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Abstract. In this paper, we set up the general formulation to study distinguished residual
representations of a reductive groupG by the relative trace formula approach. This approach
simplifies the argument of [JR], which deals with this type of relative trace formula for
a special symmetric pair(GL(2n), Sp(2n)) and also works for non-symmetric, spherical
pairs. To illustrate our idea and method, we complete our relative trace formula (both the
geometric side identity and the spectral side identity) for the case(G2, SL(3)).

1. Introduction

One of the major problems in the modern theory of automorphic forms is to under-
stand the discrete spectrum of the space of square integrable automorphic functions
overG(A), whereG is a reductive algebraic group defined over a number fieldF

andA is the ring of adeles ofF . The discrete spectrum ofG is known to break
into two parts, cuspidal spectrum and non-cuspidal spectrum. From the theory of
Eisenstein series, the non-cuspidal spectrum can be realized by the residual repre-
sentations of Eisenstein series ofG associated to various cuspidal data.

The classification and parameterization of the cuspidal spectrum are extremely
difficult in general and far from being understood. For recent progress, we refer to
the work of J. Arthur [A] and of C. Moeglin [M]. However, the non-cuspidal resid-
ual spectrum seems more accessible. Following basically the traditional method,
suggested by R. Langlands in his fundamental work on the theory of Eisenstein
series of general reductive groups [L], some more cases of the classification and
parameterization of residual spectrum appeared in [M,MW1,K,KS], cte.

Our objective on this topic is to formulate a relative trace formula method
approach to understand the distinguished residual representations. The significant
applications of the distinguished residual representations of various types of groups
have been found in the recent publications, [GRS], [Jng] and [Jng1].
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The idea to formulate this type of relative trace formula is due to Jacquet and
Rallis [JR1], where the case of theSp(2n)-distinguished representations ofGL(2n)
was considered. In this paper, a very simple argument will be provided to show the
matching of the global geometric sides of the trace formulas and the matching of
the local orbital integrals, and to prove the fundamental lemma in this situation. It
is easy to see that the refined argument works for general cases, symmetric space
cases and non-symmetric, spherical variety cases.

The more precise description of the set-up is as follows. A subgroupH ofG is
called spherical if over the algebraic closure ofF , the Borel subgroupB ofG has a
Zariski open dense orbit of the quotient spaceG/H . Typical examples of spherical
subgroups are (1) parabolic subgroups and (2) the subgroup of all fixed points of
G under the action of an involutive automorphism. The classification of reductive
spherical pairs(G,H) was given by M. Brion [B1]. WhenH is not reductive, the
classification is not known at present as yet [B].

Assume thatG isF -split reductive algebraic group. LetP = MN be a maximal
parabolic subgroup ofG andσ an irreducible cuspidal automorphic representation
of M(A). Then one may form an induced representation

I (s, σ ) = IndG(A)
P (A)

(σ ⊗ exp < s,HP (·) >)
and for a section8s,σ ∈ I (s, σ ), one define

E(g, s;8s,σ ) =
∑

γ∈P \G
8s,σ (γg),

the Eisenstein series associated to the section8s,σ . From the theory of Eisenstein
series [L] and [MW],E(g, s;8s,σ ) is meromorphic ins and has possibly finite num-
ber of simple poles whenRe(s) > 0. The residual representation ofE(g, s;8s,σ )
at s = s0 is denoted byEs0(g, σ ). The residual representationEs0(g, σ ) is called
H -distinguished if the following integral

PH (Es0(·, σ ))(g) :=
∫

[ZG(A)∩H(A)]·H(F)\H(A)
Es0(hg, σ )ωπ(h)

−1 dh

exists and does not vanish. IfH is not reductive, certain modification is needed.
The integral is called period integral of the residueEs0(·, σ ) overH .

To formulate the relative Kuznietsov trace formula, we simply assume that the
spherical subgroupH is reductive and has a finite center. Letf ∈ C∞

c (G(A)). One
may form an automorphic kernel associated tof as follows:

Kf (x, y) :=
∑

ξ∈G(F)
f (x−1ξy).

The relative trace formula is defined by

IH,G(f, ψ) :=
∫
H(F)\H(A)

∫
U(F)\U(A)

Kf (h, u)ψ(u)dh du

whereU is the standard maximal unipotent subgroup ofG andψ(u) is a character
of U(F)\U(A). The choice of this additive character depends on the functorial
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lifting data. In this paper, we deal with the distinguished residual representations
induced from the generic cuspidal data. The characterψ is naturally chosen as
follows: for anyu ∈ U , one can writeu = nuM , whereuM ∈ M ∩ U , and

ψ(u) := ψM(uM)

whereψM is the generic character ofUM , the maximal unipotent radical inM.
On the other hand, we can define a relative Kuznietsov trace formula onM. Let
f ′ ∈ C∞

c (M(A)). An automorphic kernel associated tof ′ is defined by

Kf ′(x, y) :=
∑

ξ∈M(F)
f ′(x−1ξy).

The relative trace formula is defined by

IHM,M(f
′, ψM) :=

∫
HM(F)\HM(A)

∫
UM(F)\UM(A)

Kf ′(h, u)ψM(u)dh du,

whereHM := H ∩M. The idea is to prove the following identity

IH,G(f, ψ) = IHM,M(f
′, ψM) (1.1)

for any matching pair(f, f ′).The spectral side of this identity reflects the Langlands
lifting from M toG.

One of the key points of this approach is to parameterize the distinguished
residual representations by means of the cuspidal data, based on the idea developed
in [JR] and [Jng] that the “outer” periods of the residual representations ofG(A)

is comparable with the “inner” periods of the cuspidal representations on the Levi
subgroupM(A). The non-vanishing of certain special values of L-functions will
eventually play the role in the parameterization by studying the relations between the
special values or residues of L-functions and periods of automorphic forms, which
is another important focus in the recent study of automorphic representations and
L-functions, see [Jng1] for instance.

It must be mentioned that in general, one may not have an identity like (1.1),
as observed in [Jng2]. However, we believe that ifH is a subgroup consisting of
the fixed points of an involution, the identity (1.1) should be true. In fact, one can
reformulate the calculation for the case GL(2n),Sp(2n)) done in [JR1] as (1.1).

To illustrate our idea and method to establish identity (1.1) for general spherical
varieties, we show in this paper that under the cuspidality assumption at one finite
prime, one can have identity (1.1) for the case whereG = G2 andH = SL(3).
Based on the result concerning the period of residual representations in [Jng],
we give a complete description of the spectral identity of the relative Kuznietsov
trace formula. For the other cases like(SO(7),G2) and(D4,G2) treated in [Jng]
and(Sp(4n),Sp(2n)× Sp(2n)) in [GRS], the same approach works. The example
discussed in this paper will serve as a model for this relative trace formula approach
to study the distinguished residual representations.
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2. Geometric side of the trace formula

We recall the some basic structure of the exceptional groupG2 from [Jng].
Let G = G2. It has two simple roots: the long simple rootα and the short

simple rootβ. Then the positive roots are

α, β, α + β, α + 2β, α + 3β,2α + 3β.

For each rootγ , we denote bywγ the Weyl group element associated to the simple
reflection alongγ and byχγ (t) the additive subgroup attached toγ

The following double coset decomposition is from [Jng], which will be needed
to establish the trace formula.

Lemma 2.1. LetP = MN be the maximal parabolic subgroup ofG = G2, whose
Levi part is generated by the short rootα, andH be the subgroup generated by all
long roots, which is isomorphic toSL(3). Then one has

(1) G = [HP ] ∪ [HµP ], whereµ = wαχ−α−β(1);
(2) for eachµi (µ0 = e the identity element ofG and µ1 = µ), HµiP =

HµiN [Mµi\M], whereMµi = pM(NM ∩ µ−1
i Hµi), the projection toM of

the intersection. More precisely, we have

Me = H ∩M =
(
a 0
0 b

)
and Mµ1 =

(
a x

0 1

)
.

2.1. Relative Kuznietsov trace formula

Let f ∈ C∞
c (G(A)). One may form an automorphic kernel associated tof as

follows:

Kf (x, y) :=
∑

ξ∈G(F)
f (x−1ξy).

We consider the following type of distribution, which is called the relative
Kuznietsov trace formula ([JR1]),

IH,G(f, ψ) =
∫
H(F)\H(A)

∫
U(F)\U(A)

Kf (h, u)ψ(u)dh du

whereU is the standard maximal unipotent subgroup ofG andψ(u) is a character
of U(F)\U(A), defined by

ψ(u) = ψM(uM)

where we writeU = UM ·N andψM is a fixed generic character ofUM . The point
here is to relate this distribution onG to a similar type of distribution of the Levi
subgroupM, so that the spectral side of both distributions provides the information
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about the Langlands lifting fromM toG. By Lemma 2.1, we unfold the integral as
follows.

IH,G(f, ψ) =
∫
H(F)\H(A)

∫
U(F)\U(A)

∑
ξ∈G(F)

f (h−1ξu)ψ(u)dh du

=
∑

ξ∈H\G

∫
H(A)

∫
U(F)\U(A)

f (hξu)ψ(u)dh du

=
∑

ξ∈H\HNM

∫
H(A)

∫
U(F)\U(A)

f (hξu)ψ(u)dh du

+
∑

ξ∈H\HµNM

∫
H(A)

∫
U(F)\U(A)

f (hξu)ψ(u)dh du

= I e + Iµ.

We remark that from representation theoretic point of view, the second term
Iµ is mysterious. In the following, we shall show that there are abundant functions
f in C∞

c (G(A)), such that the second termIµ vanishes. Letv0 be a fixed finite
place of the number fieldF . Let πv0 be an irreducible admissible supercuspidal
representation ofM(Fv0) = GL2(Fv0) with trivial central character, (therefore is
self-dual). Choose a nonzero vectoru0 ∈ Vπv0 . By admissibility of the represen-
tationπv0, the stabilizer ofu0 is open and compact inM(Fv0) modulo the center
Z(Fv0) inM(Fv0). LetSM(u0) be a compact open group withZSM(u0) being the
stabilizer ofu0. TakeK to be a compact open subgroup ofG(Fv0), the intersection
of which withM(Fv0) equalsSM(u0). Define a functionφ onG(Fv0) by

φ(g) =
{

0, if g 6∈ MK,
πv0(m) · u0, if g = mk ∈ MK. (2.1)

Then the functionφ belongs toC∞
c (G(Fv0), Vπv0 ) with the following properties:

(1) The functionφ has a compact support moduloM to the left.
(2) Form ∈ M(Fv0),

φ(mg) = πv0(m) · φ(g).
Define a function8(g) by

8(g) :=< φ(g), u′
0 > (2.2)

the matrix coefficient attached to the vectorsφ(g) and some nonzero vectoru′
0 in

Vπv0 . Sinceπv0 is supercuspidal, it is easy to check that the function8(g) belongs
toC∞

c (G(Fv0)). Takef in C∞
c (G(A)) to be

f = ⊗vfv, (2.3)

where forv = v0,fv0 = 8, as defined above. We call such a function a test function
with local supercuspidal data(M, πv0).
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With any such chosen functionf in C∞
c (G(A)), we shall show that the second

termIµ vanishes. In fact, we have

Iµ =
∑

ξ∈H\HµNM

∫
H(A)

∫
U(F)\U(A)

f (hξu)ψ(u)dh du

=
∑

ξ∈H\HµNM

∫
UM(F)\UM(A)

∫
H(A)

∫
N(F)\N(A)

f (hξnu)ψM(u)dh dn du.

By changing variables, the summation overH\HµNM can be expressed as a
summation overµ(Mµ\M)× (Nµ\N), whereNµ = χα+3β = µ−1Hµ∩N . Then
we have

Iµ =
∑

ξ∈Mµ\M

∫
UM(F)\UM(A)

∫
H(A)

∫
Nµ(F)\N(A)

f (hµnξu)ψM(u)dh dn du

=
∑

ξ∈Mµ\M

∫
UM(F)\UM(A)

∫
H(A)

∫
[Nµ\N ](A)

f (hµnξu)ψM(u)dh dn du.

Now we can show that for anym ∈ M(A), the following integral∫
H(A)

∫
[Nµ\N ](A)

f (hµnm)dh dn

vanishes. This implies the vanishing of the second termIµ. Sincef is factorizable,
the integral is an Euler product of the local integrals∫

H(Fv)

∫
[Nµ\N ](Fv)

fv(hµnm)dh dn.

Forv = v0, we have∫
H(Fv)

∫
[Nµ\N ](Fv)

fv0(hµnm)dh dn

=
∫
H(Fv)

∫
[Nµ\N ](Fv)

8(hµnm)dh dn

=
∫
H(Fv)

∫
[Nµ\N ](Fv)

< φ(hµnm), u′
0 > dh dn.

We observe the following relation

χα(x)χα+3β(−x)µ = µχβ(x)χα+2β(x)χα+3β(x
2)χ2α+3β(x)

SinceUM = χβ , after changing the variables in the integration overN , we notice
that the integral defines anUM -invariant functional

L(u′
0) =

∫
H(Fv)

∫
[Nµ\N ](Fv)

< φ(hµnm), u′
0 > dh dn

overVπv0 . By the supercuspidality of the representationπv0, the functionalL(u′
0)

must be zero, thus the integralIµ must be zero. We have shown:

Proposition 2.1. Letf ∈ C∞
c (G(A)) be as in (2.3). ThenIµ(f, ψ) = 0 and

IH,G(f, ψ) = I e(f, ψ).
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2.2. Unwind the distributions

We will compare the distributionI e(f, ψ) with a distributionIMe,M(f
′, ψM) on

M, defined by

IMe,M(f
′, ψM) =

∫
Z(A)Me(F )\Me(A)

∫
UM(F)\UM(A)

Kf ′(t, u)ψM(u)dt du

where forf ′ ∈ C∞
c (M(A)), the kernel functionKf ′(x, y) is defined to be:

Kf ′(x, y) =
∫
Z(F)\Z(A)

∑
ξ∈M(F)

f ′(zx−1ξy)dz.

We will unwind the distributionsI e(f, ψ) andIMe,M(f
′, ψM) into the sums of

orbital integrals.
Consider the Iwasawa decomposition ofH(A), i.e.

H(A) = KHTH (A)UH (A).

Forfv ∈ C∞
c (G(Fv)), define:

Ff,v(m) := | detm|2v ·
∫
KH (Fv)

∫
N(Fv)

f (kmn)dk dn (2.4)

and

Ff := ⊗vFf,v. (2.5)

We have:

Proposition 2.2. Letf = ⊗fv ∈ C∞
c (G(A)), then

I e(f, ψ) =
∑

ξm∈H∩M\M/UM
c(ξm)

∏
v

O(ξm, Ff,v, ψM)

Here

O(ξm, Ff,v, ψM) =
∫
Me(Fv)

∫
Uξm(Fv)\UM(Fv)

Ff,v(tξmu)ψM(u)dt du

whereUξm is the fixator of the cosetMeξm in UM , and

c(ξm) =
∫
Uξm(F )\Uξm(A)

ψM(u)du

Remark 2.1.If c(ξm) 6= 0, then we say the orbit ofξm is relevant. For the purpose
of comparingI e(f, ψ) andIMe,M(f

′, ψM), one does not need to classify which
orbit is relevant, unlike in some other cases of the relative trace formula.
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Proof. From Lemma 2.1, one has

H\HNM = [H ∩N\N ][H ∩M\M],
anyξ can be written asξ = ξnξm with ξn ∈ H ∩ N\N andξm ∈ H ∩M\M. It
follows that

I e(f, ψ) =
∑

ξ∈H\HNM

∫
H(A)

∫
N(F)\N(A)

∫
UM(F)\UM(A)

f (hξnu)ψ(u)dh dn du

=
∑

ξm∈H∩M\M

∫
H(A)

∫
[H∩N\N ](A)

∫
UM(F)\UM(A)

f (hnξmu)ψ(u)dh dn du.

One notice from Lemma 2.1 thatH ∩M is the maximal torusTH in H (and
also a maximal torus inM) andUH = H ∩N . It follows that

I e(f, ψ) =∑
ξm∈H∩M\M

∫
KH

∫
TH (A)

∫
N(A)

∫
UM(F)\UM(A)

f (ktnξmu)ψ(u)δBH (t)dk dt dn du

=
∑

ξm∈H∩M\M

∫
TH (A)

∫
UM(F)\UM(A)

∫
KH

∫
N(A)

f (ktξmun)ψ(u)δBH (t)dk dn dt du.

With the definition ofFf = ⊗vFf,v (as in (2.5)), and note that form = h(a, b),
one has

δBH (m) = | detm|2.
we see the integralI e can be written as

I e(f, ψ) =
∑

ξm∈H∩M\M

∫
TH (A)

∫
UM(F)\UM(A)

Ff (tξu)ψM(u)dt du

The proposition follows from the fact thatMe = TH . ut
The unwinding ofIMe,M(f

′, ψM) is standard, indeed it is given in [J], (also, in
[J] the relevant orbits are classified). We have

Proposition 2.3. If f ′ = ⊗vf
′
v ∈ C∞

c (M(A)), then

IMe,M(f
′, ψM) =

∑
ξm∈H∩M\M/UM

c(ξm)
∏
v

O(ξm, f ′, ψM)

Remark 2.2.If we takef ′
v to beFf,v, then from the above two propositions, we

haveI e(f, ψ) = IMe,M(f
′, ψM). To complete the comparison ofI e(f, ψ) and

IMe,M(f
′, ψM), we need to show the above map fromfv tof ′

v agrees with a Hecke
algebra homomorphism.
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2.3. Matching of local orbital integrals: unramified case

In this subsection, everything will be considered over a p-adic fieldF . The funda-
mental lemma for trace formula is to match the relevant local orbital integrals for
the corresponding Hecke functions. We will see that in case under consideration,
the correspondence of the Hecke functions onG and the Hecke functions onM is
essentially given by the Jacquet functor. LetKG andKM are the maximal compact
open subgroup inG andM, respectively, such thatKG ∩ M = KM . Let f be a
function in the Hecke algebraH(G//KG), we definef ′ by (2.5) which clearly is
a function in the Hecke algebraH(M//KM).

We shall prove that when restricted to the Hecke algebra elements, the map

f 7→ f ′

gives rise to a Hecke algebra homomorphism fromH(G//KG) to H(M//KM),
moreover, we will give a description of the homomorphism.

It is clear that the map takes the identity elementf0 of H(G//KG) to the iden-
tity elementf ′

0 of H(M//KM). In general, we letπ be an irreducible admissible
unramified representation ofM with trivial central character andωπ be the corre-
sponding spherical function. Then for any Hecke functionfM in H(M//KM), one
has ∫

M

fM(m)ωπ(m)dm = ˆfM(π),

and the mapfM 7→ ˆfM is the corresponding character of the Hecke algebra
H(M//KM). For an unramified representation5 of G, the associated character
f 7→ f̂ (5) of the Hecke algebraH(G//KG) is similarly defined.

It is well known that the unramified representationπ has a nonzero linear
functionalPM which isMe-invariant. Letφ0

π be a nonzeroKM -invariant vector in
π . We also assume that

PM(φ0
π ) = 1.

We define the unitarily induced representation fromP = MN toG,

I (
1

2
, π) := IndGP (π⊗ <

1

2
;HP (·) >).

Let r(π) be the irreducibleKG-spherical component ofI (1
2, π), containing the

KG-invariant functionφ0
G which has the property that

φ0
G(k) = φ0

M, for k ∈ KG.
Then the representationr(π) has a nonzeroH -invariant linear functionalPG de-
fined by

PG(φG) :=
∫
KG∩H

PM(φG(k))dk.

Then we can show
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Proposition 2.4. For any representation ofM satisfying the assumption described
above, we have

f̂ (r(π)) = f̂ ′(π). (2.6)

In particular, the mapf 7→ f ′(= Ff,v) (as defined in (2.4)) gives rise to a Hecke
algebra homomorphism fromH(G//KG) to H(M//KM).
Proof. First of all, for any Hecke functionf ∈ H(G//KG), we have∫

G

φ0
G(x)f (x)dx = φ0

G(e)f̂ (r(π)) = f̂ (r(π)) · φ0
M.

Applying the functionalPM , we get

f̂ (r(π)) =
∫
G

PM(φ0
G(x))f (x)dx.

By the Iwasawa decomposition ofG,

G = MNKG,

we can manipulate the integral as follows:

f̂ (r(π)) =
∫
MNKG

PM(φ0
G(mnk))f (mnk)dmdndk

=
∫
M

PM(π(m)φ0
M)| detm|2

∫
N

f (mn)dndm

=
∫
M

PM(π(m)φ0
M)f

′(m)dm.

Define a functionω′(m) by

ω′(m) :=
∫
KM

PM(π(km)φ0
M)dk.

It is easy to see thatω′(m) is bi-KM -invariant andω′(e) = 1. In particular,ω′ is
the spherical functionωπ corresponding to the unramified representationπ . Hence
we have

f̂ ′(π) =
∫
M

ωπ(m)f
′(m)dm

=
∫
M

ω′(m)f ′(m)dm

=
∫
M

∫
KM

PM(π(km)φ0
M)dkf

′(m)dm

=
∫
M

∫
KM

PM(π(m)φ0
M)f

′(km)dkdm

=
∫
M

PM(π(m)φ0
M)f

′(m)dm.

This proves the matching of the characters of Hecke algebras.ut
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From the Propositions 2.1, 2.2, 2.3 and 2.4, we get the following:

Theorem 2.1. Let f = ⊗fv ∈ C∞
c (G(A)) be as in (2.3). Letf ′

v = Ff,v and
f ′ = ⊗vf

′
v (as in (2.4) and (2.5)). Then

IH,G(f, ψ) = IMe,M(f
′, ψM)

Moreover, iffv is a Hecke function,f ′
v is the Hecke function associated tofv

satisfying (2.6).

3. Spectral side of the trace formula

We discuss the implication of Theorem 2.1 in terms of the correspondence of
automorphic representations ofG andM.

Recall thatKf (x, y) has a decomposition into the sum of discrete spectrum
and continuous spectrum. The local supercuspidality assumption onf limits the
contribution to the spectral decomposition ofKf (x, y) from that of:

(1) cuspidal part of the discrete spectrum;
(2) the residue spectrum corresponding to the cuspidal representations ofM;
(3) the continuous spectrum corresponding to the Eisenstein series induced from

the cuspidal representations ofM.

By Theorem 4.1 in [Jng] and the proof therein, one can easily see that the
contribution from the part (3) toIH,G(f, ψ) must be 0. Then we have the spectral
decomposition ofIH,G(f, ψ)

IH,G(f, ψ) =
∑
5

IH,G(5, f,ψ)⊕
∑
π

IH,G(π, f, ψ), (3.1)

where the sum
∑
5 is taken over all irreducible cuspidal representations5 of G

and the sum
∑
π is taken over all cuspidal representationsπ of M; and

IH,G(5, f,ψ) =
∑
φi

∫
H(F)\H(A)

5(f )φi(h)dh

∫
U(F)\U(A)

φ̄i (u)ψ(u)du

here{φi} is an orthonormal basis for the irreducible cuspidal representation5 of
G and

IH,G(π, f, ψ) =
∑
ϕi

∫
H(F)\H(A)

Rπ(f )ϕi(h)dh

∫
U(F)\U(A)

ϕ̄i (u)ψ(u)du

here{ϕi} is an orthonormal basis for the residue representationRπ of G coming
from the cuspidal representationπ of M.

By the definition of the additive characterψ , we have∫
U(F)\U(A)

φ̄i (u)ψ(u)du =
∫
UM(F)\UM(A)

ψM(uM)

∫
N(F)\N(A)

φ̄i (nuM)dnduM

= 0
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by the cuspidality ofφ̄i . This implies that the contribution from the cuspidal part
(Part (1)) must be also zero. We thus obtain from (3.1) the following expression:

IH,G(f, ψ) =
∑
π

IH,G(π, f, ψ), (3.2)

where the sum
∑
π is taken over all cuspidal representationsπ of M.

The spectral decomposition ofIMe,M(f
′, ψM) is studied in [J]. Our situation

is simpler because of the local supercuspidality assumption off . We get:

IMe,M(f
′, ψM) =

∑
π

IMe,M(π, f
′, ψM) (3.3)

where

IMe,M(π, f
′, ψM) =

∑
ϕ′
i

∫
Me(F)\Me(A)

π(f ′)ϕ′
i (h)dh

∫
UM(F)\UM(A)

ϕ̄′
i (u)ψM(u)du.

Here the sum is over the cuspidal representations ofM and{ϕ′
i} is an orthonormal

basis for the representationπ .
LetS be a finite set of places containingv0 and archimedean places. Forv 6∈ S,

we letfv be a Hecke function. Letf ′ be the function associated tof as in Theorem
2.1. Let4(S) be the set of cuspidal representations ofM which are unramified at
all places not inS. If π 6∈ 4(S), we have

IH,G(π, f, ψ) = IMe,M(π, f
′, ψM) = 0.

If π ∈ 4(S), we have

IH,G(π, f, ψ) = [
∏
v 6∈S

f̂v(r(πv))] · IH,G(5,⊗v∈Sfv ⊗v 6∈S f0,v, ψ)

(Recall thatf0,v is the unit element of the Hecke algebra). Similarly

IMe,M(π, f, ψM) = [
∏
v 6∈S

f̂ ′
v(πv)] · IMe,M(π,⊗v∈Sf ′

v ⊗v 6∈S f ′
0,v, ψM).

From Theorem 2.1, Proposition 2.4, and the above discussion, we get:∑
π∈4(S)

∏
v 6∈S

f̂ ′
v(πv)[IH,G(5,⊗v∈Sfv ⊗v 6∈S f0,v, ψ)

− IMe,M(π,⊗v∈Sf ′
v ⊗v 6∈S f ′

0,v, ψM)] = 0.

From the linear independence of character of Hecke algebras, and the strong mul-
tiplicity one theorem forM, we get for allπ ∈ 4(S):

IH,G(5,⊗v∈Sfv ⊗v 6∈S f0,v, ψ) = IMe,M(π,⊗v∈Sf ′
v ⊗v 6∈S f ′

0,v, ψM)

which is justIH,G(5, f,ψ) = IMe,M(π, f
′, ψM).

Since the choice ofS is arbitrary, we obtain:
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Theorem 3.1. Let f andf ′ be those as defined in Theorem 2.1. For all cuspidal
representationsπ ofM with at least one local supercuspidal component,

IH,G(5, f,ψ) = IMe,M(π, f
′, ψM). (3.4)

Remark 3.1.The assumption of the local supercuspidality at one place onf sim-
plifies technically the argument to establish both the geometric identity and the
spectral identity of the relative trace formula. We believe that this assumption is
removable. In order to present our idea and result transparently, we would rather
keep this useful assumption.
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