A RELATIVE TRACE IDENTITY BETWEEN GL,, AND é?)n

ZHENGYU MAO AND STEPHEN RALLIS

ABSTRACT. We prove a relative trace identity between GLg, and é?)m using Ginzburg-
Soudry-Rallis’s work on automorphic descent. This should serve as a model on using

automorphic descent to establish relative trace identity.

1. INTRODUCTION

This paper establishes a geometric (relative) trace identity for the correspondence be-
tween automorphic representations of GLs, and é?)n, the double cover of Sp,, (which is a
subgroup of GLy,~many authors use the notation Sp,,, instead). The n = 1 case is proven in
[J1], the general case is conjectured by Jacquet (see [M]), Ginzburg-Rallis-Soudry [GRS3].

One implication of relative trace identity is the correspondence of automorphic repre-
sentations on two groups. In our case it concerns the correspondence between the generic
genuine cuspidal representations of gf)n and the subset of cuspidal representations {II} of
GLa, such that II is self-dual (the exterior square L—function of II has a pole at s = 1)
and L(II, 5) # 0. If we combine the trace identity here with the one in [MR2] between
§13n and SOs, 11, we can get a relative trace identity between GLsg, and SO(2n + 1), which
implies a functorial lifting from the odd orthogonal group to GLo,.

While the functorial lifting in these cases have been studied extensively using other
methods, there is another implication of this trace identity: it gives an identity for the

special value of L—function L(II, %) This result is worked out in full detail in the n = 1
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case, [BaM]. The identity in this case is a generalization of the Waldspurger’s theorem
relating L(II, %) to the Fourier coefficients of the half-integral weight cusp forms.

There are several different ways to study the functorial lifting from classical groups
to GL,. These methods including the Converse theorem [CKPSS], the descent method
[GRS1], and the trace formula method (see for example [Ar], [Wa]). The recent develop-
ment shows that the best results follow from the combination of the different methods.
This paper follows the same spirit. We will use heavily the descent method in proving the
geometric trace identity. Our proof can serve as the model for other cases of the geometric

trace identities, at least in the case when the automorphic descent formalism works.

1.1. Statement of the relative trace identity. Let k£ be a number field, A its adele ring.
We use v to denote a place of k. The local field is denoted k,; when v is nonarchimedean,
O, is its ring of integer. Sometimes we omit v in the notation when the place is fixed.

Let G be a reductive group. In studying relative trace formula, one considers a distri-
bution of the following type: for f € S(G(A)) (the space of Schwartz functions on G(A)),
let

(1-1) [G(f3H17X1;H2>X2) :/
Hy(k)\H1(A)

/ Kf(h17h2>X1<h1>X2<h2> dhs dhq.
Ha(k)\H2(A)

Here Hy, Hs are two closed subgroups of G, x; (i = 1,2) is a global automorphic character
of H;(A) trivial on H;(k), and Kf(z,y) is the kernel function for the representation p(f)

acting on L?(G(k)\G(A)); more explicitly
Ki(x,y)= Y fla ).
vEG(k)
Over a nonarchimedean place v, let K, be a maximal compact subgroup of G,. Denote
by H(G,, K,) the Hecke algebra of G,, with respect to K,,. It is the algebra of all compactly
supported functions on G, satisfying f(k1gks) = f(g) for any ky, ks € K, and g € G,,. The

operation in H(G,, K,) is given by the convolution product

(f1* f2)(g9) = ; fi(h) f2(h"'g) dh.
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Given two groups G and G’, assume there is a homomorphism from the L—group of
G' to L—group of G. Then from Satake isomorphism, the homomorphism between the
L—groups of G and G’ induces a homomorphism between A, : H(G,, K,) — H(G., K]).

If f =®Ff € S(G(A)), then at almost all places f, € H(G,, K,). Assume f’ is
also of the form ®f/. A relative trace identity is an identity between two distributions
Ig(f : Hy,x1, Ha, x2) and Ig(f' : Hy, X}, HS, x5) where at almost all places f! = A\, (f,)-
More precisely, let Sy be the set of bad places containing archimedean places, even places
and places where y; (or x}) is nontrivial on H;(k,) N K, (or H{(k,) N K}); we say there is

relative trace identity
(1.2) Ie(f + Hi,xa5 Ha, x2) = Ler(f 2 Hi, X33 Hy, X5)

if the following is true:

There exists maps €, : S(G,) — S(G,) for all places v of k, such that
when f = ®f, where f, is a Hecke function for v € S a finite set of places
containing Sp, the equation (1.2) holds for f' = ®yese,(fo) @uvgs Ao (fo)-

We say f! and f, match if f! = €,(f,). Note that we do not require €, restricts to A, at
a non-archimedean place v.

The case at hand is when G = GL,,, G’ = §f)n (whose L—group is heuristically Sp,,).
The L—group homomorphism is just the embedding of Sp,, in GLs,,. The other data is as
follows: Hy; = GL, x GL,,, x1 = 1 is trivial, H, = N the maximal unipotent subgroup of
GLay, X2 = 0 is a nondegenerate character of N; H{ = H), = N’ is the maximal unipotent
subgroup of Sp,,, and x| ' = x4 = ¢’ is a nondegenerate character of N’. The theorem we

prove is:
Theorem 1.1. There is a relative trace identity in the above sense: when f and f match
(1.3) Iy, (f : GLy X GL,, 1;N,0) = Ig, (f: N',67; N',6").

From the trace identity (1.3), one expects to get the following distribution identity:

—

(1.4) > PI(f)pa)W(pa) = 3 W) Za) W (Fa).
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Here I and II are cuspidal representations of GLg, and é?)n, such that II is a lift of ﬁ;
vq and @, are certain orthonormal basis of the spaces of II and ﬁ; f and f are matching
functions; W and W are Whittaker functionals; P is the period (GL? consists of g with
|det g| = 1)

o g1

P(¢) = /
(GLn (k) xGLn (k))\ GLO (A)xGL2 (A) g2

) dgy dgs.

The equation (1.4) roughly says that \VNV(&)\Q equals the product of the period P(y)
and Whittaker functional W(p). Note P(y) is related to L(II, ) by [FJ, Theorem 4.1].
To make the statement more precise, one needs to either develop a local analogue of (1.4)
or make a suitable choice of matching functions f and f. Both approaches are worked

out in detail for some other relative trace identities. See for example [BaM], [ChJ], [LO],
[MaWh].

1.2. More relative trace identities. The proof of Theorem 1.1 is through establishing
several other relative trace identities. Automorphic descent method of Ginzburg-Rallis-
Soudry constructs cusp forms on é\ﬁn by taking Fourier-Jacobi coefficients of residue of
Eisenstein series constructed from cusp forms on GLg,. Our relative trace identities reflect
the steps in their construction.

We first establish an identity between the distributions on GLs, and Sp,,. The group
GLs, is the Levi subgroup of a maximal parabolic subgroup of Sp,,. The relative trace
identity between a reductive group and its Levi subgroup is first studied in [JR], and
formulated more generally by Jiang [JIMR]. The idea is that there is a relation between
the inner period on the Levi factor and the outer period on the group. In our case, if 7
is an irreducible cuspidal representation of GLs, whose exterior square L—function has a
pole at s = 1 and L(7, 1) # 0, then 7 has a nontrivial GL,, x GL,, period (the inner period).
Construct the residual Eisenstein series on Sp,,, from 7, we see that the residual Eisenstein
series has a nontrivial Sp,, X Sp,, period (the outer period). In fact the relation between

the two periods is given by [GRS1, Theorem 2]. Reflecting this relation between periods,
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we prove in §2 the following trace identity (Corollary 2.11)
(1.5) Icr,, (f : GL, x GL,,,1; N, 0) = Isp,, (f': Sp, X Sp,, 1; N3, 03).

Here N3 is the maximal unipotent subgroup of Sp,,, and 65 is a degenerate character, see
§2 for details. (N3, 03) period is a degenerate Whittaker period on Sp,,,.

Implicit in the above identity is that the residual Eisenstein series possess a nontrivial de-
generate Whittaker model. The main theorem of [GRS2] shows that the same automorphic
representations possess nontrivial Fourier-Jacobi model. Our next relative trace identity
reflects the fact that the representations with Sp,, X Sp,,-invariant linear form could have

both nontrivial models. In §3 we show the trace identity (Corollary 3.6)
(1.6) Isp, (f':Sp, xSp,,1; N3,05) = Ig,, (f":Sp, X Sp,, 1; N3, 94@;{;,1).

The model 04@:5,1 is a mixed Fourier-Jacobi-Whittaker model.

The proof of above identity involves three other relative trace identities, each reflecting
transition between different nontrivial models that the residual Eisenstein series possess,
(see the definition of distributions I; and I in §3). The transition between different models
play a prominent role in the automorphic descent method. In fact the proof of the main
theorem of [GRS2] is through results on transitions between different models ([GRS2, §5
Theorems 1,2 and Lemmas 1,2]). We will translate these results in the setting of relative
trace identity.

We note the proof of the trace identity (1.6) is completely global. We do not decompose
the distribution into a sum of orbital integrals. In fact one does not have natural matching
of orbits, thus the method of comparing orbital integrals fails. For another example of
global proof of relative trace identity, see [MR3].

What remains is to compare Is,, (f”:Sp, x Sp,,1; N3, 94@;{;,1) and [%n(f N0 NG,
Here we go back to the standard method of comparing orbital integrals. The necessary
orbital integral identities are relatively easy to establish. It is also rather easy to show
the fundamental lemma for the unit Hecke element in this case. An interesting point in

the current situation is: we can derive the fundamental lemma for all Hecke functions
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from fundamental lemma for the unit Hecke element. The argument is sketched in §6.3.
It makes use of the Plancherel formula for the symmetric space Sp,, /Sp,, X Sp,, and a
Jacquet module computation from the study of automorphic descent method. The details

of this argument is carried out in [MR1].

1.3. Structure of the paper. Section 2 establishes the relative trace identity between
GLy,, and Sp,,,. Section 3 establishes three relative trace identities on Sp,,,. Section 4 de-
composes the two distribution Is,, (f”:Sp,, x Sp,,1; N3, 946)?;_1) and Igf)n(f N0 NG
into sums of orbital integrals. Section 5 compares the orbital integrals for arbitrary
Schwartz functions, while section 6 proves the fundamental lemma. In Section 7 we prove

Theorem 1.1.

1.4. Notations and Preliminaries. The integrals given in the form (1.1) are absolutely
convergent from the argument of [J2, Proposition 2.1, as one of the integral is over a
compact set in all the cases we consider. Indeed the integrals we consider here are all

absolutely convergent, justifying our formal manipulations.

1.4.1. Group elements. e X, ; is the (i, j)—th entry of a matrix X.
e ¢, ; is the matrix where only the (¢, j)—th entry is nonzero and the (4, j)-th entry is 1.
e 1, is the identity matrix in GL,,.
e 0, € GL, is the longest Weyl element, with 1’s on the antidiagonal and 0’s elsewhere.

—0On . .
o J, = is an element in Sp,,.
On

e E and E; are defined in (4.1). They are elements in Sp,,.

e diag[ay, ..., a,] denotes a diagonal matrix with entries aq, as, ..., a,.

e Elements in Sp,, are denoted by (g, 1) with g € Sp,. We let § = (g,1). We denote
the product of two elements g1, go of §5n by g1 - go.

1.4.2. Groups and Sets. ® M,, ,, is the set of m x n matrices.
e Sp,, is the subgroup of GL,, consisting of elements g with ¢*J,g = J,. (Note many
authors call this group Sp,,,).
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. §13n is the double cover of Sp,,. We use the Rao cocycle in definition of é\ﬁn We can
identify Sp,, (k) as a subgroup of §13n(A) as the covering splits over this group.

o Gy = GLy,; Gy = Sp,; G = Spay;

® Z,, N1, Ny, N3 are maximal unipotent subgroups of GL,,, GLa,, Sp,,, Sp,,, respectively,
consisting of upper triangular matrices with unit diagonal. We can identify No(A) as a
subgroup of G3(A) with the splitting n — n.

e T, is the subgroup of diagonal matrices in GL,,.

o i, Ky, K3 are the maximal compact subgroups of Gy, Sp,,, G3 respectively. When
§§n splits over Ky, we also use K5 to denote its image in é?)n.

e H, = GL, x GL,, H3 = Sp,, X Sp,,.

e Py is the Siegel parabolic subgroup of Sp,, consisting of matrices of the form (7 ;).

e I/ is the unipotent radical of Pj.

e S, is the set of matrices g € GL,, satisfying 0,9 is a symmetric matrix.

e Y is the symmetric space isomorphic to H3\G3 defined in §4.

e N" is a subgroup of N3 defined by (3.8).

e U" is the Heisenberg group defined in (3.9). U} is its normal subgroup defined right
after (3.9).

e NV =0 'Hjo N N, where o € G.

® Noy =g 'Nag N Ny, while Ny , = gNog™' N N, for g € Sp,,.

e When y € Y, N3, is the set of n € N3 with n™'yn = y.

e When vy € G, N3, =~ "HzyN Ns.

e Vg, and Uy, are subgroups of N3, defined after equation (4.10).

e W(G) is the Weyl group of the linear group G.

1.4.3. Maps and homomorphisms. e f — f is the Satake transform from Hecke algebra to
polynomials invariant under the Weyl group action.

e tr(X) is the trace of a matrix X.

e g’ is the transpose of g.

e g* =0,(¢9") o, if g € GL,.
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e m is map from G; to Gs: m(g) = (7 ,+).

e j is an injection from Sp,, to Sp,, defined by (3.7).
e 1 is map from k" x k™ x k to U™.

e P is a map from G, to Y defined by (4.6).

e v is a map with image in N3 p, defined in (4.10).

e i is an embedding from Ny to Hs N N3 defined by (4.12).

1.4.4. Characters. e 1) is either a nontrivial additive character of A /k or of k,.

e () is a character of N; with

91 (n) = w(?'LLQ + ...+ n2n7172n).

e (5 is a character of Ny with

Nnn+1 )

Or(n) =Y(nio+ ...+ 1y, + 9

e (5 is a character of N3 with
O3(n) = Y(nig+ ... 4+ Nop_124).
e 0, is a character of N5 defined by (3.31).

1.4.5. Weil representation and Theta function. Recall for a fixed 1, the Weil representation
is defined for the metaplectic group gf)n We use 7y(*,1) to denote the Weil constant,
and wy to denote the Weil representation. We describe explicitly a model of the Weil
representation.

Let ® € S(A™). Then

i _ 1/2 7(171/’)
(1.7) wy(m(g))®(X) = |detg]” mq’(xfﬂ, g€ GL,.
(1.8) wy((" V), D)@(X) = »{tr(X'Ve,X))®(X), VS,
(1.9) wp(J)R(X) = A(1,0) "R(X),
where
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The above describes the action of the metaplectic group on S(A™) under the Weil repre-
sentation.

We use ©F ; to denote the Theta function defined by (3.30).

1.4.6. Functions, places, measures. When v is a non-archimedean place, the space of
Schwartz functions S(G(k,)) consists of smooth functions on G(k,) of compact support.
At an archimedean place v, we use the definition in [Ca] (see also [AGo]) for Schwartz
functions. Roughly speaking, a Schwartz function is smooth and all its derivatives are
rapidly decreasing functions. Functions ¢ on é\ﬁn that we consider are always genuine,
namely ¢(g, —1) = —¢(g, 1).

We say a place v bad if it is an archimedean place or an even places, or a place where
is not unramified. We call a place v good if it is not a bad place.

Measures are fixed as follows. Measure of G(A) is the Tamagawa measure of G. Over
a given local field k,, when v is a good place, we fix measure on G(k,) so that G(O,) has
volume 1, where O, is the ring of integers in k,. At bad places, we only require the choices
of measures on different groups to be compatible.

Acknowledgement: We thank Jacquet and Offen for sharing their ideas on spherical
functions on symmetric spaces, which are essential in our proof of fundamental lemma. We

thank the referees for their helpful suggestions.

2. THE TRACE IDENTITY BETWEEN GLy, AND Sp,,

Let G; = GLs,, G5 = Sp,,,. Let H; = GL, x GL,, and H3 = Sp,, X Sp,, subgroups of
G7 and G3 as in the introduction. Let N; and N3 be the maximal unipotent subgroups
of G1 and (G3, and 6y, 63 be their characters as defined in the introduction. Let P; be

the Siegel parabolic of G3 containing Nj, let V' be its unipotent radical. For g € G, let
m(g) = (gg*) € Gs.
Fix v a place of k, for f, € S(Sp,,(k,)), define for g € G1:

2.1) ro=[ f o (km(g)u)| det(g)[2+" dk du
w€V (ky) J k€K3NH;3(ky)

where K3 is the maximal compact subgroup of Gi3. Then f! € S(GLy,(k,)). We prove:
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Theorem 2.1. Let f = ®f, € S(Spy,(A)) and f' = @f) € S(GLan(A)). If for all v, f,
and fl are related by equation (2.1), then

(22) IG3(f . Hg,]_;N3,93> :Igl(f/ . Hl,l;Nl,Ql).
Moreover at a p—adic place v, the map f, — f restricts to a Hecke algebra homomorphism.

The statement follows from expanding the two distributions into sums of the orbital

integrals and a detailed study of the relevant orbits.

2.1. Orbital integral decomposition for I, (f : Hs, 1; N3, 63). From the definition:

/ Z f Yyn)f3(n) dn dl.
) J N3(k)\N3(A)

Y€ESpa,

(23) IGg(f . Hg, 1;N3,93) = /

leHs(k)\Hs(A

From [GRS1], as a disjoint union:

Spon = Ui Hyvg ' Py
where the description of the representatives v, is given in [GRS1]. Define:
(2.4) P = v4Hzv;' N Py,

The right hand side of (2.3) becomes:

/leH3 /N3 k)\ N5 (A Z f< 7(1_ pn)93(n) dn dl.

EPd\Pg, )

The above expression unwinds to:

(2.5) /
; leH3(A)

where N = N3 N p~ ' Pdp and

/N“ P(A)\N3(A) V(p) (17 g pn)fs(n) dndl
3

pEPd \P3

(2.6) V@:/ 0a(nr) 1.
N3P (k)\N3 " (A)

We will say the double coset p € PJ(k)\Ps(k)/Ns(k) is relevant if 5 is trivial on N§*(A).

It is simple to observe that (with our choice of measure)
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Lemma 2.2. If p is not a relevant double coset in P (k)\Ps(k)/N3(k), then V(p) = 0. If
p is relevant, V(p) = 1.

We next study which double coset is relevant. In next subsection we show
Lemma 2.3. When d < n, p € P(k)\P3(k)/N3(k) is not relevant.

From Lemma 2.2 and Lemma 2.3, we see the equation (2.5) equals:

(2.7) /ZEHB(A) Z / V(p) (It tpn)Bs(n) dn dl.

pEPY (k)\P3 (k) /Na (k A)\N3(A

From [GRS1], v, = 1y, thus PJ = P; N Hs. The map (g gli) — ¢ then defines a bijection
between Py\ Py/N3 and Hy\G1/N;. The expression (2.7) becomes
(2.8) / / V(m(o)) £ (= m(0)n)s(n) dn di
IEH3(A) e g1, (kNG (k) /N (k) ¥ N5 (A)\N3(A)
where m(o) = (7 ,« ) and N = N3 Nm(o)" (P3N H3)m(o).

We will say the double coset of o € Hy(k)\G1(k)/Ni(k) is relevant if 6, is trivial on
N?(A) =o0"'Hijo N Ni(A). In Lemma 2.5, we will see o is relevant if and only if m(o) is

relevant. We have

Lemma 2.4. The distribution Ig,(f : Hs, 1; N3, 03) equals:

(2.9) /leH?, / s ) dn

c€H (k )\Gl(k: /N1 (k) relevant

2.2. Proof of Lemma 2.3. For 0 < d < n, let M? be the set

A B
(210) { D ‘A = (91 gz) S GLd X GLd, D e Spn_d, B e M2d,2(n—d)}
and
14
1q
(2.11) € = € GLo, .
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From [GRS1, p.820], elements in P{ has the form (™ %) with m € ¢;' M%,.

v
Lemma 2.5. The map p : p = g € P3 — €49 induces a bijection between the
g*

double cosets P§\Ps/N3 and M%\ GLsy, /N1. Moreover, p is relevant if and only if 0 is
trivial on p(p)~'M<p(p) N Ny.

Proof. From the description of P¢ we see the map p induces a map between the double
cosets. As p is surjective, so is the induced map on the double cosets. If p(p1) = p(p2),
then pyp,* € N3, thus the map is also injective on the double cosets.

From the description of P¢, when we write n = (“ 51 ) € N3, n € p~'P{pN N3 holds for
some choice of v’ if and only if u € Ny N p(p) "t Mp(p). As 03(n) = 0;(u), we get the last

statement. 0

We will say the double coset of o € M?\ GLs, /N; relevant if 0, is trivial on o=t M9oNN;.
We are left to show there is no relevant double coset when d < n.

Let P be the parabolic subgroup of GLg, consisting of matrices of the form (4 B)
with A € GLyg. Let W be a subset in the Weyl group GLa, (identified with permutation
matrices), consisting of w such that w™!(a) > 0 for all positive roots « of the Levi subgroup

of Pg.
Lemma 2.6. We have the double coset decomposition:
(2.12) GLan = Upew Uoy(GLy x GLo)\ GLoy Ura€Sp, 4\ GLian_say M 0 (01, 02)w Ny
where o(o1,02) = (7 4,).
Proof. From the Bruhat decomposition, we have:
GLa, = Uyewa PIwN].

Clearly

d __ d
Pl - UO‘1€(GLd X GLd)\ GLog UO’QESpn_d\GL(Qn,Qd) M 0-(017 0-2)'
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From now on assume ¢ has the form o(oy, 09) as in (2.12).

Lemma 2.7. If there is a positive simple root o of the Levi subgroup GLag X GL25,—24)
such that w='(a) is no longer a root of this Levi subgroup, then the double coset of ow €

M\ GLy, /Ny is not relevant.

Proof. Let V¥ be the unipotent radical of M?. Let X, € N; be the root vector correspond-
ing to corresponding to a, ([JR, p.270]). Let n, = 1 + X, € N;. Then wn,w™* € V4
by our assumption, and cwn,w o™t € V¢ ¢ M? Thus n, € (cw) 'Mow N N;. Yet

01(na) = ¥ (x) is not always 1, thus ow gives a non-relevant double coset. O

Lemma 2.8. Let w € W, If w™(a) are roots of GLag x GL(2n—2q) for all simple roots o

of GLaq X GL(2n-24), then w™'(c) are simple roots of GLag X GL(2—24).-

Proof. Let (3 be a positive root of GLyg X GL(2—24). Then § = Y. cicy where ¢; are
non-negative integers and «; are simple roots of GLgg X GL(2,—24). From the assumption,
w™H(B) = 3, dia; with ¢ non-negative integers. In particular, w='(3) is a positive root of
GLag X GL(2—24). Thus w permutes the positive roots of GLag x GL(2,-24). Let a be any
simple root and § = w(«). If § is not a simple root, then § = ). ¢;o; with at least two
¢;’s non zero, and o = w~'(3) will not be simple. Thus 3 is a simple root, and w permutes

the simple roots of GLyg X GL(2,—24)- O

The above two lemmas imply that if the double coset cw in (2.12) is relevant, then w
permutes simple roots in GLag X GL2,—24).

PROOF OF LEMMA 2.3: When d = 0, this is proved in [JR], which says there is
no relevant double coset in Sp,, \ GLoy, /N;. Equivalently, for any given o € GLy,, one
can find a simple root a of GLs,, such that if X, is the corresponding root vector and
Neg =1+ 1X,, on,o~! € Sp,,.

Now assume 0 < d < n, we show o (01, 02)w is not relevant. Apply the above mentioned
result of [JR] to the case of GL(2,—2q4), We see there is a simple root a of GL(2;,—24), such

that o9n,0o; " € Sp,_,. Let B = w(a) and Y be the root vector of 3 and ng = 1+ 2Y.
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Then we have
ng € (ow) ' M%ow N Ny.
From Lemma 2.7 and Lemma 2.8, if § is not a simple root, then ow is not relevant. Yet

if 3 is a simple root, 6;(ng) = ¢ (x) is not always 1, again we get ow is not relevant. We

have shown the lemma. [J

2.3. Comparison with Ig (f': Hy,1; Ny, 6;). Same argument (though much simpler) as
in the decomposition of Ig,(f : Hs, 1; N3, 05) gives:

Lemma 2.9. The distribution Ig,(f': Hy,1; N1,01) equals:

(2.13) / / "(h"Yon)f,(n) dn dh
heH1(A) 7(A)\N1(A

oc€H(k)\G1 (k /N1(k) relevant

where NY = o 'Hyo N N;.

Thus to show the identity (2.2), we only need to show (for a compatible choice of

measures):

Lemma 2.10. For any relevant o € Gls,, any place v of k, with f defined as in (2.1),

we have:

(2.14) |det(o)|, " 1/ / fr(h~ton)f(n) dn dh
heHi (ky) (kv)\N1(kv)

/ / fo(I7 m(o)n)f3(n) dndl.
leH3(ky) S (kv)\N3(kv)

Proof. We fix a place v and drop the reference to k, in the notations.

Write n € N3 as vm(ny) with ny € Ny and v € V. Then 03(n) = 61(n1). An explicit
computation shows m(c)nm(o)~! € HsNP;if and only if onyo~! € Hy and m(o)vm(o)™t €
V' N Hs. Thus n € NY if and only if ny € Ny and m(o)vm(e)™t € V N H;.

Change v — m(o) 'vm(o), the right hand side of (2.14) becomes:

(2.15) / / / F~om(o)ny)0y(ny)| det(o) |~ dv dn,y dl.
1eHs JnieNg\N, Jve(VnHs)\V
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From the Iwasawa decomposition, Hy = (P; N H3)(K3 N Hs). Write 7! € Hy as km(g)u
where u € VN Hs, k € K3N Hz and g € H;. Combining the integration over v and u, the

above equation becomes:

/ / / / f(km(g)um(ony))0i(ny)| det(go™")| "V dudn, dg dk.
keK3NH3 JgeHy THGNIU\Nl ueV

After a change of variable u — m(on;) 'um(on;), we get the above integral equals:

/ / / / f(km(gony)uw)by(ny)| det(g)|™ Y du dny dg dk.
ke K3sNH3 J geH; meNf\Nl ueV

By the definition of f’ (equation (2.1)), this integral is:

jdeco)| [ [ o)t o) dy
geH, meNi’\Nl
which is the left hand side of the equation (2.14). O

PROOF OF THEOREM 2.1: As the product over all places of | det(o)|, equals 1, we get
the equation (2.2) from the above Lemma, the equations (2.13) and (2.9).
Consider v a p—adic place. For z € C?" let y, be an unramified character on the

subgroup of diagonal matrices of GLs, such that

2n
(2.16) X:(diaglas, ..., az]) = ] lasl3
=1

Define a Hecke algebra homomorphism A, , from H(Gs,, K3,) to H(G1 .4, Ki1,) so that
when f) = A ,(fo),

(2.17) Fe-H=Fe
where:

W(2) = (m(an Zaégéma dn da,
72) /aeT%(m/neNMf( (a)n)x.(2)5} (m(a))

fiz) = / / £ (an)x. ()% (a) dn da.
aETQn(kv) TLGNl(k»U)
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Here 63 and 60, are the modulus functions of the Borel subgroups of Sp,,, (k,) and GLs, (k)
respectively. We will let €] , to be the map on S(Sp,,(k,)) defined by (2.1). Then when
fv € H(G?),va KS,v)a

€/1,v<fv)(g) = /ev fo(m(g)u)| det(g)|2* du.

From Iwasawa decomposition, we get immediately ﬁ,(z) = ¢ ,(fo)(z — 3). Thus we get

€).o(fu) = Mw(fo); €1, restricts to a Hecke algebra homomorphism. [J

2.4. Conclusion. From Theorem 2.1 we get immediately a map from f € S(Sp,,(A)) to
"€ S(GLy,(A)), so that the pull back of the distribution Ig, (f' : Hy,1; N1,6;1) equals
I, (f : Hs, 1; N3, 05). We also need to construct a map in the opposite direction, which is

given in the following corollary.

Corollary 2.11. For any place v there exists maps €, : S(GLa,(ky)) — S(Spy,(kv)),
such that equation (2.2) holds for f = ®f, and f' = Qf! when

(1) fI = Mo(fy) forv € S a finite set of places containing bad places.

(2) fo=eru(f}) forves.

Proof. Given f; € 8(GLan(ky)), define f1,(p) on P3(ky) by setting f1,(m(o)u) = f;(o)d(u)

where 0 € GLa,(k,), u € V(k,) and ¢(u) is a Schwartz function on V'(k,) such that
fV(kU) ¢(u) du = 1. Define

fou(p) = / fro(kp) dk.
ke KsNHsNPs(ky)

Then fy, is left K3N H3;N Ps(k,) invariant. We can extend it to a function f5, on HsPs(k,)
as follows: using the Iwasawa decomposition, any element in Hj3Ps(k,) has the form kp
with k € K3 N Hs(k,) and p € P3(k,); we let f5,(kp) = foru(D).

As H3Pj is a closed subset of Sp,,,, the restriction map from S(Sp,,(k,)) to S(HszPs(k,))
is surjective. There is a function f, € S(Spy,(k,)) that restricts to fs,. We will let

Jo= Gl,v(fql;)'
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We now check that equation (2.2) holds under the conditions in the corollary. For the

given f/, define a function on GLy,(k,):

o= [ kg
KlﬂHl(kv)
Then f”" = ®f) € S(GLa,(A)) and
(218) I(f”IHl,l;Nl,el):I(f/ZHl,]_;Nl,@l).

When v € S, fl = A(f); since f) is in H(G1 4, K1), we have f/! = f/. Thus from the
last statement of Theorem 2.1 (and its proof), we have f, and f/ satisfy equation (2.1).
When v € S, f, = e1,(f}); it is easy to check that f, and f] again satisfy equation (2.1).
It follows from Theorem 2.1, I(f : Hj, 1; N3, 03) equals I(f” : Hy,1; N1,0;). From (2.18)

we get the claim of the corollary. 0

3. SOME GLOBAL IDENTITIES ON Sp,,

The purpose of this section is to relate the distributions Ig,(f : Hs, 1; N3, 05) with
Io,(f : Hs, 1; N3,84@$,1) on Sp,,. We will introduce two more distributions I;(f) and
Ir(f) on Sp,,, then get identity (1.6) as the result of three global identities. Here we rely
heavily on results from [GRS2].

For f € §(Sp,,,(A)), define

(3.1) v(o) = [ K, g) dl.
leH3(k)\Hs(A)

Then W,(g) is a left Sp,, (k) invariant form on Sp,,(A) satisfying the moderate growth
condition: |W;(g)| is bounded by a polynomial in ||g|| where

(3.2) lgll =TT llg.ll. = H(H%%X{Igi,j,v%, 195 juolo})-

v

Clearly f — W(g) is a linear map. When f,(g) = f(g9'), we have W/ (g) = ¥(gg).
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3.1. Definition of I;(f). We recall the definition of sets &y and Y," ;
w in [GRS2, §4].

elements vy and

Let w be a permutation matrix in GLs, such that
Wy =1, Woimimpi =1, 1=1,...,n.

Recall m is map from GLy, to Sp,y,,: m(g) = (? ,+). Let w = m(®). Let

a = diag[b,...,b,b* ...,b*] € Spy,, b=(17"),
and v be the Weyl element in Sp,,, such that
Vi 2i—1 = Vn4i2n+2i—1 = V3n+i2n+2i = 1, Von+i,2i = -1, 1=1,...,n.

Let vy = va. We only need to note here that vy and w are elements in Sp,,,(k); and

over a p—adic place v where p is odd, 1y and w lie in the maximal compact subgroup of

Sp2n<kv)
Recall (from §1.4) the element o, € GL,, is the longest Weyl element, and the set S, is

the set of matrices g € GL,, satisfying o,,g is a symmetric matrix. Let
(3.3) Xo = {x € Sy, | x is nilpotent and upper triangular}.

For x € AY, let
(3.4) [(z) =

Let T'(n) C GLy, be defined as in [GRS2, (4.34),(4.35)], then T'(n) = &N\, where
N\, denotes the subgroup of N consisting of matrices whose n—th row has only one

nonzero entry. Let Y,* | be the set
(3.5) {m(T)|T € T(n), T is lower triangular} C Sp,,, .

Define:

(3.6) Li(f) :/ / / U4 (nl(z) vy w)ds(n) dn dx dy*.
yre (A) JoeXo(A) JN3(k)\N3(A)
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This definition is motivated by the Corollary on p.895 of [GRS2]. The integral over X,
and Y*

1., are absolutely convergent, which is clear from another expression (3.20) after

applying Dixmier-Malliavin Theorem.

3.2. Definition of I5(f). Let j be the injection from Sp,, to Spy,:

L,
(3.7) i g—3lg) = g
L,
We define some subgroups of N3. Let Z; be the maximal unipotent subgroup of GL;

consisting of upper triangular matrices with unit diagonal. Let

z x *
(38) Nk = {U = 14n—2k+2 * S N3| A Zkfl}.
o*

Then N* is a normal subgroup of N7 whenever k < 7 <2n+1.

Define a subgroup U™ of Nj:

1n—1
1 x y ¢t
" 1, 0 =x
(3.9) U ={n(x,y,t) = }-
1, *
1
1n—1

Then U™ is a Heisenberg group and is isomorphic to N*\N"*!. Let U2 be the normal
subgroup of U™ consisting of 1(0,y,t).

Define N” to be U N". Define a character X, on N"(A), such that for n = 7(0,y,)n’
with n’ € N

(310) )zn(n(ou Yy, t)n/) - ¢<Z né,iJrl + t)'
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Note that j(N,)N"™ is a group with N™ being a normal subgroup. Define

(3.11) L(f) = W 5(vj(n2))ba(n2) Xy, (v) dv dns.

/n2€N2<k)\N2(A) /veNn(k)\Nn(A)

This expression can be rewritten as I, (f : Hs, 1;7(Ny)N™, 6,5, which is absolutely

convergent.

3.3. Global identity 1: between [,(f) and I(f).
Proposition 3.1. The equation I (f) = I1(f) holds for any f € S(Sp,,(A)).

Before prove the Proposition, we recall two more notations from [GRS2|. Let Es, C N3

consisting of u with u; ;11 = 0 when ¢ is odd; let 1?" be a character of Fy, such that (see

[GRS2, p. 879))

2n—2
" (u) = P( Z Uiiyo + Uzn—12n+2 — Ugn2n+1)-

i=1
Proof. We apply [GRS2, Theorem 5.2], with W in place of £ in that Theorem. (Note the
Theorem clearly applies to ;). Then theorem states:

(3.12) L(f) = /Y

n—1,n

/ Uy (uy*w) ™ (u) dudy”.
(A) Ju€Ean(k)\E2,(A)

Meanwhile [GRS2, Theorem 5.1] gives an expression for

(3.13) Wy (u)®™(u) du

[LEEQn(k)\Egn(A)
if we consider W (g) in the place of Res;—1 E(g, ¢,,5) in that Theorem. Again all the steps
in the proof of [GRS2, Theorem 5.1] carries through for W(g) until we reach equation
(5.16) of [GRS2]. From [GRS2, p.890], the left hand side of [GRS2, (5.16)] is just the
expression (3.13). From [GRS2, (5.16)] we get

(3.14) / W s (u)y*(u) du :/ / W s (nl(x)vy)03(n3) dng da.
Eon(k)\Ean(A) r€Xo(A) v N3(k)\N3(A)

From the equations (3.12), (3.14) and the definition of I;(f) in (3.6), we get the equation

in Proposition. 0
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3.4. Global identity 2: between [;(f) and Ig,(f : Hs, 1; N3, 65). Recall:

(315) [Gs(f : Hg, 1, Ng, 93) = / \I/f(n)Qg(n) dn.
N3 (k)\N3(A)

Theorem 3.2. There exist maps €3, from S(Sps,(ky)) to itself, such that
(1) the equation

(3.16) Igy(f : H3,1;N3,05) = L (')

holds for = ®f,, ' = ®f, when f, = ezu(f.).
(2) for v a good place, €, restricts to identity map on Hecke algebra H(G2, Ks),.
Similarly there exist maps €, ,, satisfying condition (2) such that (3.16) holds when f, =

€5,0(f1)-

Proof. We prove the existence of f, corresponding to f; (the map ¢, ) in four steps. First

if we set fl(g) = f/(gw) for all v, then we have

(3.17) L(f) :/ / / U 1 (nl(z)voy™)03(n) dn dx dy*.
y* €Y, (A) JzeXo(A) J N3(k)\N3(A)

When f/ is a Hecke function at a good place v, we have f}(g) = f(g).
Next we state a Lemma. Note Y, , , is an abelian group and can be written as a direct

product H;:ll K, where
Ki = {(l{fz(tl, . ,tz> = m<12n + the%,2j—l>}-
j=1

Let K* =][,_, K;. Then K° = {14,} and K" ' =Y | .

Define a homomorphism r; from A™! to Sp,, (A):

i—1
ri(te, ... tice) = m(la, + Z ti€2j-1,2i)-
=1

Let L be an Sp,,(A) invariant space of smooth functions on Sp,, (A) such that when

f(g) € L, f(ug) = v*™(u=Y)f(g) for u € Ey,.
From the proof of [GRS2, Lemma 5.1], we get the following;:
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Lemma 3.3. For fized i and a function h;(g) € L, such that h;(g) equals
Z ¢a Ty ) ha(gri(ay, .o x)) d(x, .., ;)
for some h, € L and ¢, € S(A"?), we have

(3.18) / iy dy = / by dy,
i(A) Ki=1(A)

where

Ai

hifl(g> = Z @(1‘1, e ,xi)ha(gn(xl, e 7'T1)) d(ﬂ?l, Ce ,.Ti),

&; is the Fourier transform of ¢:

qba T1y...,T /gba tl, Ce 7tz)¢<z Iztz) d(tl, e 7tz>
7j=1
Let
/ / U s (nl(z)vog)03(n) dn dz.
Z‘EX() Ng(k \N3

From equation (3.14) we get h¢(g) € L. Moreover the righthand side of (3.17) is

/ hi (y)dy.
Kn=1(A)

Assume now f! = ®f!. From the Theorem of Dixmier-Malliavin [DMa], any f! can be

expressed as
(3.19) Z ¢av (1, ooy @) fa, (gri(@e, .o @) d(xy, . .y ;).

for some f,, € S(Spy,(k,)) and ¢,, € S(k!). Moreover at good places, f! is a Hecke
function, and can be expressed as above with a single a,, with ¢,, being the characteristic
function of the integer lattice, and f,, = f}.

We have

(320) hfl Z ¢oz $1,...,xi)hfa(gri(xl,...,xi))d(xl,...,xi)



A RELATIVE TRACE IDENTITY BETWEEN GL2, AND §f)n 23

for some f, € S(Sp,y,(A)) and ¢, € S(A?). Thus from the equation (3.18), we get a
1—2 = ®f7’1b—2,1] S S(Sp2n(A)) defined by

(3.21) Fo2.0( Z (bav (1, ooy ) fa, (gri(@e, .o xy)) d(xq, . .. 1),

satisfying

(3.22) [ = [ g )y
Kn-1(A) Kn-2(A)

Note that from (3.21), = f! when f! is a Hecke function at a good place v.

n2v

Continue the procedure we get eventually 2 = f3 € S(Sp,,(A)), satisfying f2 = f! when

flis a Hecke function at a good place v, and

/ hy(y)dy = / hyi(y) dy = hyz(1an).
Kn-1(A) KO(A)
We get righthand side of (3.17) equals:

(3.23) / / W p2 (nl(z)vg)03(n) dn dx.
J?EXO Ng(kj)\Ng(A)

Moreover f? = f} when f! is a Hecke function at a good place v.

By letting f3(g) = f%(gvo), we get (3.23) equals

(3.24) / o /N gy, TS )

Clearly f2 = f2 when f? is a Hecke function at a good place v.

Consider now
o) = [ U 5 (ng)fs(n) din.
N3(k)\N3(A)

It lies in the space L consisting of functions satisfying ¢(ng) = 03(n"1)é(g). Similar to the

situation of Lemma 3.3, we have the equation

(3.25) / Ry dy = / ) dy
Ki(A) Ki=1(A)

holds for h;, h;_y € L related as in Lemma 3.3, (with homomorphism r replaced by a

different homomorphism 7;). Here the subgroups K* are defined as on [GRS2, p.897]; we

note K = [(X,) and K* = {14,}. Similar to the above argument, using (3.25) we get a
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function f* € S(Sp,,(A)), with f} = f3 when f3 is a Hecke function at a good place v,
such that (3.24) equaling hya(1yy,). Since hpa(ly,) is just Ig,(f*: Hs, 1; N3, 05), we can set
f=¢e(f") = f* Then f, = f/ when f} is a Hecke function at a good place v, and the
equality (3.16) holds.

As each of the steps above can be reversed, given f, we can find f = e;(f) to make the

equality (3.16) hold. O

3.5. Heisenberg representation and definition of I, (f : Hj, 1;N3,04@i,1). Recall
the definition of the map 7 in (3.9). The character ¢ determines an irreducible unitary

representation of Heisenberg group U™ acting on S(k™), denoted again by wy; then:

(3.26) wu(n(x,0,0)B(X) = B(X +x).
(3.27) wy(n(0,y,1)2(X) = (t+ 2tr(yo,X))P(X).
(3.28)  wy(Pwy(i(g) uj(9)P(X) = wy(u)wy(9)®(X), g € Sp,, uec U™

For n € N3, we will use pr(n) to denote the middle 2n + 2 x 2n + 2 block of n. Then
pr(n) = j(n2)n(x,y,t) for some n(x,y,t) in the Heisenberg group and ny € Ny. We define:

(3.29) wy1 (n)@(X) = wy-1(nz)wy-1 (n(x,y, 1)) 2(X), pr(n) = j(n2)n(x,y,1).

Clearly the above defines an action of N3 on the space S(A™). Define Theta function
(3.30) Op-1(n) = Y wy-r(n)®(X).

Xek‘n
Define a character 6, on N3 by setting

n—1

(3.31) 04(n) = @D(Z _ni,i—i—l)eQ(n?)a if pr(n) = j(n2)n(x,y,1).

i=1

Define I¢,(f : H3, 1; N3, 9463}’_1) to be:

(3.32) / / K5 (1,n)0,(n)O2 . () di.d.
leHs(k)\H3(A) JneN3(k)\N3(A)
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3.6. Global identity 3: between I»(f) and Ig,(f : Hs, 1; N3,04@$,1).
Theorem 3.4. We have Ig,(f : H3, 1;N3,0,07 1) = L(f") when
333 o= [ B0 f(on(X,0,0)dX.
XeAn
Proof. The distribution Iy(f’) equals
/ [ Enn(X0.0) B0 () X do dna
N2(k)\N2(A) J N7 (k)\N"(A) J XeAn

From the definition of Weil representation (1.7), (1.8) and (3.26), we get:

O(X) = wy-1(m2)wy-1(n(X; 0,0))8(0).
Thus if we identify the set of {n(X,0,0)} with UJ\U", we get the above distribution is

N N I I 5
Na(k)\N2(A) JN™(K)\N"(A) JucUg\U"(A)
wy—-1(M2)wy—1 (1) P(0)02(n2) X, (v) du dv dns.

As j(N3) acts on U™ by conjugation and stabilizes U}, a change of variable u —

J(n2)tuj(ng) along with (3.28) gives

[ i)

Na(k)\N2(A) JN™(k)\N™(A) JueUF\U(A)
wy-1 (W) wy-1(12)P(0)02(n2) X, (v) du dv dn.

Let fu,(9) = f(g9j(n2)) and @,,, = wy-1(n2)®, then we get

(334) [Q(f) = / E(an, <I>n2)92(n2) dTLQ,
Na(k)\N2(A)

where

(3.35) =(f, @):/ / U (vu)wy () @(0)x;, (v) do du.
u€UMN\U™(A) J N*(E)\N"(A)
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As N™ = Ug‘N”, we get Z(f, @) equals

/ / U (0o (u)B(0)F (v) du du
ueUR(k)\U™(A) J N7 (k)\N"(A)

- / / ) U 4 (v u)wy-1 (Wu)@(0) X, (v) dvd u.
ueU™(k)\U™( Nn(k)\N"(A)

Make a change of variable v — u/v(u’)

A) w etz (\U (k)

~1 and use the fact y is stabilized under the conju-

gation of U™, we get the above is:

/ / Uin) Y wp (W) ®(0) 3 (v) do du
weUn(k)\Um(A) J Nn(k)\N"(A)

W eUF (\U™ (k)

Notice:
Z wy—1 (u'u)®(0) = Z wy-1 (W) (X) = 651 (u).
w €Ul (k)\U™ (k) Xekn
We get:
(336)  E(f,®) = / / w0 ()% (v) do du.
ueUn (k)\U™(A) J N™(k)\N"(A)

On the other hand since N"t'\ Ny 2 j(N,) and N"\N"*! = U" the right hand side of
(3.32) is given by

(337) IG3(f . Hg, 1, Ng, 04@;{;_1) = / E/(fnz, <I>n2)02(n2) d’I’LQ,
N2 (k)\N2(A)
where
(338) =(f.0)— / / W (ow)O2 (w)ba(v) dv du.
ueUm (k)\U™(A) JN"(k)\N"(A)

As 04(v) = ;' (v) when v € N”, compare with (3.36) we get Z/'(f, ®) = Z(f, ®). Therefore
from (3.34) and (3.37) we get the identity in the Theorem. O

We note that the above identity between Ig,(f : Hs, 1; N3,0407 1) and I(f') (which
is Ig,(f' : Hs, 1; N"j(Ny), X5 '62) using the notation in introduction) can not be proven

through matching orbital integrals. Even in the case of n = 1, the orbits do not match.
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Corollary 3.5. There exist maps €3, from S(Spy,(ky)) to S(Sps,, (ky)) @ S(EL), such that:

(1) at a good place v, €3,(f,) = fo @ Lo, when f, is a Hecke function and @, is the
characteristic function of O).

(2) when €3 = ez, and f @ O = e3(f'):
(3.39) L(f') = I, (f : H3,1; N3,0,03 ).

Proof. From Theorem 3.4, to define €3,(f)) so that (3.39) holds, we only need to find f
and @ so that (3.33) holds. The map (f, @) — f’ defined by (3.33) is a convolution, clearly
factors into local maps. The existence of f, and &, follows from the result of Dixmier-
Malliavin [DMa]. For v a good place, it is clear that when f, is a Hecke function and

(I)v = (I)O,va
(3.40) / F(gn(X,0,0))B0(X) dX = fu(g)-
Xekp

Thus at good place v, we can choose f, = f,, and ®, to be @ ,. O

We remark that equation (3.33) defines the map e, from S(Spy,(k,)) ® S(k}) to
S(Spy,(ky)), with the property that at good places €, (f, ® ®o,) = fo when f, is a
Hecke function, and equation (3.39) holds when f' = €5(f @ ).

3.7. Conclusion. Combining the three global identities on Sp,,,, we get:

Corollary 3.6. There exist maps €4, from S(Spy, (kv)) to S(Spy, (kv)) ® S(k})) such that:
(1) at a good place v, €4,(f,) = fo @ Lo, when f, is a Hecke function and @, is the
characteristic function of O .

(2) when €4 = Reqy, and f & O = e4(f'):
(3.41) Ie,(f': Hs, 1; N3, 03) = I, (f : Hs, 1; N3, 0,07 ).

Proof. Define €4, = €3,€62,. The claim follows from Proposition 3.1, Theorem 3.2 and

Corollary 3.5 U
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We remark that one can also define the maps €}, = ¢, ,€5,, from S(Spy, (k,)) ® S(k}}) to
S(Spyy,(ky)), such that at a good place €, ,(f, @ ®o,) = f, when f, is a Hecke function,
and equation (3.41) holds when f' = €,(f ® ®).

4. ORBITAL INTEGRAL DECOMPOSITIONS

We turn to the third step discussed in the introduction, which is the comparison between
two distributions I¢, (f : Hs, 1; N3, 9493,1) and ]GQ(j: : Ny, 05 Ny, 05). In this section, we
study the decomposition of the distributions into sums of orbital integrals. The results are

stated in Propositions 4.9 and 4.10.

4.1. Symmetric space Y. Define matrices:

4.1 E = Ln E = L E=m(E", E, = m(E
() - 1 ) 1 — 1 ) _m( )7 1_m( 1)'

Define for g € Sp,,,,

0(g) = EgE™' = EgE.
Then 6 is an involution. The centralizer of E in Sp,,, is Hs. Let
Y ={g7'0(9)E| g € Spy,}-

Then YV = H3\G3.
The distribution I, (f : Hs, 1; N3, 94@;{;_1) is given by (3.32). We can unwind it as:

2.

/ / S n)04(n)©7 1 (n) di dn.
k) /N3 (k) ¥ "EN3,, (F)\N3(A) JI€H3(A)

e Hy(k)\Ga(
where
Nj. =~""Hyy N Nj.
Define:
(4.2) F(g'Eg) = / fi™tg)dl.
leHs(A)
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Then F' is a well defined function on Y (A). The above distribution can be written as

(4.3) Z / F(n~'y  Eyn)0s(n)©3 1 (n) dn.
YEH3(k)\Ga(k)/Ns(k) * "EN3. (F)\Ns(A)

4.2. Ns-orbits on Y. Recall [GRS1, Proposition 18]:
Proposition 4.1. Fach y € Y can be written in the form
Yy = n’lwan,
where n € N3, w € W(Sp,,), a a diagonal matriz, satisfying wa = (wa)~!.

With the conjugation action, the N3 orbits of Y are represented by wa as above. Thus
each representative v € H3\G3/N3 corresponds to a representative wa as in Proposition 4.1,

such that v !E~ and wa are in the same N3 orbits of Y. Define for y € Y,
N3, = {n € N3|n 'yn = y}.
Lemma 4.2. When v~ 'Ey = wa, we have Nj_ = N3 ya.

Proof. An element n € Ny lies in Nj_ if and only if yny~t € Hy. Tt lies in N3, if and
only if
n~iy T Eyn =47 By,

1

which is equivalent to yny~" centralizes E. As the centralizer of F is Hjz, we get the

Lemma. O

The distribution (4.3) can now be written as:

(4.4) >

wa€Sp,,, (k),wa=(wa)~

/ F(n_lwan)04(n)@$_1 (n)dn.
1 Y MEN3 wa(k)\N3(A)
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4.3. Relevant orbits. Given a representative wa, the summand in (4.4) is

(4.5) F(n 'wan) / 04(n'n)OY 1 (n'n) dn’ dn.

/neNs,wa(A)\Ns(A) n'€N3,wa (k) \N3,wa(A)

We introduce a subgroup N™ of N C Nj: an element of N” can be written as n(0,y,t)n
with n € N™; N consists of elements with y = 0. Then for n’ € N™:

04(n'n)O 1 (n'n) = X, (n')04(n)O7 - (n).

For the inner integral in (4.5) to be nonzero, X, must be trivial on N, N N®,

We use a special case of [GRS1, Lemma 22].

Lemma 4.3. If X,, is trivial on N N N3 wa, then w has the form:

0 « %« 0

o O

Here each entry represents a n x n block.

Proof. [GRS1, Lemma 21| says w has the form:

0 A B O

¢ D E F
w =

G H I J

0 K L 0

2

where each entry represents a n x n block. Since w” is a diagonal matrix from Proposi-

tion 4.1, we get the above form

A B D FE A B C F
=0, is invertible.

K L H I K L G J

Thus D =F =H =1 =0 and w is of the form in the Lemma. O
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Recall given an element g € Sp,,, we defined j(g) an element in Sp,, by (3.7). Recall
the element F; defined in (4.1). For g € Sp,,, we will define:

(4.6) P(g) = j(9) ' E1j(g) €Y.

Lemma 4.4. The map P defines a bijection from the set of w'a’ where w' € W(Sp,,) and a’

18 a diagonal matriz in Sp,,, to the set of wa as in Proposition 4.1, with w as in Lemma 4.3.

Proof. As E? = 14, we get P(w'a’) = wa satisfies the condition of Proposition 4.1. The
form of w is clearly as in Lemma 4.3.

For g € Hj, we denote by p/(g) its middle 2n x 2n block. It is clear that
P (B, P(w'a')) =w'a'.

Thus P is an injection.
On the other hand, given wa as in the Lemma, Fywa € Hs and p/(Ejwa) has the form
w'a’ where w' € W(Sp,,) and a’ is a diagonal matrix in Sp,. The fact P is a surjection

follows from the equality
(4.7) P(p'(Fiwa)) = wa.

We now show this identity. Let

s = Bj(w'a)waj(w'a’) ™.

As p/(Eyj(w'a’)Ert) = 1y, and o (Eywaj(w'a’)™!) = 1a,, we have p/(s) = 1y,. Since s
satisfies s = (E1s)~! (by Proposition 4.1), we get s = 1y, and the identity (4.7). O

From Lemma 4.4, we see (4.4) can be written as

(4.8) I, (f : Hy, 1;N3,0,0% ) = > Lya(F, ®)

w’a’€Sp,, (k),wa=P(w’a’)

where I,,o(F, ®) equals (4.5).
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4.4. Inner integral of (4.5). In what follows we will assume wa = P(w'a’) with w'a’ €

Sp,,- Our goal in this subsection is to show

Proposition 4.5.

—_—

(4.9) 04(n)O} 1 (n') dn’ = c(w'a")wy-1 (w'a’')D(0)

/TL’GN&wa(k)\NS,wa(A)

where c(w'a’) is a constant defined in (4.17).

4.4.1. Description of N3 a. When wa = E), we get from the definition:

n nB nT

n nl nB
(4.10) N3 g, ={u(n,B,T) = € Ns|neZ,, B, TeS,}.

*

n

*

n

We use Vg, to denote the intersection of N3 g, with Siegel unipotent. It consists of

u(1,, B,T). Define Uy, to be the subgroup consisting of u(1,, B, 0).

Lemma 4.6. When wa = P(w'a’) withw'a’ € Sp,,, we have N3 o = j(w'a’) ™ N3 g, j(w'a’)N
N;.

Proof. From definition, N3 ,a consists of n satisfying:
n~lj(w'a) T Ej(w'a)n = j(w'a) T Ej(w'a’)

It is clear that j(w'a’) ' N3 g, j(w'a’)NN3 C N3 a. We show given n € N, j(w'a’)nj(w'a’) ™! €

N3 g,. The element j(w'a’)nj(w'a’)~! fixes E; through conjugation, and it has the form:

ny *x *
0 *x =% ,
0 0 nj

where ny is in Z,,. Any element of the above form fixing F; through conjugation must lie

in N3, thus j(w'a’)nj(w'a’)~! € N3 g,. O
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4.4.2. Integration over a normal subgroup. Define the group
(4.11) UL, = j(w'al) UL, j(w'a)
The group U, is a normal subgroup of N3 . as U }31 is a normal subgroup of N3 g, .

Lemma 4.7. We have

/ 04(u)O5 1 (u) du = wy-1 (w'a’)®(0).
UEU g (k) \Ula(A)

Proof. From the definitions, 04(u) = 1, while using the Poisson summation formula:

Op 1(u) = Y wyr(u)®(X)

Xekn

= ) wyr (wa)wy- (u)d(X).

Xekn

Thus the integral in the Lemma equals

D wyer (w'a)wy-1 () B(X) du,

/JGU},Ja(k)\Uia(A) Xekn

Write u = j(w'a’) 'u(1,, B,0)j(w'a’); the above integral is

/ wy-1(u(1y, B, 0))wy1 (w'a’)®(X) dB
Sn(K)\Sn(A) X cpn

—_—

wy-1 (w'a)®(X)y ' (2(B, X)) dB

/Sn(k)\Sn(A) Xehn

where (B, X) denotes the inner product of the last row of B with X. The integral over B

would be 0 unless X = 0, in which case the integration over B gives

/ s (W) D(0) dB = w1 (wal)B(0).
Sn(k)\Sn(A)

Thus the identity in the Lemma holds. O
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4.4.3. Description of Uy, \Nsuwa. Let U be the group of elements u(n,0,T). Note it is
isomorphic to Ny through the embedding ¢ : Ny — Hj:

n nl
(4.12) i =u(n,0,T).
n*
Let
(4.13) Uz, = j(w'a’)"'Uz j(w'a’) N Nj.

Then from Lemma 4.6, U2, = UL\ N3 ya.

Lemma 4.8. Define for g € Sp,,
Nj, = gNag ' N Ny,
then Uz, = j(w'a’) " i(Ng a0 )i (w'a’).

Proof. Since Up = i(N>), the group j(w'a")UZ,j(w'a’)~" consists of all elements i(n) with
n € Ny such that j(w'a’)ti(ny)j(w'a’) is in N3. A simple calculation shows the condition
U

is equivalent to (w'a’)"*ny(w'a’) € Ny, or n € NJj 1

4.4.4. Proof of Proposition 4.5. From Lemma 4.7, we get the integral of Proposition 4.5 is

(4.14) / 04(n )y (w'a’ - n')B(0) dn'.
W €U a(k)\UZa(A)
From Lemma 4.8, it becomes:
(4.15) / 04(j(w'a’) " i(n')j (w'a’) )wy-1 (i(n'))wy—1 (w'a’)P(0) dn'.
n/GN;’w/a/(k)\Né’w,a,(A)
Let n = ("' ™,I') € Ny, from the formulas (1.7), (1.8), (3.27) and (3.29):

— —

wy-1(i(n))wy-1 (W'a )P (0) = wy-1(w'a)P(0)p " (Tp1).

Here T, is the lower left entry of 7". From the definition

04 ) o) ') = 73 () e,



A RELATIVE TRACE IDENTITY BETWEEN GL2, AND §f)n 35

Observe that 6, (n') = ¢~ (>0} ni i1+ Toy). Thus (4.15) is

(4.16) / Ba((w'a )~ (') (1 Y+ (107D (0) .
WEN! . (\N' , (A)

2, w'al 2w al

We will denote by c(w’a’) the integral:

(4.17) c(w'a’) :/ Oy ((w'a’) " 'n' (w'a’))0;  (n') dn'.
WEN! (KN, , (A)

2w’ al 2,w'al

From the equation (4.16) we get equation (4.9) thus Proposition 4.5.

4.5. The orbital integral decomposition of I, (f : H3, 1; N3, 0493_1). From (4.5) and

Proposition 4.5, we get

Proposition 4.9. When f = ®f,, and ® = &9, the distribution I¢,(f : Hs, 1; N3, 94@?;,1)
equals
Z c(w'a’) H[w/a/(Fv, P,)
w'a’eSp,, (k) v
with w" € W(Sp,,), &’ a diagonal matriz in Sp,,, F = ®F, defined by (4.2) and Ly a (F,, D,)

equals

(4.18) Fy(n~ ' P(w'a’)n)f4(n)wy1 (w'a’ - n)®,(0) dn.

/TLENS,P(w’a’) (kv)\N?’(kU)

4.6. The orbital integral decomposition of I, (f : Ny, 05 Ny, 05). From the defini-
tion of I, ( f:No, 05; Ny, 65) and the Bruhat decomposition of Sp,,, we get the distribution

equals:
(4.19) / / Z f(a 7 - ma)0a(ny 'ng) dny dng
Na(k)\N2(A) /N2 (k)\N2(A) ye Ny (k)\ Sp,, (k)/Na (k)
= / / F( " - wal - i) 0a(n ) diy dins,
w'a’eSp,, ( n2€N2 w'a! (E)\N2(A) Jni1€N2(A)
with

NQ’w/a/ = (w’a’)_lNQ(w’a') N NQ.
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The integral in (4.19) can be written as:

/nzeNz,w/a/ (A)\N2(A) /TL’GNz,wa(k’)\Nz,wa(A) /nl EN2(A)

f(ﬁfl ~w'al-n/ - 12)02(ny n'ny)dnydn’dns,.

As for n' € Ny, (w'a')n’(w'a’)™" € N, we can make a change of variable n;

(w'a’)n’(w'a’)'n,. Using the fact that when n € Ny we have - = ng and §-7n = gn, we
get:
—1 . — 1 —~— —~
((w/a/)n/<w/a/)—1n1> w'a -n = ﬁ“l— . (w/a/)(n/>—1(w/a/)—lw/a/ .n/

= w7 () ) = ().

The above integral becomes:

/T"2€N2,w’a’ (A)\NZ(A) \/T\L’GNgywa(k)\Ngywa(A) /Tbl GNQ(A)

Flm ™t wal - my)0s(ny n'ng)0y  (w'al)n! (w'a’) ™) dny dn’ dny.

Clearly n' € Ny o iff (w'a’)n/(w'a’)™! € N} .; from the definition of ¢(w'a’) in (4.17),

,aw'a’

we get the above integral equals:

(4.20) c(w'a’) / / Fm ™t wal - iy)0s(ny 'ny) dny dns.
'H»QGNQ’w/a/(A)\NQ(A) n1€ENz(A)
From (4.19) and (4.20), we get

Proposition 4.10. When f = ®F,, the distribution IGQ(f : Ny, 05 % Ny, 05) equals:
S cwa) [[ ()
w'a’€Sp,, (k) v
with w' € W(Sp,,), a’ a diagonal matriz in Sp,,, and

(421) Jw’a’(fv) = / / fv(ﬁil_l . 27]751// . @)Qg(nflng) dn1 dng.
n2eN2,'Lu a/(k'U)\NQ(k‘U) n1€N2(kv)
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5. COMPARISON OF ORBITAL INTEGRALS

5.1. Definition of Vy 4. From the Propositions 4.10 and 4.9, to compare the distributions
IGQ(f : No, 05 Ny, 0y) and Ig,(f : Hs, 1; N3,94@$_1), we only need to compare the local
orbital integrals Iy a(F,, ®,) and Jyra( fv) In the rest of this section, we will fix a place
v and omit v in the notation..

Recall we defined the groups U™ and N™ in section 3.2. N"t! = U"N™ is a normal
subgroup of N3 with N3/N"*! 2 N,. Note also N3 g, N N"*! is just the group Ug,. Given
FeS(Y(k)), and ® € S(k™), we define a genuine function on é\f)n(k:)

(5.1) Vra(g) = /GU1 e F(j(g) " 'u"" Eruj(g))ba(u)wy-1 (u)wy-1(9)P(0) du.

5.2. Comparison of I, (F,®) and J,«(f). For a compatible choice of measures, we

have:

Lemma 5.1.

(5.2) Lyyar (F, ) = / U g (Wl - 7)03(n) dn.

neNQ,w’a’\N2

Proof. As in §4, we let Upy = j(9)"'Up,j(g) C Ns. Then N3 p(urary N Nl = Up (wra):
From (4.18), we get I (F, ®) equals

/ / F(n ‘v P(w'a’)un)
TLGNS’P(w/a/)N”"'I\Ng ueUé(w/a/)\N”‘*‘l
B4 (un)wy—1 (U/E/>W¢,—l (un)®(0) du dn.

As N3 = j(N,)N™1 and j(N,) 0 N™*! consists just of identity element, we can write an
element in N3 in a unique way as j(n)u such that n € Ny and u € Nt

Since N3 p(yray = Ug(w,a,)Ug( with Uli(w,a,) C N™! we have

w’a’)’
NSVP(wlaI)NTL—FI — Ug(w,a,)NTL—Fl

As Ug(w,a,) = j(w'a’) 7l (N ) j(w'a’) from Lemma 4.8,

Ulg(w’a’)Nn+1 - j((w,a,)_lN, (w/a/>>Nn+1 = j(NQ,w’a’)Nn+l‘

2,w’a’
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Thus we can choose the representatives in NgVP(w/a/)Nn—’—l\Ng as j(n) with n € N ar\No.

The above integral equals:

[ F(i(m)u™ Pu'auj(n)
NENy 1107 \ N2 uEU;,w,a,)\]\A/"*l
04(1j (n))wy1 (w'a)wy1 (uj(n))D(0) du dn.

As j(wa’) stabilizes N"*! through conjugation, we can make a change of variable u —
j(wa’)tuj(wa’). Notice that 0,(j(wa’) 'uj(wa’)) = 04(u), and from (3.28), (3.29) and

(4.11), the above integral is the same as:

/ / F(j(w'an) v ' Eiuj(w'a’n))
nENQ,w/a/\NQ uEUé‘l\]\A”H'I
04(j (n)t)wy—1 (w)wy-1 (w'a'n)®(0) du dn.
From the definition of Wre in (5.1), the above integral equals:
/ U o (@ am)0s(j (n))dn.
n€N2,w’a’\N2
Since 04(j(n)) = 62(n) for n € Ny, we get the Lemma. O

It follows immediately from the Lemma and equation (4.21) that

Corollary 5.2. If f € S(Sp,(k)). f € S(Spy, (k) and ® € S(k™) satisfying (for F defined
by (4-2))

(5.3) Vee(g) = [ (- 9)05" (n)dn,
Na
then Lya (F,®) = Jya (f).

5.3. Properties of ¥4 and matching. The function ¥z (g) has the following equiv-

ariance property:
Lemma 5.3. The function Vpq(g) satisfies for all n € Ny:

(5.4) Uroe(n-g) = 02(n) " Vre(7).
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We delay the proof to a later subsection. We also need to consider the behavior of the

function V5 ¢(g) when g = diag[a, a*] where a = diag[ay, ..., a,| is a diagonal matrix.

Lemma 5.4. When F € S(Y) and ® € S(k"), as function of a, Vrg(diagla,a*]) is a

Schwartz function on (k*)™.
From Lemmas 5.3, 5.4 and [MR2, Lemma 5.6], we get

Corollary 5.5. Given any f € S(Sp,y,) and ® € S(k"), there is f € S(Sp,) such that
equation (5.3) holds.

From Corollary 5.2, we get:

Corollary 5.6. There is a map €5 from S(Sp,y,) ® S(k™) to S(Sp,,) such that when f =
65(F ® CI))7 ]w’a’(F7 (D) = Jw’a’(.f)'

5.4. Proof of Lemma 5.3. We only need to establish the identity in the case g is identity,
which we now assume. Recall the definition of u(n, B,T) € N3 g, in (4.10).

From (5.1) Urg(n) equals:
(5:5) [ OO B )00t ) (0)

Write n as (”/ (ZI/?* )

Case (1): when n' is identity. We observe u(1,,0,T) € N3 g, and j(n)u(1,,0,7)"" €
N™L. Since j(N2) and u(1,,0,T) fix the group Up, by conjugation, we can make a change
of variable u — u(1,,0, T)uj(n)~" in N™*'. Notice u(1,,0,T) fixes Ey; the above integral

becomes:
/ F(u ' Eyu)fy(u(1,,0, T)uj(n) Hwy-1 (u(1,,0, T)u)®(0) du.
UEU]{;I\N”"'I
Clearly 04(u(1,,0,T)uj(n)) = 04(u). From (3.27) and (3.29)

i (1L, 0. TYa)B(0) = 6~ (T oy (1) (0)
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where T, ; is the lower left entry of 7. The above integral becomes:
N / F (™ By)Ba ()1 (1) B(0) du
ueUél\NnJﬁl

which is 6, (n)~1W F,¢(1/;1) in the case n' is identity.
Case (2): when 7" = 0. Now u(n’,0,0) € N3, and u(n’,0,0)j(n)"' € N**'. Since
u(n’,0,0) and j(n) fixes the group Uf, by conjugation, we can change u to u(n’,0,0)uj(n)™";

the integration (5.5) becomes:
/ F(u " Eyu)0s(u(n’, 0,0)uj(n) Hwy-1 (u(n’, 0,0)u)®(0) du.
uEU}El\N"Jrl

Clearly 04(u(n’,0,0)uj(n)~!) = 0,4(u)f;'(n) (in our case T = 0). From (1.7) and (3.29)

we get
wy—1(u(n',0,0)u)®(0) = wy-1(u)P(0).

Thus the above integral is just
051 (n) / F(u " Eyu)0s(u)wy-1 (u)®(0) du
uEU}El\N"‘*‘l

which is 05(n) " W g (12,).
From the above two cases, identity (5.4) holds for any n € Ny when ¢ is identity, thus

holds in general.
5.5. Proof of Lemma 5.4.

5.5.1. Reduction to a problem on GLs,. There is an element ¢ € GLs, such that m(e) ™ Em(e) =
E;. Recall F' is defined through a function f € S(Sp,,) by (4.2). We get

(5.6) F(g'Eig)= |  f('m(e)g)dL.

leHs

Then ¥pe(g) becomes:

/6U1 \Wnt /ZGH ) U ml©)uj(g)ba(w)wy-1 (w1 (3)2(0) dl du.
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Recall V' is the unipotent radical of Siegel parabolic P; in G35 = Sp,,,. Use Iwasawa
decomposition in Hy = V'm(H;) K} where V! =V N H;y and Kj = K3 N Hj, and integrate
over Kj, we get the above is (for some f' € S(P3)):

Lo L oy, P ) meusto
ueUp \N"+1 JoeV’ JheH,
O (u)wy-1 (w)wy-1(g)P(0) dh dv du.

Change v — m(e)v~'m(e)™'; observe that m(e)V'm(e)™! = V N N3 g, contains Uj, , thus

combine the integral of v and u we get the above is:

/ I /h . ' (m(h) = m(e)uj(9))ba(w)wy-1 (w)wy-1 (§)®(0) dh du.

Now consider the case g = diagla, a*| where a = diag[ay, ..., a,]; then j(g) = m(b) where

b = diag[1,a]. Change u — j(g)uj(g)~'; the above becomes:

/ e /h . F'(m(h)~tm(€)j(g)u)ba(ug)wy-1(§)wy-1 (u)(0) dh du.

Here u, = j(g)uj(g)~ "

Write u € VN as uyus where uy € V and u; = m(u) € N for some u € Ny C GLo,,.
The element u has the form (* 1 ); we denote the subgroup of such w in Ny by Nj. Then
04(uy) = 04(u1)p(aZus) where iy is the (2n,2n + 1)—th entry in u,.

From (1.7),

(LY
7(deta, )
Clearly wy-1(u)®(0) is a smooth and bounded function on VN™'. Write f'(m(h)v) =
fi(h) f5(v) with v € V and h € GLy,, then the above integral has the form:

y(Ly™h)
’Y(det a, ¢_1> ug €V

Here f"is in S(GLsy,) and ff € S(V). The integration over V' gives a function ¢(a,) €

[SIE

wqpfl(fi)wqpfl(u)@(()) = det(a) Wyy—1 (u)®(0).

=

det(a) P ()b (i) dus / b m) dn

S(k). Since y(det a,v~!) is a smooth function of a taking finitely many nonzero values, to

prove Lemma 5.4, we are reduced to show:
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Lemma 5.7. For f € S(GLy,), b = diag[l, a], let

Z;N_A;Hl “lebu)bs(m(u)) dh du.

Then for any Schwartz function ¢(a,), ¢(a,)pr(a) is a Schwartz function on (k*)".

5.5.2. Proof of Lemma 5.7. We prove the Lemma in the case when v is an archimedean
place. The case v is non-archimedean can be proved in the same manner, and the argument
is simpler.

First observe bu = u'b with «' € Nj and 0;(m(u’)) = 64(m(u)). Thus a change of
variable gives ¢r(a) = | det a|"¢’;(a) where

Lwﬁwl ~leub)8 (m(u)) dh du

Thus any derivative of ¢y is a combination of polynomial functions of |a;| times ¢y s Where
X f is a suitable derivative of f. To prove the Lemma, we only need to prove ¢(a,)¢’(a)
is bounded by ||a||~" for any real number 7 as ||a|| — oc.
Let Y/ = {¢g7'E'g|lg € GLy,} where E' = diag[l,, —1,] is defined in (4.1). Then
Y' = H)\ GLy,. For f € S(GLy,), define F}(y) on Y’ by
(5.7) Fi(g~'E'g) = / ftg)dl.
leHy

Then (recall the definition of E} from (4.1))
(5.8) y(a) = / Fi((ub)~ Eyub)f(m(u)) du.
uEN]

From result of Dixmier-Malliavin [DMa], we can write f(g) as a finite sum of convolutions

of fol9) € S(GLz,) and ¢, € S(K"):

=>. / fo(gu(x))da(x) dx

where x € k" ! and u(x) is the image of the exponential map (from My, 2, to GLa,) of

n—1
Zz 1 Xi€ntintitl- Then

=3 [ Fbut0) Bubu(0)64m(u))64 0 e
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Note
(ubu(x)) ' Ejubu(x) = (u'b) ' Eju'b

with o/ € Ny and 04(m(u')) = 04(m(u)) (377" -%-x;). Thus a change of variable gives:

Frla) = ¢l @) [ 0= 3 ox)o () dx
We get
Hlan) (@) = 6(an) 3 dal— )0l (2)

a

where 5; is the Fourier transform of ¢, and is a Schwartz function of k"~!. It is now clear

that for 1 < i <n, ¢(a,)¢}(a) is bounded by [a;[~" for any real number 7 as |a;| — oo.
An element uw in Ni can be written in the form (")) where n is in Z,, the maximal

unipotent subgroup of GL,,. Observe

69 b Ewbl =l T )z mafla o gl o vl

a'n alv

Lemma 5.8. When f € S(GLa,), |Fi(y)| is bounded by |[y||™" for any r as ||y|| — oc.

Proof. Use the Iwasawa decomposition of GLs,, any element g € GL,, can be written as
hvk where h € Hy, v = (1” 1‘;) and k is in the maximal compact subgroup K; of GLy,.

For such a g, the corresponding element y in Y’ has the form:

1, 2v
y=g 'Eg=k" k.
-1,

In particular ||y|| < 2|jv|| . Thus as ||y|| — oo so does ||v||, the integral in (5.7) with
g = hvk is bounded by ||v||~" and thus by ||y||~". O

From the Lemma, (5.8) and (5.9), we see for any r > 0 (for some constant c)
dla) < [ [ maxtes o7 | o sl o e}

Clearly as |a; '| — oo, ¢;(a) is bounded by |a;"| for any r.

We get the conclusion in Lemma 5.7.
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6. FUNDAMENTAL LEMMA

6.1. Statement of the result. Let v be a nonarchimedean place with odd residue char-
acteristic, and where v is unramified. We will omit v in the notations.

Let O be the ring of integers in k. Let K3 = G3(O) and K3 be image of an embedding
of Sp,,(O) in G, (the covering splits over Sp,,(O)). Let H(G3, K3) (and H(Ga, K3)) be the
algebra of Hecke functions on G5 (and Gy respectively). For f € H(G3, K3), define

7(2) = / . /  Fmfa) @y (deta, v ) ()5 (m(a) dn da

where 03 is the modulus functions of the Borel subgroup of Sp,,, and x is the character de-
fined by (2.16). We can define a homomorphism f — f between H(Gs, K3) and H(Ga, Ks)
so that:

~ 1 1 1 1
(6.1) fei—=,z1+ =, . Zn— =, Zn+ =

2, 9 9 2):f(21,...,zn).

We prove

Proposition 6.1. If f € H(Gs, K3) and f € H(Gy, K,) are related by (6.1), then when

® is the characteristic function of O™, we have

(6.2) Vpo(g) = [ f(n"-9)05" (n)dn,

No

where F' is defined by (4.2).
From Corollary 5.2, we get:

Corollary 6.2. When f € H(G3, K3) and fe H(Gq, K3) are such that (6.1) holds, then
when ®q is the characteristic function of O™, we have Lyqy(F, o) = Jyq(f) where F is
defined by (4.2).

This identity of orbital integrals is the fundamental lemma for the case at hand. The

rest of the section gives the proof of Proposition 6.1.
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6.2. Unit element case. We prove the Proposition first in the case when both f and f
are unit elements. In this case we denote the functions by fy and fo respectively. Then f
is the characteristic functions of K3, while fo takes value 1 over K5, and vanishes outside

the inverse image of Sp,(O) in G5. Let Fy be the function associated to fy by (4.2).
Lemma 6.3. The function Fy is the characteristic function of Y N Kj.

Proof. Clearly Fj is a K3—invariant function on Y. As lg € K3 for | € Hs implies g ' Eg €
K3, we get Iy vanishes outside Y N K5. As Y N K3 is a single K3—orbit of £ (see [MR1,
Lemma 3.1]), we get Fy is constant on Y N K3. Plug in g = 14, in (4.2) shows that Fj is
the characteristic function of Y N K. O

Denote the right hand side of (6.2) by ¥z(g). Then
Ui (-g) =0, ()% (9), n € Na.

Lemma 5.3 shows that Up g, satisfies the same left Nj-equivariance condition. Both
functions W7 and Vg, g, are clearly right Kp-invariant. Thus to show the identity (6.2),

we only need to show it holds when g = a where

1 —1]

a = diaglay,...,an,a, ..., a;

is a diagonal matrix.
It is easy to see that W7 (a) = 1 when |a;| = 1 fori=1,...,n, and ¥} (a) = 0 otherwise.
0 0

Thus the Proposition in this case follows from
Lemma 6.4. When |a;| =1 fori=1,...,n, Vg e,(a) =1. Otherwise ¥p, ¢,(a) =0.

Proof. For u € N™*! it has the form (" :“f) with n; having the form (" ), where
ny € Z, the maximal unipotent subgroup of GL,. The matrix j(a) 'u~'Fuj(a) lies in

the Siegel parabolic subgroup; it has the form (4 ;. ) where

1, nyt o 1, na v 1,

b~! 1, 1, 1, b

A:
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with b = diag[ai, ..., a,], and v = —ny'v. A computation shows:

v'ng  ny'b+v'vb

b~ n, b~ lvb

A:

If |a;| < 1 for some i, we get from looking at the lower left block of A that
Fo(j(a)~'u" Eyugj(a)) = 0.

Thus in this case U, ¢,(a) = 0.

On the other hand, since
\IJFO7CI>O (ﬁ ’ g ]%) = 9;1<n)\PF0,®0 (g)

when n € Ny and k € K, we get Vg, 4,(2) = 0 whenever |a;| > |a;41| for some i or
|an| > lan|™".

Therefore, ¥, ¢,(a) is nonzero only when |a,|™* > |a,| > ... > |a1| and |a;| > 1. This
condition is only satisfied when |a;| = 1 for all ¢, in which case using the K3—invariance of

Fy and Ky—invariance of ®g, we get

\IIF07‘1)O (5) - \IIF07‘1)0 (i;:l>

Consider now the case a = 15,. Use the computation of the matrix A again. From the
lower left block and lower right block of A, we see in this case if v 'Eju € K5NY, ny is
in GL,(O) and v has integral entries. Thus u = (n1 Zi) with ny € GLg,(O).

Write u as m(nq)v with v in the Siegel unipotent subgroup of Sp,,,. Since n; € Gls,(O),
we get v !Ejw € K3NY. Write v = (Y ), and v = (7 £, ), then the condition is
equivalent to all entries in 7" and By — B, are integers. Since U ]%;1 consists of v of the above
form with 7' = 0 and B; = By, we see over the subdomain where Fy(u™'Eju) # 0, the
representatives of U \N"** can be chosen to be in K3. Thus:

Upo o, (Ton) = / C fuwwys (W) B(0) du.
weUh, (O\N"+1(0)

Over the domain 04(u) = 1 and wy-1(u)®(0) = ®(0) = 1. Thus we get \prm%(lf;;) =1
We get the claim in the Lemma. O



A RELATIVE TRACE IDENTITY BETWEEN GL2, AND §f)n 47

6.3. General Hecke element case. The derivation of Proposition 6.1 for general Hecke
element from the unit element case is explained in [MR1], and the result is given as Propo-
sition 8.1 (along with Proposition 4.1) in [MR1]. We sketch the argument used there.
Assume f and f match through equation (6.1).
F defined by (4.2) is a K3 invariant function on Y, thus through Plancherel formula
proved in [MR1]:
(6.3) )= | F(2)2.(2) di 2.
Here =, () are spherical functions on Y parameterized by z € C™ and D,, is a compact
subset of C™ and d;z is a Plancherel measure on D,,.
On the other hand, let Wz(g) be the right hand side of (6.2); it is a right K-invariant
and left Ny-equivariant function on G5. Use another Plancherel formula for space of such

functions ([MR1]):
(6:4) Vi@ = | F(2)W(9)d2z.
Dy,
Here W, (x) are unramified Whittaker functions ([BFH]) on G5 and dsz is another Plancherel
measure on D,,.

From (6.3) we get
Viao () = [ [(2)V=.0,(9) iz
Dn
where formally Uz, ¢, is defined by (5.1) with F replaced by =, (precise definition in
[MR1]). Using a Jacquet module computation (see the equation right after [MR1, Lemma 8.7]),
we get Uz, ¢, = c(2)W, for some constant ¢(z). Thus we get

(6.5) Urao (@) — Up@) = [ F(2)W.(3) ds

Dn

where d3z = ¢(2)d1z — dez. Now when f =1, from the unit Hecke element case, we have

shown the above expression equals 0 for all g. We have

(6.6) W.(g)dsz =0, Yg € Sp,, .

Dy,
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~

For arbitrary f and fixed ¢, f(z)W.(g) as a function of z is in C[q?, ¢ )" 5Pn) the space of
polynomials ¢(z) in variables ¢* and ¢~ * satisfying ¢(z) = ¢(wz) where w € W (Sp,,) acts
on z in a natural way. (Here ¢ is the size of residue field of k,). Since {W,(g)|g € Sp,}
spans C[g?, ¢~*]"WPn) | we get ?(Z)Wz (9) is a linear combination of W, (g;) for some choices
of g;. Thus from (6.6) the expression in (6.5) equals 0 for all g € Sp,,.

Therefore we get Proposition 6.1. [

7. PROOF OF THEOREM 1.1

From the previous sections, we get the following trace identity:
Theorem 7.1. There exists maps €5, from S(Sp, (ky)) ® S(kI') to S(Sp,,(ky)), such that
(7.1) I, (f : Hs, 15 N3,0400 1) = I, (f : No, 03" No, 60)

when

(1) at v & S where S is a finite set of places containing all bad places, f, is a Hecke
function and ®, is the characteristic function of the lattice Oy, f, is the Hecke function
associated to f, by (6.1).

(2) atv €S, f, = €5.0(fo @ Dy).

Proof. : Given f,, ®,, we find f, through Corollary 5.6. The identity follows from Propo-
sitions 4.9, 4.10, and Corollary 6.2. U

PRrROOF OF THEOREM 1.1:

Given f, € S(GLy,(ky)), find f, € S(Spy,(ky)) through Corollary 2.11, then find a
pair f” € 8(Spy,(ky)) and @, € S(k") through Corollary 3.6, then find f, € S(Sp, (k.))
through Theorem 7.1. This gives the maps €, which is €5 ,€4 €10

At a good place v, the Hecke algebra homomorphism \, : f, — f, from H(G1 0, K1) to
H(Ga,p, K2,) is defined so that

~
o~ ~

fv(zl) TR1,R2, TRy .oy By, _Zn) - fU<Z17 o 7Z’n>‘
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Let S be a finite set of places containing archimedean places and even places and places

where 1 is not unramified. Assume f = @f, and f = Qpesev(fo) Qugs Av(fu). We need to

show (1.3) holds.

Forv ¢ S, thereis f) € H(Gs.,, K3,) such that equation (6.1) holds. From Theorem 7.1,

equation (7.1) holds when we replace f ® ® by

®v€,5'64,v€1,v(f1}> ®U¢S (f{; ® (I)O,v>-

From Corollary 3.6, we get [GQ(f : No, 051 No,0y) equals Ig,(f' : Hs, 1; N3, 605) when

f/ = ®UES€1,v<fv) ®yg5 f{)

From Corollary 2.11, we get IG2(f : Ny, 05%: Ny, 0,) equals I, (f1 @ Hy,1; Ny, 0;) where

fl = ®v65fv ®v€5 fl,m fl,v = /\1,U(f1,1>‘

We have the following relationship between f, and fi,:
Lemma 7.2. For all z € C":
(7.2) fo(z1, =21, 20, =22, . ., 2y —2n) = fro(21, =21, 22, =22, - -+, Zny —2n)-

Proof. The left hand side of the equation is f (21, ..., 2n), which equals

~ 1 1 1 1
/ — — —_ —
fu(zl+ 2721 27"'azn+ 272’/77, 2)

Use the invariance under Weyl group of Sp,,,, the above equals:

7z ~|—1—z +1 z~|—1—z +1)
v\#1 27 1 27"'an 27 n 2

Using the relation (2.17) we get the above equals the right hand side of the equation.

To complete the proof of identity (1.3), we only need to show
I, (f1: Hi, 15Ny, 01) = I, (f : Hy, 13Ny, 01).

From the orbital integral decomposition (Lemma 2.9), this will follow from

g
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Lemma 7.3. When equation (7.2) holds for all z € C",

/ 1. (hg) dh = / Fro(hg)dh.
Hl(kv) Hl(kv)

Proof. We use aresult in [O]. Let Cy(H1,,\G1 .0, K1) be the space of right K7 , and left Hy ,
invariant functions compactly supported on G (k,). Then the Hecke algebra H(G1 4, K1)

acts on this space by:

f * gb(g) - /¢<gh)f(h_1) dh’ ¢ € OO(HI,U\GLU;KLv)y f S H(Gl,vu Kl,v)-

[O, Proposition 4.9] described Co(H1,,\G1.0; K1) as H(G1y, K1)-module. In particular

the action of f is determined by the values of f(z1, —21,. .., zn, —2,). Thus we have f,*¢ =
Jiw* ¢ for all ¢ € Co(H14\G1.0, K1), when f, and fi, satisfy (7.2).
Let fo,, be the unit Hecke function on (G, and define

Eow(9) = / fow(hg)dh.
Hiy(ky)

Then =y, € Co(H1,\G10, K1,). It is clear the two sides of the equation in Lemma are

fv*Zo0p and fi, * S, thus we get the equation in Lemma. O

This completes the proof of Theorem 1.1. [J
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