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Abstract. In this paper, we set up the general formulation to study distinguished residual
representations of a reductive grody the relative trace formula approach. This approach
simplifies the argument of [JR], which deals with this type of relative trace formula for
a special symmetric paiiGL(2n), Sp(2n)) and also works for non-symmetric, spherical
pairs. To illustrate our idea and method, we complete our relative trace formula (both the
geometric side identity and the spectral side identity) for the ¢@seSL(3)).

1. Introduction

One of the major problems in the modern theory of automorphic forms is to under-
stand the discrete spectrum of the space of square integrable automorphic functions
overG(A), whereG is a reductive algebraic group defined over a number field
andA is the ring of adeles of'. The discrete spectrum @ is known to break

into two parts, cuspidal spectrum and non-cuspidal spectrum. From the theory of
Eisenstein series, the non-cuspidal spectrum can be realized by the residual repre-
sentations of Eisenstein series@fassociated to various cuspidal data.

The classification and parameterization of the cuspidal spectrum are extremely
difficult in general and far from being understood. For recent progress, we refer to
the work of J. Arthur [A] and of C. Moeglin [M]. However, the non-cuspidal resid-
ual spectrum seems more accessible. Following basically the traditional method,
suggested by R. Langlands in his fundamental work on the theory of Eisenstein
series of general reductive groups [L], some more cases of the classification and
parameterization of residual spectrum appeared in [M,MW1,K,KS], cte.

Our objective on this topic is to formulate a relative trace formula method
approach to understand the distinguished residual representations. The significant
applications of the distinguished residual representations of various types of groups
have been found in the recent publications, [GRS], [Jng] and [Ing1].
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The idea to formulate this type of relative trace formula is due to Jacquet and
Rallis [JR1], where the case of tlig (2n)-distinguished representations®t. (2n)
was considered. In this paper, a very simple argument will be provided to show the
matching of the global geometric sides of the trace formulas and the matching of
the local orbital integrals, and to prove the fundamental lemma in this situation. It
is easy to see that the refined argument works for general cases, symmetric space
cases and non-symmetric, spherical variety cases.

The more precise description of the set-up is as follows. A subgkbopG is
called spherical if over the algebraic closuregfthe Borel subgroup of G has a
Zariski open dense orbit of the quotient spatH . Typical examples of spherical
subgroups are (1) parabolic subgroups and (2) the subgroup of all fixed points of
G under the action of an involutive automorphism. The classification of reductive
spherical pairgG, H) was given by M. Brion [B1]. WhelH is notreductive, the
classification is not known at present as yet [B].

Assume thaG is F-splitreductive algebraic group. L&t= M N be a maximal
parabolic subgroup af ando an irreducible cuspidal automorphic representation
of M(A). Then one may form an induced representation

A
I(s,0) = IndgEA;(o Qexp <s,Hp(-) >)

and for a sectio; , € I(s, o), one define

E@g.5:®s0) = Y Duo(rg).
y€P\G

the Eisenstein series associated to the sedtion. From the theory of Eisenstein
series[L]and [MWI],E (g, s; @5 ) is meromorphicin and has possibly finite num-
ber of simple poles wheRe(s) > 0. The residual representation B{g, s; ®; )
ats = so is denoted byE,,(g, o). The residual representatidi, (g, o) is called
H-distinguished if the following integral

PuEal-oN(@) = [ Eyy(hg, 0)eon ()2 dh
[Zg(ANH(A)]-H(F)\H(A)
exists and does not vanish. & is not reductive, certain modification is needed.
The integral is called period integral of the residtig(-, o) overH.
To formulate the relative Kuznietsov trace formula, we simply assume that the
spherical subgrouff is reductive and has a finite center. Lfee C2°(G(A)). One
may form an automorphic kernel associated tas follows:

Kpe,y)i= Y fx &),
§eG(F)
The relative trace formula is defined by

Igc(f,¥) = /

/ Ky(h, u)y(u)dh du
H(F)\H(A) JU(F)\U(A)

whereU is the standard maximal unipotent subgrougadndy (1) is a character
of U(F)\U(A). The choice of this additive character depends on the functorial
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lifting data. In this paper, we deal with the distinguished residual representations
induced from the generic cuspidal data. The charagtés naturally chosen as
follows: for anyu € U, one can write: = nu s, whereuy € M N U, and

YW = vmum)

wherey,, is the generic character @fy;, the maximal unipotent radical in.
On the other hand, we can define a relative Kuznietsov trace formuld.dret
f e CX(M(A)). An automorphic kernel associatedfois defined by

Kp(x,y) = Z flaEy).

EeM(F)

The relative trace formula is defined by

Ty m (f, ¥m) 1=/

/ Ky (h, u)ymw)dh du,
Hy (F)\Hy (&) JUp (F)\Un (A)

whereH)y; := H N M. The idea is to prove the following identity

Inc(fo ) = Ty m(f', ¥m) (1.1)

forany matching pai¢f, /). The spectral side of this identity reflects the Langlands
lifting from M to G.

One of the key points of this approach is to parameterize the distinguished
residual representations by means of the cuspidal data, based on the idea developed
in [JR] and [Jng] that the “outer” periods of the residual representatiods Af
is comparable with the “inner” periods of the cuspidal representations on the Levi
subgroupM (A). The non-vanishing of certain special values of L-functions will
eventually play the role in the parameterization by studying the relations between the
special values or residues of L-functions and periods of automorphic forms, which
is another important focus in the recent study of automorphic representations and
L-functions, see [Jng1l] for instance.

It must be mentioned that in general, one may not have an identity like (1.1),
as observed in [Jng2]. However, we believe thaifiis a subgroup consisting of
the fixed points of an involution, the identity (1.1) should be true. In fact, one can
reformulate the calculation for the case @L), Sp(2r)) done in [JR1] as (1.1).

Toillustrate our idea and method to establish identity (1.1) for general spherical
varieties, we show in this paper that under the cuspidality assumption at one finite
prime, one can have identity (1.1) for the case wh&re- G, and H = SL(3).
Based on the result concerning the period of residual representations in [Ing],
we give a complete description of the spectral identity of the relative Kuznietsov
trace formula. For the other cases li&O(7), G2) and (D4, G2) treated in [Ing]
and(Sp(4n), Sp(2n) x Sp(2n)) in [GRS], the same approach works. The example
discussed in this paper will serve as a model for this relative trace formula approach
to study the distinguished residual representations.
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2. Geometric side of the trace formula

We recall the some basic structure of the exceptional g@ufrom [Ing].
Let G = G». It has two simple roots: the long simple rastand the short
simple root8. Then the positive roots are

a, B,a+ B, a+28,a+ 38, 20 + 3B.

For each rooy, we denote by, the Weyl group element associated to the simple
reflection alongy and byy,, (r) the additive subgroup attachedjto

The following double coset decomposition is from [Jng], which will be needed
to establish the trace formula.

Lemma 2.1. Let P = M N be the maximal parabolic subgroupG@f= G, whose
Levi part is generated by the short ragtand H be the subgroup generated by all
long roots, which is isomorphic t8L(3). Then one has

(1) G =[HPIU[HuP], wherep = wy x—o—p(1);

(2) for eachu; (uo = e the identity element of; and u1 = w), Hu; P =
Hu;N[M,,\M], whereM,, = pu(NM N ,bLi_lH/L,‘), the projection taV of
the intersection. More precisely, we have

a0 ax
Mg=H0M=<Ob> andM,u:(Ol>.

2.1. Relative Kuznietsov trace formula

Let f € C°(G(A)). One may form an automorphic kernel associated tas
follows:

Kp(x,y):= Y fx'%y).

§eG(F)

We consider the following type of distribution, which is called the relative
Kuznietsov trace formula ([JR1]),

InG(f, ) = /

/ K ¢ (h, )y ()dh du
HP\H &) JUF\U @)

whereU is the standard maximal unipotent subgrougadndy () is a character
of U(F)\U(A), defined by

V(W) = Yy (un)
where we writd/ = Uy, - N andyry, is a fixed generic character 0fy;. The point

here is to relate this distribution afi to a similar type of distribution of the Levi
subgroupV, so that the spectral side of both distributions provides the information
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about the Langlands lifting fromi to G. By Lemma 2.1, we unfold the integral as
follows.

Inc(fi¥) = / f(h~ )y (w)dh du

H(F)\H(A) /U(F>\U<A) EcGF)

=) / / fhgwyyr wydh du
H(A) JUFNUA)

EeH\G

= Z / / FhEw) Y (u)dh du
H(A) JUP\U(A)

EcH\HNM

+ > / / F(hEw) Y w)dh du
HA) JUP©\U k)

EeH\HuNM
=714+

We remark that from representation theoretic point of view, the second term
I* is mysterious. In the following, we shall show that there are abundant functions
fin C2°(G(A)), such that the second terfft vanishes. Leig be a fixed finite
place of the number field. Let 7, be an irreducible admissible supercuspidal
representation o8/ (F,,) = G L2(F,,) with trivial central character, (therefore is
self-dual). Choose a nonzero vectey € V, . By admissibility of the represen-
tation m,,, the stabilizer otg is open and compact it/ (F,,) modulo the center
Z(Fyy) in M(Fy,). Let Sy (up) be a compact open group wishSy, (uo) being the
stabilizer ofug. TakeK to be a compact open subgroup®fF,,), the intersection
of which with M (F,,) equalsSy (uo). Define a functiop on G(F,,) by

0 if g ¢ MK,

p)=1"

) (2.1)
Ty(m) - ug, if g =mk e MK.

Then the functio belongs toC° (G (Fyy), Vi) with the following properties:

(1) The functionp has a compact support moduld to the left.
(2) Form € M(Fy,),

¢ (mg) = myy(m) - P(g).
Define a functiond (g) by
D(g) =< ¢(g), ug > (2.2)

the matrix coefficient attached to the vectgrg) and some nonzero vectay in
Vit Sincer,, is supercuspidal, it is easy to check that the functiqg) belongs
to C°(G(Fy,)). Take f in C°(G(A)) to be

f=®ufv, (23)

where forv = vy, f,, = @, as defined above. We call such a function a test function
with local supercuspidal dat@/, ).
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With any such chosen functiofiin C2°(G (A)), we shall show that the second
term I'* vanishes. In fact, we have

" = Z / / f(h&w)y (u)dh du
H(A) JUF)\U(A)

EeH\HuNM
- Z / / / S h&nu) Yy (w)dh dn du.
gcH\HuNM Y Un(F\Un(A) JH(A) IN(F)\N(A)

By changing variables, the summation ovék HuNM can be expressed as a
summation ovep (M, \M) x (N, \N), whereN,, = xqo438 = w YHuNN.Then
we have

"= Z / / / fhun&u)yy(w)dh dn du
EeM,\M Uy (F)\Up (A) JH(A) JN, (F)\N(A)

" / / / f(hun&uyyy (wydh dn du.
seMpm Y Un(P\Un () JH () JIN,\NIA)

Now we can show that for any € M (A), the following integral

/ / f(hunm)dh dn
H(A) J[NL\NIA)

vanishes. This implies the vanishing of the second tBtnSincef is factorizable,
the integral is an Euler product of the local integrals

/ / So(hunm)dh dn.
H(Fy) J[N \NI(Fy)

Forv = vg, we have

/ / Jvo(hpunm)dh dn

H(Fy) J[Ny\NI(Fy)

=/ / O (hunm)dh dn
H(Fy) J[Ny\NI(Fy)

= / / < ¢(hunm), uy > dh dn.
H(Fy) J[NA\NI(Fy)

We observe the following relation

Xoe (X) Xa+38 (=) = x5 (X) Xa+28(X) Xa+38 (XZ)X2a+3/S (x)

SinceUy = xg, after changing the variables in the integration avgmwe notice
that the integral defines dy,-invariant functional

L(ug) = / / < ¢(hpunm), ug > dh dn
H(Fy) JIN, A\N](Fy)

overVz, . By the supercuspidality of the representatigg, the functionalL ()
must be zero, thus the integrdt must be zero. We have shown:

Proposition 2.1. Let f € C°(G(A)) be as in (2.3). Thed*(f, ¥) = 0 and
InG(f, ) =1°(f. ¥).
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2.2. Unwind the distributions

We will compare the distributiod®(f, y) with a distributionias, u(f’, ¥ar) ONn
M, defined by

Inem (f ) = f

/ Kt Wy uwdt du
Z(AYMe (F)\M(A) JUu (F)\Upm (A)

where forf" € C2°(M(A)), the kernel functiork s (x, y) is defined to be:

Ko = [ S flex ez,

ZIENZA) ¢ 1)

We will unwind the distributiong¢(f, ¥) and Iy, s (f’, ¥m) into the sums of
orbital integrals.
Consider the Iwasawa decompositionm(A), i.e.

H(A) = KgTyg(A)Ug (D).

For f, € C°(G(Fy)), define:

Ff.y(m) :=|detm|? - / / f(kmn)dk dn (2.4)
Kn(F) JN(F)
and
Fr:=QyFyy. (2.5)
We have:

Proposition 2.2. Let f = ® f, € C°(G(A)), then

oy = Y, e [0 Fru. ¥m)
Eme HONM\M /Uy v
Here

OCm, Ff,v, Yu) = / / Ff,v(té:mu)WM(u)dt du
M (Fy) J Ug,y, (Fu)\Unm (Fy)

m

whereUg, is the fixator of the cosell.&,, in Uy, and

cEn) = / Var(w)du
UEm (F)\U€m (A)

Remark 2.1.If ¢(&,) # 0, then we say the orbit &f, is relevant For the purpose
of comparingl¢(f, ¥) and Iy, m(f’, ¥a), one does not need to classify which
orbit is relevant, unlike in some other cases of the relative trace formula.
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Proof. From Lemma 2.1, one has
H\HNM = [H N N\N|[H N M\M],

any& can be written a§ = £,&,, with &, € H N N\N and§,, € HN M\M. It
follows that

iy =) / f f f(hEnu)y (w)dh dn du

SEMNHNM b (A) N(F)\N(A) U (F)\Upr (A)

= Z / / / f(hn&pu)y (u)dh dn du.

SmEHOMAM gip) [HAN\NT(A) Up (F)\Ups (A)

One notice from Lemma 2.1 th&f N M is the maximal torugy in H (and
also a maximal torus i) andUy = H N N. It follows that

Ie(fv Iﬂ)=

Em€HOM\M K Ty () N(A) Upt (F)\Up (A)

- Z / f f /f(kté“mun)w(u)(SBH ()dk dn dt du.

SmEHOMAM T/ (A) Upg (F\Un (A) Kt N(A)

With the definition ofF ; = ®, Fr,, (asin (2.5)), and note that for = h(a, ),
one has

8p, (m) = | detm|?.
we see the integrdl® can be written as
= Y / / Fp(teuy¥y (u)dt du
gnetnm\m ¢ o @A) JUM(F)\Up (A)

The proposition follows from the fact thdf, = Ty. O

The unwinding ofly,, »(f', ¥ i) is standard, indeed it is given in [J], (also, in
[J] the relevant orbits are classified). We have

Proposition 2.3. If ' = ®, f, € C°(M(A)), then

I (f )= Y. ) [[OGm £/ ¥m)

Em€HNM\M /Uy

Remark 2.2.If we take f, to be Fy,,, then from the above two propositions, we
havel¢(f,¥) = Iu, m(f', ¥m). To complete the comparison &f(f, ¥) and
Im, m(f', ¥m), we need to show the above map frginto f, agrees with a Hecke
algebra homomorphism.
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2.3. Matching of local orbital integrals: unramified case

In this subsection, everything will be considered over a p-adic fieldlhe funda-
mental lemma for trace formula is to match the relevant local orbital integrals for
the corresponding Hecke functions. We will see that in case under consideration,
the correspondence of the Hecke functiongiband the Hecke functions oW is
essentially given by the Jacquet functor. kgt andK »; are the maximal compact
open subgroup i and M, respectively, such thatc " M = K. Let f be a
function in the Hecke algebrH (G //K ), we definef’ by (2.5) which clearly is
a function in the Hecke algebfd(M//K ).

We shall prove that when restricted to the Hecke algebra elements, the map

fef

gives rise to a Hecke algebra homomorphism fraitG//K¢g) to H(M//K ),
moreover, we will give a description of the homomorphism.

Itis clear that the map takes the identity elemgnof H(G//K ) to the iden-
tity elementf of H(M//K ). In general, we letr be an irreducible admissible
unramified representation & with trivial central character and, be the corre-
sponding spherical function. Then for any Hecke functignin #(M//K ), one
has

/M Fu(m)wy (mydm = fy (),

and the mapfy — fu is the corresponding character of the Hecke algebra
H(M//Ky). For an unramified representatidh of G, the associated character
f +— F(II) of the Hecke algebra((G//K¢) is similarly defined.

It is well known that the unramified representationhas a nonzero linear
functionalP,; which is M,-invariant. Let¢g be a nonzer& ,,-invariant vector in
. We also assume that

Pu(@d) = 1.

We define the unitarily induced representation frére= M N to G,
1 1
1G,7) = Ind$(r® < 5 Hp() >).

Let r () be the irreducibleX -spherical component df(%, ), containing the
Kg-invariant functionrp?; which has the property that

¢S (k) = ¢%, for k € Kg.

Then the representatiotiz) has a nonzerd -invariant linear functionalPg de-
fined by

Pc(¢c) == / Pum (@G (k))dk.

KgNH

Then we can show



420 D. Jiang et al.

Proposition 2.4. For any representation o¥f satisfying the assumption described
above, we have

fo@) = f'@). (2.6)

In particular, the mapf — f'(= Fy,,) (as defined in (2.4)) gives rise to a Hecke
algebra homomorphism froM(G//Kg) to H(M//K pr).

Proof. First of all, for any Hecke functiorf € H(G//K¢g), we have
/G ¢ f (D)dx = $&(0) f(r () = f(r (7)) - 43y
Applying the functionalP,,;, we get
frn = [ Pu@oons @

By the lwasawa decomposition 6f,
G=MNKg,

we can manipulate the integral as follows:

for@) = f P (@S (mnk)) f (mnk)dmdndk

MNKg

= f P (7w (m)$3))| detm |? / f(mn)dndm
M N

- /M PuGrom)g) ' mydm.
Define a functionw’ (m) by
o' (m) == / P (7w (km) ) )dk.
Ky
It is easy to see thad’(m) is bi-K y-invariant andw’(e) = 1. In particulare’ is

the spherical functiom, corresponding to the unramified representatioklence
we have

frim) = f o (m) £ (m)dm

M

:/ o' (m) f (m)dm
M

= f f P (e (km) ¢S dkf' (m)dm
M JKy

= [ | Putxngyf dmdkan
M JKy

- fM Pa (e (m)) £ (m)dm.

This proves the matching of the characters of Hecke algebras.
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From the Propositions 2.1, 2.2, 2.3 and 2.4, we get the following:

Theorem2.1. Let f = ®f, € CX(G(A)) be as in (2.3). Letf;, = Fy, and
f'=®,f, (asin(2.4) and (2.5)). Then

Inc(fi ) = I, m(f', ¥m)

Moreover, if f, is a Hecke functionf, is the Hecke function associated 1o
satisfying (2.6).

3. Spectral side of the trace formula

We discuss the implication of Theorem 2.1 in terms of the correspondence of
automorphic representations Gfand M.

Recall thatK ¢ (x, y) has a decomposition into the sum of discrete spectrum
and continuous spectrum. The local supercuspidality assumptighlionits the
contribution to the spectral decompositionfof (x, y) from that of:

(1) cuspidal part of the discrete spectrum;

(2) the residue spectrum corresponding to the cuspidal representatibhs of

(3) the continuous spectrum corresponding to the Eisenstein series induced from
the cuspidal representations f.

By Theorem 4.1 in [Jng] and the proof therein, one can easily see that the
contribution from the part (3) téy ¢ (f, ¥) must be 0. Then we have the spectral
decomposition of g ¢ (f, ¥)

Ing(f,¥) =) IucL )@Y Iugr, f,¥), (3.2)
I b4

where the sun}_; is taken over all irreducible cuspidal representatibhef G
and the sun}__ is taken over all cuspidal representationsf M; and

o £ =Y [
bi H

here{¢;} is an orthonormal basis for the irreducible cuspidal representatioh
G and

IngG, f9) =) /
o JH

here{y;} is an orthonormal basis for the residue representaiprof G coming
from the cuspidal representatianof M.
By the definition of the additive charactgr, we have

/ ¢i (WY (w)du = / Y (upr) / ¢ (nupr)dnduy
UF)\UA) Un(F)O\Uy (D) N(F)\N(A)
=0

T )i () / &0y (w)du

(F)\H(A) U(F)\U(A)

R ()i (W) / G (W (w)du

(F)\H(A) UF\U(A)
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by the cuspidality of;. This implies that the contribution from the cuspidal part
(Part (1)) must be also zero. We thus obtain from (3.1) the following expression:

InG(f,¥) =Y IncC, f,9), (3.2)

where the sun}__ is taken over all cuspidal representationsf M.
The spectral decomposition &f;, »(f', ¥u) is studied in [J]. Our situation
is simpler because of the local supercuspidality assumptigh dfe get:

Dy (s ) = Y Iv G, f ma) (3-3)
where
I m (e, [ m) = Z / w(f")g;(h)dh / @' W)Yy (uw)du.
¢ Me(F)\M.(A) U (F)O\Upm (A)

Here the sum is over the cuspidal representationd aind{y;} is an orthonormal
basis for the representatian

Let S be a finite set of places containingand archimedean places. Rog S,
we let f, be a Hecke function. Let’ be the function associated foas in Theorem
2.1. LetE(S) be the set of cuspidal representationg/bfvhich are unramified at
all places notirS. If = ¢ E(S), we have

Inc(, f, ) = Iy, m(r, f,¥m) =0.

If 7 € E(S), we have

Ing G, f,9) = [ [ /ot @] Tn.6(T, @ues fo ®ugs fov ¥)

vegS
(Recall thatfp , is the unit element of the Hecke algebra). Similarly
Ing G, o) = ([ | Fo@)] - It (7, @ues 1 @ugs 5.0 V)
DEAY

From Theorem 2.1, Proposition 2.4, and the above discussion, we get:

Z 1_[ f’v(ﬂ'v)[IH,G(H, ®ves fo ®U¢S fO,m )
TeE(S) vegS
- IME,M(ij ®U€S.f1§ ®U¢S f(l),yﬂ WM)] = 0

From the linear independence of character of Hecke algebras, and the strong mul-
tiplicity one theorem foiM, we get for allzr € E(S):

I5,6(T1, Ques fo ®ugs fou: ¥) = Im, M (T, Ques fy Ouvgs [0, ¥n)

which is justly ¢ (IT, f, %) = In, m (T, £/, ¥ar).
Since the choice af is arbitrary, we obtain:
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Theorem 3.1. Let f and f’ be those as defined in Theorem 2.1. For all cuspidal
representationg of M with at least one local supercuspidal component,

In (T, f,¥) = In, m(, £/, ¥um). (3.4)

Remark 3.1.The assumption of the local supercuspidality at one placg¢ sim-

plifies technically the argument to establish both the geometric identity and the

spectral identity of the relative trace formula. We believe that this assumption is

removable. In order to present our idea and result transparently, we would rather
keep this useful assumption.
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