uy be the unipotent radical of B, so that B = TyUy. We choose a maximal
compact K of G in good position with respect to Tp. In particular, G = BK.

2.2. Roots and weights. We set
(16 = X*(To) Xz R, g = X*(To) Xz R
with the canonical pairing. Let
AO g X*(TQ) Q Clz;
denote the set of simple roots of Ty on Lie(Uy). For each o € A let U, be the one-
parameter unipotent subgroup corresponding to a. We extend H : Ty — X, (Tp)
to G by requiring that H is left-Uy and right-K invariant.

Henceforth, P = MU will always denote a parabolic subgroup containing B, U
its unipotent radical and M its Levi part containing Ty. Similarly, for P’ = M'U’,
etc. The simple root Al of Ty on Lie(Uy N M) is a subset of Ag. The set A
determines P uniquely and any subset of Ay arises in this way. The torus

TM = Ty N Mder
is a maximal (split) torus in M9 and we have
(2.1) Zy = ﬂ Ker x.

X€EAL
Setting
Ty =23
we have M = Cg(Thr). Moreover, M /Ty M* is a finite abelian group. We write
ay = X" (Th) @z R
and
(ap")" = X*(Ig") @z R.

Let aps and a)! be the respective dual spaces. The set Al is a basis for (a}!)* and
the restriction maps

X*(To) — X*(Tm),  X*(To) — X*(13")
induce the isomorphisms
ay = al; @ (adD)*, ap = ay @ a).

Similarly, the restriction map

X*(M) = X*(Tyy)
induces an isomorphism

ay =X (M) @z R.
Thus, any character x : Ty — R uniquely extends to M.

We let
Ay ={w=) :a € Ay}
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be the dual basis of Ag in a§. Let
Ap g X*(TM) g Cl}c\/[
be the set of “simple roots” of Ty on U, i.e., the restrictions of the roots Ag \ A
to T]L{. Then
A\/ = Ag Naps
is a dual basis of Ap in a% =ay N ag.

Remark 2.1. Suppose that a € Ap is the restriction of 3 € Ag \ AY. Then in af
we have

a=03+ Z mMyy
veaf

where m., > 0 for all v € A(I;.
Indeed, let A = a — 8 € (a}!)*. Then for any v € AL, if vV € X.(Tp) denotes
the corresponding co-root, then

0=(a,7") = (8,7") + (\7") < (A7)
Therefore, A is in the closure of the positive Weyl chamber of (a}?)*, and in partic-

ular, it is a non-negative linear combination of AL

If P, O B, i=1,2, we will denote by P; e P, the parabolic subgroup generated
by P; and Ps. Its Levi subgroup M; e Ms is the group generated by M; and Ms.
We have

InyeMs = 2, N 2y,
A = AT U AR
A\I/DI.PQ = A\Iél N A\I/D27

PiePy P P>
ao —ao +a0 5
apep, = ap, Nap,,

and similarly for the dual spaces.
We denote by d p the modulus function of P, viewed as a character of M. Observe
that if P’ C P, then

(22) (SP/ E(SP on ZM

2.3. Eventually polynomial exponential sequences.

Definition 2.2. A sequence a,, n € Z of complex numbers is called eventually
polynomial exponential (e.p.e.) if there exists a finite subset A of (C/ligqu and
polynomials Py, A € A such that a,, =0 for n < 0 and

(2.3) an =Y Pi(n)g™"

AEA

for n > 0.

Clearly, for an e.p.e. sequence as above, the set A is uniquely determined provided
that P, is non-zero for all A € A. We call A the set of exponents of the sequence
ay, and denote it by E((an)).
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The g-transform Q((ay), s) of a sequence a,, is by definition the formal power

series

neE”L
If T is the right shift operation on sequences, then
(2.4) Q(T((an)),s) = ¢°Q(an), ).

The following lemma is elementary.

Lemma 2.3. Let a, be a sequence of complex numbers such that a, =0 for n < 0

and A C (C/ligiqZ be a finite set. The following conditions are equivalent:

(1) ayn is e.p.e. with E((ay)) C A.
(2) There exists m > 0 such that the sequence

1@ =" (an)

AEA

has only finitely many non-zero terms.
(3) Q((an),s) converges absolutely for Res > maxy Re X and extends to a ra-
tional function in q¢° whose poles are contained in
{seC:q¢ e}

Moreover, if a, has the form 23) and ¢* = ¢*, X € A, then Q((ay),s) admits a
pole of order d+1 at sg where d = deg Py and the leading coefficient in the Laurent
expansion of Q((ay),s) around sg is Wb where b is the leading coefficient of
Py.

Proof. Tt is easy to see that the first condition implies the second. The converse
direction reduces by induction to the following statement. If a,, = 0 for n < 0 and
by = (T —qay,

is e.p.e., then a,, is e.p.e. and
exp((an)) C exp((bn)) U {A}.
To show this, note that

oo
§ A

ap = q mbnfmfl
m=0

where only finitely many terms are non-zero in the sum. It is enough to consider
the case where

b — Q(n)g"™ ifn >0,

" 0 otherwise,

for some polynomial @ and p € C. By writing Q(z) as a linear combination of

Newton polynomials (§), the assertion now follows from the identity

m n . {Ek 1 _xm—i-l (k)

n=0
To show that the first condition implies the third we express each Py as a linear
combination of Newton polynomials and use the identity

> <Z>xn = (1 —2)" ", 2] < 1.

n=0

This also shows the very last part of the lemma.
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Finally, suppose that Q((a), s) satisfies condition (B]). Then for some m,

lH(qs - qk)ml Q((an),s)

AEA

is a rational function in ¢® without poles, and hence a Laurent polynomial in ¢°.
This implies the second condition by ([2.4). O

Corollary 2.4. Suppose that a, =0 for n < 0 and there exists a positive integer
h and A€ C/ 2g‘qZ such that by, = ap1pn — ¢ a, is e.p.e. Then ay, is e.p.e. and

lo,

S
E((an)) € E((Bn)) U {ho <j< h} .

In particular,

{la"] - € E((an))} S {lg"] - 1 € E((bu))} U {g™ M"Y

In the case of a sequence with non-negative real numbers we can say a little
more.

Lemma 2.5. Suppose that the sequence an,, n € Z is e.p.e. and a, > 0 for all
n. Let A and Py be as in [Z3) with Py £ 0 for all A\ € A. Suppose further that
ReA <0 for all X € A. Then either 0 ¢ A, in which case Re A < 0 for all A € A,
ay, 18 rapidly decreasing, and

> an =Q((an),0),

neE”Z
or else we have:
(1) The highest coefficient of Py is positive. ‘
2) deg P\ < d:=degPy for all A € A* :=AN iR/lgﬁZ.
an, = 0(nd).
Q((an), s) converges for Res > 0 and has a pole of order r = d+1 at s = 0.
Let k =limg_0 s"Q((an), s) be the leading coefficient. Then

1 r
Zanwwmr as m — oo.

7l
n<m

Proof. The lemma is straightforward if ReXA < 0 for all A € A, ie., if A* = (.
Assume that A* # () and let | = maxycp- deg Py > 0. Let hy be the coefficient of
2! in Py. We have

(2.6) by = Y hag™ = +dy
AEA*

where ¢, = %% > 0 and d,, = O(%) as n — o0o. For m > 0 consider

1 1 «— 1
xm:_zbna ym:_2|bn‘7 Z77L:_Z|bn|2-
mn:l mn:l mn:l

By summing the geometric series we get

| — ho| = o(1).
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By (2.6),
1 m
@ =yl < — 3 Idul = o(1).
m
n=1
Therefore,
(2.7) [Ym — ho| = o(1).

On the other hand,
b = 3 g

AN EA*
so that
(2.8) |zm — H| = 0(1)
where

H = Z |h)\|2 > 0.
AEA*
Since b, is bounded, z,, is bounded by a constant multiple of y,,. From ([Z71) and
[28) we conclude that hy > 0 so that deg Py = I. The first three parts of the lemma
follow immediately.
Observe that for any polynomial P and A € C\ 2*.7Z with Re A < 0 we have

logq
i O(md°8P) if ReA =0
P An| )
gjo ()™ {0(1) if Re) <0,

as m — oo. Indeed, this follows from (Z3]) by decomposing P into Newton polyno-
mials. On the other hand, by the last part of Lemma we have
(logq)” _ ho

H:
r! r

Therefore, the last part of the lemma reduces to the relation
m
h
Z Py(n) ~ 2m”  as m — .
n=0 r

By ignoring lower order terms in Py we can assume that Py(n) = (Z) It remains

to apply the identity
" /n m+1
= ) (]
2 <d> < d+1 )

n=0

2.4. A space of functions on Tj. Let V' be a representation space of a locally
compact abelian group A. For any character y of A and n € N we write

Vim={ueV: (a1 —x(a1))...(an —x(an))u=0 forallai,...,a, € A}.
We also denote by

v, = G Vi
n=0

the generalized x-eigenspace and by

VaAfin = @ VX

XGA
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the space of A-finite vectors in V. In particular, for V = functions on A, we write

F(A) =V _fin
for the space of A-finite functions on A. Note that for any y; € A i=1,2,
(29) f(A)Xr:F(A)XQ g ]:(A)X1X2'

For example, if A = Z", then F(A) is the space of polynomial exponential
functions on A. Similarly, if T" is a split torus and x € T', then it is easy to see by
induction on n that

(2.10) F(T)ym ={xOQH(t))}
where @ ranges over the polynomials on X, (T') of degree < n.

We consider the affine line A! as a monoid with respect to multiplication. The
multiplicative group G,, is an open subgroup of A'. For any parabolic subgroup P

we consider the monoids
G, ifaeAl,
Mp = [] { 0

1 .
e A otherwise.

In particular,

Mg = G5°.
For any P’ C P, Mp is an open submonoid of Mp/. We view S(Mp) as the ideal
of S(Mp) (under pointwise multiplication) consisting of those functions which are
supported in Mp, that is, vanish on Mp/ \ Mp. More generally, we have

(2.11) S(Mp,)S(Mp,) € S(Mp,ar,)
for any P;, P,. Each space S(Mp) is invariant under right translation by M¢. Let
t: Ty — Mg

be the homomorphism defined by

Note that by (21 we have
(2.12) Kert = Zg.
For any P and x € ZE, we denote by
Fro =38y
(resp. §p.y,n) the subspace of C*°(Tp) spanned by functions of the form
§(t)e(x(t))
where § € F(Tp)y (resp. £ € F(To)yn) and ¢ € S(Mp). Recall that by our

convention F(Tp), is the space of Tp-finite functions on Ty which are generalized
(Znr, x)-eigenfunctions. Alternatively, we have

(2.13) F(To)y = > F(To)y-
X €To:x' | 7, =X

For any o € Ag let Z, = Z1,, where L, is the Levi part of the maximal parabolic
subgroup defined by «a. Explicitly,

Zo= [) Kep.

aF#BEA
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Also, if P is a parabolic subgroup and a € Ay \ A}, then we write P® for the
parabolic subgroup defined by
A" = AP U{a}
and M® its Levi subgroup. Thus, M is a co-rank one Levi subgroup of M“. Note
that
Mpo = {z € Mp : 2, # 0}

and
(2.14) SMpao) ={f e SMp) : f(z) =0 if z, = 0}.
We have the following elementary properties.
Lemma 2.6. (1) For any x € Z\G, Sa,x 18 the space of smooth functions on Ty
which are compactly supported modulo Z¢g and have generalized eigenvalue
X under Zg.
(2) For any ¢ € §p, which is Tg-invariant there exist constants C,n,k such
that
(2.15) j6(t)] < Cq~®xHO TT (1), teTy
aEAg

where for any o € Ay and t € Ty we set

1 if o € AY and Jv(a(t))] < n,
H;ﬁ(t) =< (va®)+n+1F ifad¢ AL and v(a(t)) > —n,
0 otherwise.

(3) Suppose that P' C P and X' € Z/\M/ with X'|zy, = x. Then
gP,X - SP’,X"
(4) Fort e Ty set
Dy, ¢(t) = ¢(tto) — x(to)o(t)-
Thenforanyaer\Ag, ty € Za, XGZE and n > 0 we have
(216) DtO%’P,X,n - ‘SP,X,n—l + SP&vX‘ZMa ne
(5) Suppose that ¢; € Fp,,y,, it = 1,2. Then

¢1¢2 S gpl.PQ,XlXZIZMl.MQ .

In particular, for any ¢ € §p,y and p € ﬁ we have
(2.17) op € SP,XM'ZM :

Proof. Clearly, any ¢ € §g, is compactly supported modulo Zg and has gener-
alized eigenvalue x under Zg. Conversely, suppose that ¢ is smooth, compactly
supported modulo Zg and has generalized eigenvalue x under Zs. Replacing ¢ by
X~ '¢ we can assume that y is trivial. By decomposing the support of ¢ to finitely
many cosets of Zg it is enough to consider the case where ¢ is given by

f(z) ift=2z2vtg, z€ Zg,veV,
o(t) = .
0 otherwise,
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where f € F(Zg)1, V is a compact open subgroup of T} and to € Tp. The function
f is a polynomial function on the lattice Zg/Zé. It can be extended to a polynomial
on the lattice Ty /Ty, i.e., to a function ¢ € F(Tp)1. By ZI2) we may write

O(t) = E(ttg ") Le(vey) (v(t))-
Thus, ¢ € §g,y as required.

For the second part we note that any ¢ € §p is compactly supported modulo
Twr. Therefore, it is enough to check ([ZI5) on any fixed coset of Tyy N TS, This
follows from the description (210).

For the third part, let ¢ € §p,. To show that ¢ € Fp/ v we can assume by

[2I3) that
o(t) = E(@)ep(x(t))
with ¢ € S(Mp) and & € F(Tp)y where x € Ty and X|z,,= x. Let X’ € Ty be an
arbitrary extension of x’. Then
n=xv"' el
is trivial on Zps. Using 2]) we can write
()~ = A(e(t))

where ¢ is a smooth function on Mg depending only on the coordinates in AZ.
Thus, we have

where
§=&neF(Ty)y
and
¢ =pp e S(Mp) C S(Mp).
To show the fourth part, suppose that ¢(t) = £(t)¢(x(t)) where £ € F(Tp), and
¢ € S(Mp). Then
Dy, ¢(t) = [§(tt0) — x(t0)§ (1)) e(x()(t0)) + x(t0)E(1) [p(e(t)x(t0)) — @(x(t))].

Since t(to) is 1 in all coordinates except a, we have
p(e(to)) — () € S(Mpe)
by 2.14).
Finally, the last part follows from (29)), 211 and 2I3). O

Remark 2.7. The definition of §p,,, is tailor-made for split groups. In order to deal
with general quasi-split groups we have to modify the definition of §p, to a space
of functions on Cg(Ty) (where Ty is a maximal split torus). One has to take into
account that the simple roots of Ty do not necessarily extend to C(7p).

For any o € Ag the lattice TgZ:\Z, ~ X.(Tc\Z,) is one-dimensional. We
fix an element t, € Z, which lies above a generator of TgZ1\Z, and such that
la(ta)] < 1. We also fix a generating set wy, ... ,wy for X, (Tc\Tp).

For any x € Zy we set

S(x) ={a € A\ AL : x|n=1}
Note that if P’ C P and x' € Z\M/, then
G(Xlle) = G(Xl) \A(I)D
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Lemma 2.8. Let ¢ € §p, and suppose that ¢ is Tg-invariant. (In particular,
X|lre=1.) Then:
(1) The integral

(6, )) = /T A0

converges in the cone

Ae(@§)E: Red+Rey, @) >0 for all w’ € A}}

and defines a rational function in q< Wi >, i =1,...,d with poles at most
along the hyperplanes
q()\7H(t(,()) - X(ta)a o€ G(X)
(2) Letw=73",cn, Mot € X*(Tp) with ny > 0. Define

an = an(P) = / Stw, H(t)),n@(t) dt
Ta\To
where 6, is the Kronecker delta. Then a, is e.p.e. and

Re&((an) € |J {r: w(ta)l ™ = Ix(ta)l}-

a€S(x)

Proof. For the convergence part we use (2.15) to reduce it to the convergence of

/ g ReAR)HWO) TT gpik(t) d.
Tc\To a€lg

The integrand is clearly invariant under Tj. By writing

H(t)= > v(a(t))w) mod ag

aEAg

the convergence further reduces to that of
Z q Re/\JrRexw > (1+"I‘L|)k

n>—m

for all @ € A}é

Similarly, the integrand in the definition of a, is compactly supported in the
domain of integration. Therefore, a, is well defined and it is easy to see that
a, =0 for n < 0.

Suppose that ¢ € §py,m. We will prove the remaining two statements by in-
duction on m and r where r is the co-rank of P. If m = 0, then ¢ = 0 and there is
nothing to prove. If » = 0, then P = G and ¢ € S(T¢\Tp). In this case a, = 0 for
almost all n and (¢, ) reduces to a polynomial in qi<)"‘*’iv>.

For the induction step, suppose that P # G and m > 0. Let a € Ag \ A}, For
any tg € Z, we have

I(Dyy, A) = (¢ — x(t0)) 1(9, M),
an(Dty®) = Gpyo(wite)) (@) — X(to)an().

If a ¢ &(x), we take tg € Z! such that x(tg) # 1. Otherwise, take ty = t,. In
the first case H(tg) € ag and thus ¢¢*(*)) = 1. In both cases, the lemma follows
from (ZI6) and Corollary 24 by applying the induction hypothesis to Dy, ¢. O
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2.5. Germs. For any parabolic subgroup P = MU and € > 0 let
Mcc={meM :|aj(m) <e, VYaeAp}.

We set an equivalence relation on C*°(M) by saying that fi; and fo have the same
germ (at 0) if they agree on M., for some € > 0. This equivalence relation clearly
respects the left and right action of M and therefore the space G(M) of equivalence
classes is also a representation space of M. Similarly, we can define the set (Zp7) <
and the space G(Zj) of germs of functions on Zy;.

Lemma 2.9. The map f — [f] sending f to its germ (i.e., its equivalence class)
induces an isomorphism of Zyr-modules

U F(Zu) — G(Zr) 2y -fin-

Moreover, there exists § > 0 with the following property. Let V be an open subgroup

of ZY,, x € m, n € N and B C Zy; a finite set such that BV generates Zyy.
Assume that B contains to, a € Ao\ AL as well as a set of elements 21, ...,z, € Tg
such that H(z;), i = 1,...,s form a basis for ag. Suppose that f € C(Zy) is
V-invariant and

K2

for allt € (Zpr)<e and by, ..., b, € B. Then
F&) =T

(R(bi) — x(b:)) f(t) =0
=1
b

forallt € (Znr)<es-

For the proof we will use the following well-known fact whose elementary proof
will be omitted.

Lemma 2.10. Let r,s € N and let X be the monoid N" x Z° with the standard
generators e1,...,er, teri1,...,Terrs. Let @ be a function on X. Suppose that
foranyi=1,...,r+ s the function o(e; + x) — p(x) is a polynomial on X. Then
@ is a polynomial on X.

Proof of Lemma 2.9 The injectivity of I" reduces to the corresponding statement
for Tps, which in turn follows from the description (ZI0)) of F(Ths).

To show surjectivity and the last part, let f € C°°(Zys) be such that [f] €
G(Znr)x,n- Thus, there exists € > 0 such that

for all b; € B and t € (Zy)<.. We will show that for an appropriate § > 0
(independent of f and €) there exists g € F(Zy) such that

g=fon (Zy)<es-
Replacing f by fx~', we can assume that x is trivial. Observe that f is Z1,-
invariant on (Zy) <, since Z1, is compact. Thus, the restriction of f to (Zu)<c
depends only on H(t). Let X (resp. X) be the monoid (resp. group) generated by
ta, @ € Ag \ ALY and ziﬂ, i=1,...,s. Note that X is free. Fix a finite set of
representatives ) for ZM/Z%/IX. We can choose ) so that

1

e <lal(y)<e, yeV,acAy\AY
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where § is a uniform constant. Thus,
(Zm)<es € Zy XY C (Znr)<e-

We will show that for any y € ) there exists a polynomial @, on ajs such that
f(ty) = Qu(H(t)) for all t € X.

We use induction on n. The statement is clear for n = 0. For the induction step,
we know that for each y € ) there exist polynomials Qy o, @ € A \ Al and Qi;w
i=1,...,s such that for all t € X we have

f(taty) - f(ty> = Qy,a(H(t>) a €Ay \ Agv
flzity) — f(ty) = Q, ;(H(t) i=1,...,s.

Our claim now follows from Lemma
Thus, the function g on Zj; defined by

glaty) = Qu(H(t)) yeV,te X,a€ Zy,

is Zps-finite and agrees with f on (Zyr)<es. O

Corollary 2.11. The map f +— [f] induces a bi-M -equivariant isomorphism
Mt COO(M>ZM-ﬁH - g(M>ZM-ﬁH'

Proof. Let f € C*°(M) and for each m € M let f,,,(t) = f(tm), t € Zp;. Suppose
that f is Zps-finite and ¢ps(f) = 0. Then for any m € M, f,, € F(Zy) and
I'(fm) = 0. By the lemma we conclude that f,, = 0 and therefore f = 0. Thus, ¢/
is injective.

To show surjectivity, suppose that f € C°°(M) and [f] € G(M)y,, for some
X € Zy and n. Then [f,,] € G(Znr)x,n for all m € M. Define

Fm) =T ([fm))(D).

Then f € C> (M), since for any mg in a small neighborhood of 1 we have f,, =
fmme as f € C(M). Since I' is Zys-equivariant, we have

ftm) =T ([fu])(¢)
for all t € Zp;. Therefore,
fm € F(Zm)xm
for all m € M. Thus,
fe C=(M)yn-

Finally, by the last part of the Lemma there exists ¢ > 0 such that

f(m) = fm(1) = f(m)

for all m € M. It follows that ¢ps(f) = [f] as required. O
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3. THE MAIN RESULT

Let m be a smooth representation of G. For any parabolic subgroup P 2 B
let Jp(m) denote the Jacquet module of m with respect to P, viewed as a smooth
representation of M. Let Ep(m) denote the set of cuspidal exponents of 7 along
P, i.e., those x € E such that Jp(7)y, the x-generalized eigenspace of Jp(m),
contains a supercuspidal constituent. Set

E(m) = ng(ﬂ') # 0.
P

If 7 is of finite length, then &£(x) is finite. If 7 is irreducible, then there exists P
such that Eg(m) = 0 unless @ and P are associated.

Fix a non-degenerated character ¢ : Uy — C* of Uy, that is, 9|y, Z 1 for all
a € Ag. Let Q(G) be the G-space of smooth function W : G — C such that
W (ug) = ¢ (u)W(g) for all u € Uy, g € G, with G acting by right translation.

Suppose that 7 is an irreducible generic representation of G. That is, m can be
realized as a subspace W(m) of Q(G). The space W(n) is uniquely determined by
the equivalence class of 7w and is called the Whittaker model of . (Cf. [Sha74],
[GKT5], [BZ76], [Rod73].)

Theorem 3.1. Let (m,W(7)) be a subrepresentation of QU(G) of finite length. Then
there exists n such that any W € W(r) can be written as

1
W(utk) =p(u) Y 63(t) > bpyltk) teTouelykeK
PDB X€EP ()
where ¢p (-, k) € Fpy.n for allk € K and ¢p,, is invariant under an open subgroup
of K.

Proof. We will prove the theorem by induction on the semi-simple rank of G, the
case where G is a torus being trivial. Of course, we are primarily interested in
irreducible representations. However, we need the finite length assumption to make
the induction work.

First note that by considering finitely many translates of W it is enough to prove
the statement for k being the identity element. Consider the map

W e Win) = [ W|u).
We claim that it factors through the Jacquet module Jp(7) and gives rise to an
intertwining map
Ky : Jp(m) — G(M).
Indeed, let uw € U. Then for m € M., for € sufficiently small we have
W (mu) = W(mum ™ m) = ¢(mum™ YW (m) = W(m)
so that the germs of W and 7(u)W coincide. The equivariance property is clear

1
(because of the ¢2-shift in the definition of the Jacquet functor).
Since Jp(7) is of finite length, all vectors in Jp(w) and the image of ky; are
Zr-finite. Therefore, we get an M-equivariant map
EM = LX; OCKM : Jp(’]'r) — COO(M)ZM_ﬁn

where (37 is as in Corollary [ZTIl Clearly, the image lies in the space Q(M) of
Whittaker functions on M.
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Next, observe that W (t) = 0 if |a(t)| > 1 for some o € Ag. (Cf. [JPSS81], p. 204]
for the GL,, case.) Indeed, fix u € U, so that ¥(u) # 1. By the property of ¢,
u' = t~lut is very close to 1, and therefore W is right invariant under u’. Hence,

W(t) = W(tu') = W(ut) = (u)W(t)

so that W (t) = 0 as required.

We are now ready for the induction step. By passing to a direct summand we
may assume that W(r) = W(m), for some p € Zg. For any ) # I C Ag let
P; = MUy be the proper parabolic subgroup of G such that Ag \ A(I)DI = 1. Let
jr ™ — Jp,(m) be the canonical projection. By the transitivity of the Jacquet
functor and the induction hypothesis applied to Jp,(7) we can write

E it = 3 6200, () S 6h (1)

PCPr XEEP(m)
where QSPX € SPOMI x- 11 other words, there exists € > 0 such that
(3.1) W = 3 0 S ek,
PCPy xX€EEP ()

provided that |«o|(t) < € for all @ € Ap,. Note that both sides of [BI]) vanish if
la(t)] is large for some o € AL”. Therefore, it follows from Remark 211 that for an
appropriate € > 0, (3) holds whenever |a(t)| < € for all « € I. Fix such e which
works for all I # (). Set

¢P7x(t) = Z ( ul 1 H 1. |04
PAICANAP a€l
where 1., denotes the characteristic function of (0, ¢). Then ¢p, € Fp, and
>y SE(B)6p(t) = W(1) > DI t<e(la)
PCG xe€p(m) DAIC Ao acl
By the inclusion-exclusion principle we get

Z Z 5 () bp(t) = {W(t) if |a(t)| < e for some a € Ay,

herwise.
PG xeEn(n) 0 otherwise

Let @ be such that Eg(m) # 0 and take any w € Eg(m). Then w|z,= p and
therefore

1
(1) = 3" OW () J] Lze(la(t)]) € Fou S Fouw
aENg
by Lemma[2.6l The conclusion of the theorem holds upon replacing ¢¢ ., by ¢g .+
¢ O

The theorem just proved shows that the asymptotic behavior of the Whittaker
functions are completely governed by the exponents of the representation. It is
natural to ask to what extent the converse is true. Namely,

Question 3.2. What is the kernel of the maps ;7
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Suppose that 7 is irreducible, generic and has a unitary central character. For
Wi, Wy € W(r) and A € (ag;)(”é, define

(W, Wi, ) = / ¢ MHOW, () Walg) dy.
TaUo\G

Corollary 3.3. The integral I(Wy,Wa, A) is absolutely convergent whenever
(ReA+2Rex,@”) >0

for all P, w" € A}é and x € Ep(m). It extends to a rational function in q<)"‘”7~'v>,
i=1,...,d with poles at most along

gMHE)) — x1Xz2(ta)
where x; € Ep, (), i =1,2 and o € Ag \ (A U AL?) satisfy
X1 = X2 on ZL.
Here wy,...,wy and t, are as in Lemma 28

Proof. Denote the integrand of I(Wy, Ws, A) by F(g). It is evidently left TgUy-
invariant. We use the integration formula

= -1
/TGUO\G flg) dg = /K/TG\TO F(th)op(t)~" dt dk

for any left TUp-invariant continuous function on G. By Theorem Bl F(tk) is a
linear combination of functions of the form

1 1 _
g~ M6 (1)57, (D0, x, (6, k), 1, (8, F)
where ¢ | (-,k) € §p,y, for i = 1,2. Thus the integral I(Wy, Wa, ) is a finite
sum of integrals of the form
1 1 -
[ a s s}, 00 )aa(8n(0) " de
Ta\To
where ¢; € §p, .y, for i =1,2. From Lemma 2.6
(bl% € gPl.P?aXl@lTMl.Mz .
On the other hand, it follows from (2.2 that
11
5123161232 = 53 on TMl.MQ'
By (2I7) we infer that
SR
5129151292531¢1¢2 € SPiePs x1xXalTy, o,

as well. We note that if
(ReA+2Rey,@”) >0

for all P, wV ¢ AIVD and y € Ep(m), then
(ReX+Rex; +Rexa, @) >0

for all P, Py, @" € A, ,p,, X1 € Ep(7), X2 € Ep, (7). The corollary now follows
from Lemma 2.8 part [l O
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Corollary 3.4. Suppose that 7 is square-integrable and generic. Then the form

(W1, Wa) :/ Wi(g9)Wa(g) dg

TeUo\G
defines a non-zero G-invariant inner product on W(r).
Proof. The above integral, if convergent, is clearly G-invariant and positive-definite.
We only need to check convergence. This follows from the previous corollary and

the characterization of square-integrable representations by the positivity of their
exponents, namely (Rey,@") > 0 for all @" € A}, and x € Ep(7). O

We conjecture the following converse to Corollary 3.4 which is related to Ques-
tion above.

Conjecture 3.5. Let m be a generic representation, and suppose that

/ W (g)[? dg < oo
TeUo\G

for any W € W(m). (It is enough to require this for a single 0 # W € W(rx).) Then
7 is square-integrable.

Finally, we extend Corollary B.4] to the tempered case.

Corollary 3.6. Suppose that 7 is tempered. Fiz w =3 x, Na € X*(To) with
Nng > 0 for all « € Ag. Then there exists r = r(m,w) € N such that for any
Wi, Wy € W(TF),

/ Wi(g)Wal(g) dg ~ [W1, Waln" asn — oo

9g€TcUo\G:(w,H(g))<n

where |-, -] is a non-zero invariant (positive-definite) inner product on W(r).
Proof. As before, it follows from Corollary B3] that I(Wy, Ws, sw) is absolutely
convergent for Re(s) > 0 and extends to a rational function in ¢°. Let r = r(WW)
be the order of the pole of I(W, W, sw) at s = 0. Fix W € W(m) and write

I(W, W, sw) = Z ang "*

for Re s > 0 where we set
an = an(W) = / 5<w7H(g)>7n|W(g)‘2 dg>0 neZ.
TaUo\G

By Theorem B.1] and Lemma 2.8 part 2] the sequence a,, is e.p.e.. By Lemma
we have

(3.2) W (g)* dg ~ [W, W]n"W)

/QETGUO\G:<W,H(Q))<7L

as n — oo where

W] ety (1020 VIOV, )
5—0 r(W)!
Since
an(Wl + Wz) < Q(Gn(Wl) + an(Wg)) n €z
for all Wy, Wy € W(wr), it also follows from Lemma 5] that

(Wi + Wa) < max(r(Wy),r(Wa)).
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For x € G, let W,(g9) = W(gx). We show that
(Wa, We] = [W, W].
It is a well-known fact that
{H(g9) — H(gz):g9 € G}
is a finite set (depending on z). Thus, there exists C' such that

/ Lon((w, H(9))IWa(9)* dg 7/ L<n((w, H(9) W (9)[* dg
TaUo\G TcUo\G

/ 1o, ((w, H(gz Y)W (g)P dg — / 1o, (w, H()) W (g)P dg
TeUo\G

SZam.

TeUo\G
|m—n|<C

By Lemma the right-hand side is O(n"")=1) as n — oco. It follows once again
from Lemma 28] that »(W,) = r(W) and

lir% STT(Wy, Wy, sw) = lir% sTH(W, W, sw).

Thus [W,, W] = [W,W]. Moreover by irreducibility, » = (W) is independent of
W # 0. Thus by polarization, [-,] defines a G-invariant form on W(x). The fact
that [+, ] is positive-definite follows from (32). O

Example 3.7. Consider G = PGLsy. Let w be the unramified tempered represen-
tation

Ind% ((§9) ~ la]*), X €iR.
View ¢ as a character of F' and let ¢(¢)) be the maximal fractional ideal on which
¥ is trivial. It is well known (cf. [God70]) that the unramified Whittaker function
normalized by W (e) = 1 is given by

‘A —A

L+ o ifaec(y) and A ¢ (27,

log q

@ W(§9)) = {laP (1 +v(a)  ifa € c(w) and A€ 232,

i

It follows that for any positive w, r =1if A ¢ loqu and r = 3 otherwise.

In general, let G be any split group and x a regular unramified character of T,
that is, x* # x for all w # 1 in the Weyl group of G. The representation Indg X
is irreducible and it follows readily from the Casselman-Shalika formula for the
unramified Whittaker function ([CS80]), that r(Ind$ x,w) is the semi-simple rank
of G (regardless of w).

One can contemplate the following conjecture related to Conjecture

Conjecture 3.8. Suppose that 7 is the generic constituent of IndIGDT where T is
a square-integrable generic representation of the Levi part of P. Suppose that the
Plancherel measure on the component

2mi

md% 7¢O X eial,/

X*(M)

is given by u(7,\) d\ where u(7,\) = |e-(A\)]72. Then r(7,w) is equal to the sum
of the co-rank of P and the order of zero of u(r, sw) at s = 0.

log q
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Remark 3.9. Let G be the metaplectic cover of Spa,. One can define parabolic sub-
groups as the inverse images of parabolic subgroups of Spy,. The Jacquet functors
are defined in an analogous way and satisfy the usual properties. In particular, they
control the asymptotics of the matrix coefficients of the representation and the cri-
terion for square-integrability is the same as for linear groups. Details will appear
in a forthcoming paper of Szpruch. The notions of non-degenerate characters and
generic representations are also defined and the uniqueness of Whittaker model is
proved in [Szp07]. The results of this paper as well as the proofs immediately carry
over to G.
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