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CENTRAL VALUE OF AUTOMORPHIC L-FUNCTIONS

EHUD MOSHE BARUCH AND ZHENGYU MAO

Abstract. We prove a generalization to the totally real field case of
the Waldspurger’s formula relating the Fourier coefficient of a half integral
weight form and the central value of the L-function of an integral weight
form. Our proof is based on a new interpretation of Waldspurger’s formula
as a combination of two ingredients — an equality between global distribu-
tions, and a dichotomy result for theta correspondence. As applications
we generalize the Kohnen—Zagier formula for holomorphic forms and prove
the equivalence of the Ramanujan conjecture for half integral weight forms
and a case of the Lindelof hypothesis for integral weight forms. We also
study the Kohnen space in the adelic setting.

1 Introduction

In this paper, we prove a Waldspurger-type formula in the totally real field
case, and study some of its applications. A Waldspurger-type formula is an
identity relating the Fourier coefficients of a half integral weight form and
the central twisted L-values of an integral weight form. Waldspurger first
proved such a formula for holomorphic modular forms (over Q). Explicit
formulas for certain cases of Waldspurger type formula were obtained by
many authors. An incomplete list includes the papers of Gross [Gr|, Katok—
Sarnak [KS], Kohnen—Zagier [KoZ|, [Kol], Khuri-Makdisi [Kh], Kojima
[Koj1,2], Niwa [N], Shimura [S1,2].

Both the Fourier coefficients of half integral weight forms and the central
L-values are of much arithmetic interest. An identity between them has
many pleasant applications, see for examples [CoPS], [I1], [KoZ], [OS], [LR].
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In this paper we work in the setting of automorphic forms over totally
real fields. Thus our formula is more general and valid for the cases of
Maass forms and Hilbert modular forms.

Another key point in this paper is a new interpretation of the Wald-
spurger-type formula. We see it as a combination of two results, the basic
Waldspurger’s formula and Waldspurger’s dichotomy result on theta cor-
respondence. We interpret the basic Waldspurger’s formula as an identity
of global distributions, thus fitting it into a much more general family of
identities. The use of the dichotomy result explains some of the subtle
conditions in the Waldspurger-type formula.

The main results in this paper are:

1. A Waldspurger-type formula that is valid for automorphic forms over
a totally real field.
2. Some applications of this formula:

(a) Equivalence of the Ramanujan conjecture for half integral weight
forms over totally real field with a case of the Lindeldf hypothesis
for integral weight forms;

(b) A generalization of the Kohnen—Zagier formula by removing the
restrictions on the fundamental discriminants appearing in that
formula;

(¢) An explicit computation of the central values of the twisted L-
functions associated to the elliptic curve Xy(11) using our gen-
eralization of the Kohnen—Zagier formula.

We remark that our formula can be extended to all number fields once
the local result in [BM1] and [BM2] is extended to the case of the complex
field.

Below we discuss in more detail some of the results.

1.1 An explicit version of the Waldspurger-type formula. The
Shimura correspondence associates a cusp form f(z) of integral weight 2k
to a half integral weight cusp form g¢(z) of weight k + 1/2. For f(z) =
>o¢ L a(n)e*™™* D a fundamental discriminant, let

L(f,D,s) = f: <§> a(n)n™>.

n=1
Waldspurger was the first to describe a relation between the twisted central
L-values L(f,D,k) and the Fourier coefficients of g(z) [W2]. There are
many later versions of the Waldspurger-type formula. The result of Kohnen
and Zagier is probably the easiest to describe. It states [Kol]:
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Let f(z) be a new form of weight 2k, square-free and odd
level N, and of trivial character. There is a unique (up to a
scalar multiple) weight k + 1/2 form g(z) = Yo | c(n)e?™n?
corresponding to f and lying in the Kohnen space [Ko2|, such
that when D is a fundamental discriminant with (—=1)*D > 0

and (%) = w; for all prime divisors [ of N,

DD _ (b= 1)) sy LU, D)
k

9,9) n g W

In the above statement, we have adopted the notation in [Kol]; v(N)
is the number of prime divisors of N; w; are the eigenvalues of the Atkin—
Lehner involutions acting on f(z).

Let us note some subtle conditions in the Kohnen—Zagier formula. First
there is the restriction on the fundamental discriminant D. When (%) =
—w; for some I, we would have ¢(|D|) = 0 while L(f, D, k) does not nec-
essarily vanish. When [|D for some [, the constant in the formula needs
to be modified (see [Gr]). Secondly to get the one-to-one correspondence
between f(z) and g(z), there is the restriction on the level of g(z) and the
notion of Kohnen space.

For certain applications, it is crucial to remove the restriction on the
fundamental discriminant D. For example, if f(z) is a new form corre-
sponding to an elliptic curve over QQ, then the weight is k = 2. The above
formula works only in the case of D < 0. As an application of our main
results, we derive a generalization of the Kohnen—Zagier formula without
any restriction on D. Our result is

Theorem 1.1 (Restatement of Theorem 10.1). Associated to f(z) is a
finite set of weight k+1/2 forms in the Kohnen space {gs(z) | S C Sy}, here
Sy is the set of all prime divisors of N. We divide the set of fundamental
discriminants into a finite disjoint union of sets. FEach of these sets will
correspond to a subset S of Sy and to a form gg in the following way: if the
fundamental discriminants D is associated to S, then it satisfies (%) = —wy;
if and only if | € S. For such a D we have: if (—1)*t% # sgn(D), then
L(f,D,k) = 0; if (—1)**t* = sgn(D), then

|CS(|D|)|2 _ L(f¢D7k)|D|k—1/2 (k _kl)!Zu(N)—t p

(9s,95) (. f) p+1°

Here s is the size of S, t is the number of primes dividing both D and N,
and cg(|D]) is the |D|-th Fourier coefficient of the form gg.

(1.2)
peS
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Notice that the above theorem covers all fundamental discriminants D.
In the process of deriving the theorem, we give an interpretation of the
restrictions on D and an interpretation of the Kohnen space in the language
of automorphic representations.

EXAMPLE. Assume N = p is an odd prime. Then Sy = {p} is a singleton
and we have two subsets of Sy: S; = 0 and Sy = {p}. If f is a new form
of weight 2k and level N = p then we attach to f two weight k + 1/2 forms
gs, and gs,. Here gg, is the form that appears in (1.1) and gg, is a form
of level 4p?.

Let D be a fundamental discriminant. Assume that (%) = wy, or p|D.
If (~1)*D < 0 then L(f, D, k) = 0. If (=1)*D > 0 then formula (1.2) gives
(1.1) (and its generalization in [Gr| for the case p|D).

Now assume (%) = —wp. If (~1)*1D < 0 then L(f,D,k) = 0. If
(=1)**1D > 0 then

leso 1PN L(f, D, k) |DJE-1/2 (k—1D! 2p

<952a932> <f>f> k p+1

In §10.1, an example of the set {gs(z)} is given when p = 11 and k = 1.
The above theorem gives us an effective way of computing the family of L-
values L(f, D, k) for the unique weight 2 level 11 cusp form, namely through
constructing the forms gg(z) and using the equation (1.2).

(1.3)

1.2 The main result: basic Waldspurger’s formula. Our main
result in this paper is a general relation between L-values and Fourier co-
efficients which we call the basic Waldspurger’s formula. One can derive
from it the explicit versions of Waldspurger-type formula, including that of
Theorem 1.1. Another important application of the formula is the equiv-
alence of the Ramanujan conjecture for half integral weight forms and a
case of Lindelof hypothesis. This is an equivalence between the bound on
Fourier coefficients of half integral weight forms and the bound on central
L-values of integral weight forms. We establish this equivalence in the gen-
erality of totally real number fields. For this application we will need the
full generality of our formula. This equivalence was recently used in [CoPS],
in combination with their new bound on L-values, to give a solution for a
classical problem about representing integers by ternary quadratic forms
over totally real fields and to solve Hilbert’s 11th problem.

In the basic formula, we work with the more general notion of auto-
morphic representations over a totally real number field F'. The relation-
ship between the modular forms and the automorphic representations is
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as follows. A half-integral weight modular form is a vector in the space
of an automorphic representation 7 of SLs, the double cover of SLy. An
integral weight modular form with trivial character is a vector in the space
of an automorphic representation m of PG Ly. The representation-theoretic
version of the Shimura correspondence is a theta correspondence relating
7w of PGLs to some 7 of SLy [W1].

Our first task is to define the constants associated to 7 and 7 that are the
analogues of the Fourier coefficients of the modular forms. Such constants
are defined in §2. For D # 0 € F*, we define the D-th Fourier coefficients
of 7 and 7 to be d(S,¢") and dz (S, "), (see §2 for the definition). Here
S is a finite set of bad local places and " is an additive character.

The basic Waldspurger’s formula is the following simple statement.
Theorem 1.2 (Restatement of Theorem 4.1). Given a m and D, there is
a representation © = 7(w, D) (under the theta correspondence) of ﬁg; we
have

[de (S, 4P) L (m,1/2) = [da(S,07)" (1.4)

Here L%(m,1/2) is the central (partial) L-value. Some may prefer the

following more explicit version (see (4.4)):

17D 2 2
WO _ WelelPL™ /2 1 g (o, 6, 00,0). (15)

HE R
Here ¢ is any cusp form in the space of w and ¢ is a cusp form in the
space of 7 with Wé) (e) #0. W,(e) and Wé) (e) are the values of Whit-
taker functionals on ¢ and ¢; they are directly related to Fourier coef-
ficients of modular forms (see §9). FE,(¢y, $v, ¥y, D) are some local con-
stants. One can compare this equation with the Kohnen—Zagier formula
(1.1); the factors %|D|k—1/2 and 2 in (1.1) correspond to the local con-
stants Fy,(¢y, Pu, ¥y, D) when v = 0o and v = | N respectively.

The basic formula can be interpreted as an equality between two global
(adelic) distributions. Roughly, we define two global distributions I
and J», and obtain the following factorization into products of distribu-
tions over local fields:

IT(':CIHIT(',’U’ Jﬁ:C2HJﬁ,v-

veS veS
Here ¢; = |d(S,9P)|?L%(n,1/2) and ¢z = |dz(S,%")2. For the more
precise formulas, see Propositions 6.2 and 6.4. The basic Waldspurger’s
formula is then just the identity ¢; = co. It follows immediately from
the comparison between the global distributions I and Jx ([J1]), and the
comparison between the local distributions I, and Jz, ([BM1,2]).
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The basic formula thus fits into a more general family of formulas that
should result from the comparison of the global distributions. We note
there are many other comparisons of global distributions established or
conjectured through works on the theory of the relative-trace formula, see
[Gu], [J2], [M], [MR], etc.

1.3 TUse of Waldspurger’s dichotomy result and the restriction
on fundamental discriminants. To derive a formula on twisted L-
values from the basic formula (1.4), we simply apply it with 7 replaced
by m ® xp where xp is a quadratic character associated to D € F*. This
leads to the consideration of 7(m ® xp, D), which is not necessarily the
same for all D.

The dichotomy result of Waldspurger on theta correspondence ([W3])
gives a partition of the set F'* into a finite collection of subsets, such that
the representation 7 (7 ® xp, D) remains the same (or becomes zero dimen-
sional) for D in a given subset. The equation (1.4) then gives a formula for
the twisted L-value L(7® xp, 1/2) in terms of the D-th Fourier coefficients
dz(S,9P) of a fixed 7, as long as D lies in this particular subset.

We now consider the conditions on D in the Kohnen—Zagier formula
(1.1). The condition is to ensure that D lies in a given subset of Q*, so
that the half-integral weight form appearing in (1.1) remains the same.
With this understanding, we see that for D in other subsets of Q*, there
should also be another version of the Kohnen—Zagier formula, involving a
different half integral weight form. A detailed study of local representations
leads to the generalization stated above.

1.4 Ramanujan conjecture for half integral weight forms and
Lindel6f hypothesis. The usual Ramanujan conjecture for half integral
weight form states a bound on Fourier coefficients in the case of holomorphic
cusp forms over Q. We will state in section (4.3) an automorphic form
version of the Ramanujan conjecture for half integral weight forms. It
states (for notation see section 4.3)

CONJECTURE 1.3 ~(R.&urnamujan conjecture). Let 7 be an irreducible sub-
representation of Ayy. Let ¢ be a cusp form in the space of . For D a
square-free integer in F*, as |D|g, + oo, for all a > 0,

W2@)| T] e(@ovd) <2 DG (1.6)
vES

where the implied constant depends only on 7, and «.
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This statement has the advantage of being applicable to non-holomorphic
forms and Hilbert modular forms in the space of Agg. Note that Wé) (e) is
basically the D-th Fourier coefficient of ¢. To see the equivalence with the
usual Ramanujan conjecture for half integral weight cusp forms over Q,
we only need to compute the local constant e(@uo,12). This is done in
sections 8.4 and 9.3.

The Lindel6f hypothesis is a conjecture on the bound of central value
of L-functions. We state only a special case.

CONJECTURE 1.4 (Lindel6f hypothesis). Let 7w be an irreducible cuspidal
automorphic representation of PGLy with trivial central character, then
for D square-free integer, as |D|g, +— oo, for all 3 > 0,

|L5= (1 @ xp,1/2)| <rp |D]5_ (1.7)
where the implied constant depends only on w and (3.
We will show the following theorem.

Theorem 1.5 (Restatement of Theorem 4.6). The inequality (1.6) holds
for some o > 0 if and only if the inequality (1.7) holds for f = 2a > 0.
The above two conjectures are equivalent.

1.5 Structure of the paper. The paper is organized as follows: In §2,
we define the constants d(S,) and dx(S5,1). We recall Waldspurger’s re-
sult on theta correspondence in §3. In §4 we state the main theorems. The
relative-trace formula of [J1] is reviewed in §5. We describe the local the-
ory of the relative-trace formula in §6. The proof of the main theorems are
given in §7. In §8, we compute some examples of local constants appearing
in the identity for L(mw,1/2). The computations are just easy exercises,
and the results are used in the translation from adelic language to modular
form language of our formula, as well as in a proof in §7. In §9, we give
a dictionary between the language of representation theory and modular
forms. We also give an interpretation for the Kohnen space. In §10, we
prove the Kohnen—Zagier formula without the conditions on the fundamen-
tal discriminant D, and give an application in the explicit computation of
twisted L-values.

Notation and background. Let F be a totally real number field,
A its adele ring. We will use v to denote places of F. When v is non-
archimedean, let O, be the ring of integers in F,, P, (or P) be its prime
ideal, w its uniformizer, and ¢, (or q) the size of the residue field O,/P,.
We use | |, to denote the normalized metric on F,.
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Let G = GLo, G = éfg and G' = 5’7)2. We will use e to denote the
identity elements of the groups G, G’ and G. Let Z be the center of G.
Then PGLy = G/Z. Let B be the subgroup of GLy consisting of upper
triangular matrices, B be its lifting to G.

We will use (g, £1) to denote an element in G. Let [#, %] be the Hilbert
symbol. The multiplication in G takes the form

(91,1) - (92,1) = (9192, [xi?;fi), xgg;ji) detgl])

@bl z(g)=cifc#0ordifc=0.
Let n(z) = ($3),7() = (n(@),1). Tet w = (93), @ = ((54) 1)
Let a=(§9), = ((§,2).1).

We fix a nontrivial additive character ¢ of A/F. Then 1) = II, ¥v. For
D € F*, let ¥P(z) = ¢(Dz); let xp be the quadratic character of A*/F*
associated to the field extension F (\/5) At a local place v, for D € F,
we let xp be the quadratic character of F) associated to the extension
F,(VD).

We will fix measures as follows. The choice of additive measure dz on
F, does not matter for the statement of our theorem. We will however
fix it to be self dual for the character v,. The multiplicative measure is
d*a = (1 — q_l)_lﬁ, where ¢ is the size of the residue field when v is

where for g = ( 2
1
0

p-adic, and ¢ = oo when v = oco. We fix the measures for Z\G L9 and 3742
as in [BM1] and [BM2]. Write g = z(c)n(zx)wan(y) for g € G(F,) — B(F),
then dg = |a|,d*cd*a dz dy is the measure on G(F,). The measure on Z(F;)
is dz(c) = d*c, and we use the resulting quotient measure on Z(F,)\G(F}).
For g € G'(F,) — B(F,) N G'(F,) with g = 7(z)wan(y), we define dg =
la|2d*a dx dy to be the measure on G'(F,). B

Define the Weil constant vy(a,¥?) over F, to satisfy

/ ()P (aa?)dz = laf; Y (a, 9P) / & ()i (—a~La?)de
where

b(x) = /<m< 2y)dy
a, Py

We let 3(a, 7) = 2285)[—1, q].

We use 7 to denote an irreducible cuspidal representation of G(A) with
trivial central character, and use 7 to denote an irreducible cuspidal repre-
sentation of G'(A). 7 can be considered as a representation of PGLy(A).
We have 7 = ®m, and T = ®7, as the restricted tensor products of repre-
sentations over local fields. We will use V., Vz,V; , and Vi, to denote the
spaces where the representations w, 7, m, and 7, act on respectively.
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When p is a character of F¥, we will let 7(u, u~!) denote the principal
series representation of G(F,) induced from p. It acts by right translation
on the space of functions ¢ on G(F,) that satisfies

¢(n(x)azg) = p(a)laly*é(g). (1.8)

We use 7 (i, 1,,) to denote the principal series representation of G'(F},) that
acts on the space of functions ¢ of G'(F,) satisfying

¢(2() -a- g) = ua)y(a, Puv)lalsd(g). (1.9)
These representations are unramified if 1 and v, are unramified.

The L-function L(m,s) is defined in [JL]. So is the factor e(m,s) =
[1e(my, s,1y). We note that e(m,,1/2) = e(my,1/2,1,) is independent of
the choice of v,,.

By the well-known result on the Shimura—Waldspurger (theta) corre-
spondence ([RS], [S1], [W1,3]), for the given ¢/? there associates a unique
irreducible cuspidal representation #(w, D) = O(m,¢?) of G'(A). Here
O denotes the theta correspondence. Similarly given @ on G’, there is a
unique irreducible cuspidal representation @(ﬁ,z/JD ) on PGLy. We note
that the space of O(m, ") and O(7,¢") could be zero dimensional. The
theta correspondence is also defined locally, which we again denote by O.

We will use S to denote a finite set of local places. We say that S
contains bad places if it contains all v which are archimedean or have even
residue characteristic. For v € S, the covering G'(F),) splits over SLs(O,).
With this splitting, we consider SLo(O,) a subgroup of G'(F,). Explic-
itly the embedding of SL2(0,) in G’ is given by g — (g,k(g)), where
k((28)) =le.d]if el < 1 and ¢ # 0, K(g) equals 1 when |¢[, = 1 or ¢ = 0.

We will use ||¢|| to denote the norm of a vector ¢: if (x, %) is a Hermitian
form on a space V, for ¢ € V, let ||| = (¢, )/2. We use {d;} to denote
a set of representatives for the square classes in F*/(F*)?, with §; = 1.
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cation of [J1] to L-functions. We thank him and J. Cogdell, B. Conrey, S.
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vanced Study, the Weizmann Institute of Science for their hospitality during
the visit of one or both authors, and Gelbart and Rallis in particular for
their invitation.
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2 Definition of Two Constants

2.1 A constant associated to w on G. We define a constant d. (S, )
which can be considered as the Fourier coefficient of m. The constant
depends only on the character ¢, the choice of the finite set of places S
and the choice of Haar measures. Note that Haar measures are fixed in the
introduction.

2.1.1 Whittaker model on G. Let 7 be an irreducible cuspidal
automorphic representation of G(A) with trivial central character. Let
Vr C L*(Z(A)G(F)\G(A)) be the space that 7 acts on. For ¢ € Vj, let

Wo(g) = W¥(g) / o (n(u)g) (—u)du. (2.1)

A/F
Then the space {W,, | ¢ € V;} gives the global Whittaker model of 7.

REMARK 2.1. When an integral weight form f is considered as a vector ¢
in the space of V;, its Fourier coefficients are roughly the values of W, (e)
for various choices of ¢ (see §9).

For any admissible representation 7, of G(F,), a 1,-Whittaker func-
tional L, : Vr, — C on V, is a linear functional satisfying

L, (wv(n(u))v) =y(u)Ly(v), vE Viy. (2.2)
The space of 1,-Whittaker functional is at most one dimensional. For the
m,’s to appear as local components of 7, such a space is one dimensional.
We will fix the linear form L, for any given ,.

Let S be a finite set of places, and assume that S contains all bad
places along with places v where 7, is not unramified. For v & S, 7, is
an unramified representation of G(F,); let ¢o, € Vi, be the unique vector
fixed under the action of G(O,) such that L, (o) = 1.

We note that

L(p) = We(e)
is a linear form on V satisfying (2.2). From the uniqueness of the lo-
cal Whittaker functional, L can been expressed as a product of local lin-
ear forms L,. There is a constant ¢ (m,S,1,{L,}), such that whenever
© = QpesPv Dugs Po,v (here we fix an identification between Vi and the re-
stricted tensor product ®V; ,, where V7 ,, is the space of the local component
7Tv)7

Wo(e) = e (m, 8,0, {Ly}) J] Lo(0)- (2.3)

vES
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2.1.2 Hermitian forms on G. Define a Hermitian form on V by

(o) = / ©(9)¢'(9)dg - (2.4)
Z(A)G(F)\G(A)

Over a local place v, for a unitary representation m, with a nontrivial
Whittaker functional L,, we can define a G,-invariant Hermitian form on

View by J
(u,u') = /F Ly (my(a)u) Ly (my (a)u) a4 ,

|aly

(2.5)

(see [Go]). From the uniqueness of Gy-invariant Hermitian forms, we
get: there is a constant co(m,S,v,{Ly}) > 0, such that whenever ¢ =

RuesPo ®U€S P00
lell = ea(m, S0, {Lu}) T ool - (2.6)

veS
2.1.3 The constant d.(S, ).
LEMMA 2.2. The constant d(S,) defined by
d7r(57¢) = ‘cl(ﬂ-u vaa {L’U})/CQ(Wu vaa {LU})‘

is independent of the choice of the linear forms L.

Proof. From the uniqueness of local Whittaker functional, any other choice
of linear forms L/ must have the form L, = a,L, with a, some nonzero
complex constants. From the definition, we get

ca(m, 8,0, ALLY) = [ ] lawl tea(m, 8,0, {Lu})

vesS
cr(m, 8,9, {Ly}) = [ avtea(m, S 00, {Lu}) -
veS
Thus the constant d(S,1) is independent of the choice of {L,}. O

This is the Fourier coefficient we associate to m. The constant d, (S, )
is well defined once we fix the choice of 1) and the measure on G (it is
easy to check that the constant is independent of the choice of additive
measure). One can relate this constant to the value of the partial adjoint
L-function L° (7, Ad, 1), however it is not important here. Explicitly, for
any vector ¢ = ®yes5Py @ugs Po, U With Ly(py) #0 for v e S,

(e)] [
an(si0) =1y 7 2.7

We make an observation on the dependence of d.(S,1) on .

LEMMA 2.3. Let D € F*. If S contains all bad places and |D|, = 1 for

allv € S, then
dx(S,9) = dr(S,9"7).
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Proof. Take a vector ¢ = ®@yes5¢0y @ugs @o,0 in the space of . We will let
L2(¢,) = Ly(my(D)gy). Then LY is a nontrivial 1»P-Whittaker functional
on m,. Let ||¢y||p be the norm of ¢, defined by (2.5) with L, replaced
by LY. By our assumption on D and on ¢y, it follows that when v ¢ S,
To(D)@o,w = @ou. Hence Ly(my(D)pow) = Lo(pow) = 1. It follows that
m(D)p = @y (D)p, satisfies the same assumptions as ¢ and that we can
apply (2.3) to m(D)y to get
Ww(e) Ww(Q)cp(e)

e (m, 8,9, {Ly}) = oes Lo(wo) - [I,es Lo(m(D)py)

Using the above explicit form, we have

or W@l 11 Nl
dr (S, 97) = H|

el g 117 (o)l
From a simple change of variable we get Wﬁ) i (e) = W:f}( D)gp(e). Hence,
D (0
we @l __ W@l W)l

HveS |LvD(<Pv)| B Hves |Ly(7(D)py)| HvES | Ly (00)] '

Using a change of variable in the integral in (2.5) we get ||py|lp = |l¢v]-
Thus we get the equality in the lemma. O

2.2 A constant associated to w on G’. Let 7 be an irreducible cus-
pidal automorphic representation of G'. We associate a constant dz (.S, ")
to 7 in a similar fashion. Let V; be the space of automorphic forms that &
acts on. For ¢ € V., let

W) =Wy = /A/F 5 (fi(2) - )P (—a)da

Then the Fourier coefficients of half integral weight form can be interpreted
as some Wg(e) (see equation (9.2)).

We will assume 7 has a nontrivial y”-Whittaker model, namely W¢D (9)
# 0 for some ¢ € Viz. Then locally, 7, has a nontrivial ¢”-Whittaker
model, unique up to a scalar multiple. We will fix the corresponding linear
forms L{? satisfying for all ¢, € Vz,,

L (7o(7(2)) @) = Ly (o)1) () -

Let S be a finite set of places That contains all bad places along with

places v where 7, is not unramified. When v ¢ S, 7, is unramified and

possess a nontrivial ¥”-Whittaker model I:{? ; there is a unique vector in
Po., that is fixed under SLy(O,) and satisfying Lf(géo,v) =1.
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The space Vi has the Hermitian form
@)= [ P0)7(g)ds. 2.9
SLa(F)\G'(A)
Over the space V;,, one can define a Hermitian form similar to (2.5),
though the definition is more complicated. Let {d;} be a set of representa-
tives of F¥/(F*)?, with §; = 1. From [BM1,2], we see there is a choice of
Y P%_Whittaker models LP% (could be trivial) on Vi, such that

Bor ) Z'Z'” [ 125 (@2 I 7 <g>¢;)d—‘|1 (2.9)

la

is a G/ -invariant Herm1t1an form. Notice that LP% = LD (We used the
factor |2],/2 to be consistent with [BM1] and [BM2]. There we defined the
Hermitian form on éfg first and restricted the form to ﬁg. See section
(9.7) of [BM1].) For some explicit constructions of this form, see §8.

We can now define the constant dz (S, 1?). From the uniqueness of Her-
mitian forms and Whittaker models, there exist constants ¢ (7, S, ¥, {LP})
and é(7, S, ¥P, {I}f))}) such that, whenever ¢ = ®,c5Py @vgs Po,v (under
an identification between Vi and the restricted tensor product ®@V; ),

WE(e) =a (7 8,07 AL7}) [[ L0(&0).,
veS
191l = &(7. 5,07 AL} T ol
veS
As in the case of Lemma 2.2, we have

LEMMA 2.4. The constant
dﬁ(sa 1/1D) = ‘61(ﬁ7 S, ¢D7 {E?})/Eg(ﬁ', S, wDa {Ez?})‘
is independent of the choice of the linear forms LP.

When 7 does not have a nontrivial ¢”-Whittaker model, we will set
dz(S,9P) = 0. The constant dx (S, 1)") is well defined with our fixed choice
of 9P and the measure on G’ (and again it is independent of the choice of
additive measure). Explicitly for any vector ¢ = ®ye5Py @uvgs Qo0 With
LP(p,) #0 forve S,

(WE(e)|

dx(S Dy _ P ~||95v|| ) '
o= Ui i

3 Results on the Theta Correspondence

As stated in the introduction, the generalization of the Shimura correspon-
dence between the half integral weight modular forms and integral weight
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modular forms is the theta correspondence between automorphic represen-
tations of PGL2(A) and SL2(A). The theta correspondence is dependent
on the choice of the additive character 1. With a fixed 1, we denote by
O(m, 1) the representation of SLs(A) associated to m of PGLy(A), and
O(my,1y) the representation of ﬁg(Fv) associated to m, of PGLs(F,)
under the theta correspondence. Conversely, the theta correspondence
associates to T of SLy(A) and 7, of SLy(F,) representations ©(7,1)) of
PGLy(A) and m, = ©O(Ty,1,) of PGLy(Fy).

In this paper, the representation #° = O(r ® xp,¥"”) and its local
counterpart 72 = O(m, ® xp, 1Y) are of particular importance. In this
section, we recall Waldspurger’s beautiful results on these representations.
The works in [W1] and [W3] tell us that the set {#”} (or {#7}) is finite.
Moreover the dependence of #” (or #2) on D is also given.

We first recall Waldspurger’s local theory. Fix a place v of F. Let
Py, be the set of special or supercuspidal representations (or discrete series
representations when F,, = R) of PGLy(F,). For D € F}, define (7%) € +1
by

(g) — xp(—1)e(m0,1/2) /e(mo ® XD, 1/2) .

We then get a partition of Ff = F,f(m,) U F, (m,) where
FE(m,) = {D € Fr | <£) - il} .

Theorem 3.1 [W3]. When 7, & Py, F, (7,) = F} and 70 = ©(m,, ).

When 7, € Py, there are two distinct representations 7l and 7, of Gl,,
such that 7P = 7}t = O(m,,,) when D € Ff(r,), and 7P = %, when
D € F (my).

Moreover #2 = ©(m,,1,) if and only if ©(m,,1),) has a nontrivial {2 -
Whittaker model.

We now state the global counterpart of this theorem. Following the
notation in [W3], we let Ay be the space of cuspidal automorphic forms
on Sjlg(A) that are orthogonal to the theta series generated by quadratic
forms of one variable. Let Ag; be the subspace of cuspidal automorphic
forms on PGLy(A), such that for any m subrepresentation of A, there is
D € F*, with L(m ® xp,1/2) # 0.

For 71, 79 irreducible subrepresentations of floo, we will say 71 ~ o if
they are near equivalent, that is at almost all places v, 1, = 72,. Denote
by Ay the quotient of /Nloo by this relation.

Let ¥ = X(7) be the set of places v where m, € Py,. Given D € F*, let

e(D,m) = (%)UGE’ Then e(D, ) € {£1}*. We have
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e(m®xp,1/2) = e(m, 1/2) [ (Q—) (3.1)
vEY

We will use € = (€,)vex to denote an element in {+1}/*I, with €, € {£1}.
Given such an €, we will let F¢(7) to be the set of D € F* with (D, 7) = e.
Then we get a partition F* = U_c¢qys F(m).
Theorem 3.2 [W3]. 1. (Relation with local correspondence). When
O(7,¢) # 0, O(F,¢) = ®,0(7y,vy). When O(m, ) # 0, O(m,¢) =
Ry O(my, y).

2. (Nonvanishing of the correspondence). O(m,v) # 0 if and only if
L(m,1/2) # 0. ©(7,v) # 0 if and only if © has a nontrivial 1)-Whittaker
model.

3. (Correspondence as a bijection). For 7 an irreducible subrepresen-
tation of Agy, there is a unique 7 associated to 7, such that whenever
(7, yP) # 0, ©(7,¢¥") ® xp = . Denote this association by ™ = Sy ().
This association defines a bijection between Ay, and Ag-

4. (Description of near equivalent class). If m = Sy (7), the near equiv-
alence class of 7 consists of all the nonzero P’s.

5. (Dependence of # on D). Let € € {£1}/*l. If [, cx €0 # €(7,1/2),
then 7 = 0 for all D € F(x). If [[ s, €0 = €(m,1/2), then there is a
unique 7 such that for D € F¢(r), #” = # when L(7 ® xp, 1/2) # 0 and
#P = 0 otherwise.

For convenience, if [] 5, €, # €(m,1/2), we set 7€ = 0.

4 Statement of the Main Results

4.1 The basic Waldspurger’s formula. The definition of the L-
function L(m,s) and the local L-functions L(m,,s) can be found in [JL].
Fix a finite set of places S, we use L°(r, s) to denote the partial L-function
[Logs L, 5).

Theorem 4.1. For an irreducible cuspidal automorphic representation m
of GLa(A) with trivial central character and L(w,1/2) # 0, for D € F*,
let #ip = O(m,P). Let S be a finite set of places containing all bad places
along with all places v where 1) or ¥ is not unramified, and all places
where T, or Tp,, is not unramified. Then

|d (S, )| L5 (m,1/2) = |d,, (S, ¢P) . (4.1)

REMARK 4.2. We state a more explicit formula using (2.7) and (2.10).
Take any vectors ¢ = QuesPy ®U€S ©o,v and @ = ®v65§5v ®U€S SEO,U in V7r
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and Vz, such that L,(¢,) # 0 and INJU(@,) = 0. Define

2

e(%,wv) = %7 (4'2)
=~ |12

ety = B “

Then, as in the proof of the Lemma 2.2, these constants are independent
of our choice of L, and L? and are well defined. From (2.7) and (2.10), we
see the identity (4.1) can be stated as follows:

W2 @ [We(e)PL(r,1/2) ] cleee)
HE Il (o, UD)L(m0, 1/2)

4.2 Formula on twisted L-values. To get a formula on twisted L-
values, we apply Theorem 4.1 to the case with 7 replaced by 7 ® xp. Then
ip = 7P = O(1 @ xp, ") and we can apply the results in §3.

In the rest of the section, we will assume D satisfies that for all odd
non-archimedean places v, |D|, = 1 or |D|, = ¢, !, and for all even non-
archimedean places v, 1 < |D|, < ¢; 2. With a bit of abuse of terminology,
we call this D a square-free integer in F'*.

Recall that from Theorem 3.2, there is a bijection between Agg and Agi-
Let m € Ap; map to the packet of representations {7} under this bijection.
Here € € {£1}*) where ¥ = %(7) as in Theorem 3.2. Then whenever
7€ £ 0, m = Sy (7). For D € F¢(r), ©(7 @ xp,¥P) = 7 or zero.
Theorem 4.3. Let w and 7€ be as above. Let S be a finite set of place
containing all bad places along with the places v where m, or v is not
unramified. Then,

(4.4)
veES

1. For all square-free integers D € F*,
S dae (S0P = |de(S. ) L@ xp,1/2) [] IDIF . (4.5)
ec{£1}I=I veS
2. Only one of the terms in the above sum is nonzero. If D € F(x),
then dz (S, ") = 0 whenever € # .
3. More explicitly, if D € F(r) then for 1 = 7,

2 2 _
|d(S,4P)|° = |da(S, )| "L (w @ xp,1/2) [ IDI;*. (4.6)
veES
For ¢ = ®@p, € V; and ¢ = @@, € Vz with ¢, = po, and ¢, = Po
when v € S,
(W2 _ [Wy(e)PLir @ xp, 1/2

! 1 Eo(ew, @00, D) (4.7)

3112 - 2
el el s
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where

- e(‘Pva wv)
Folos oo D) = G UYLy © 0 /2D,

Later we will explicitly compute the local constants E, (py, Py, 1y, D) in

many cases, and get from equation (4.7) the generalization of the Kohnen—
Zagier formula.
REMARK 4.4. 1. The equation (4.5) is in fact a finite set of equations,
corresponding to the finite partition of F* by F¢(m). The conditions on D
in (1.1) are precisely the condition D € D(7) for a given ¢y. Thus (1.1)
is only one in a set of equations. See §10 for the whole set of equations.

2. If 7 & Ap, then clearly L(r ® xp,1/2) =0 for all D € F*.

4.3 Ramanujan conjecture and Lindel6f hypothesis. The Rama-
nujan conjecture for the half integral weight cusp form is as follows:

Let g(z) = >°°° , ¢(n)e?™™* be a cusp form of weight k + 1/2,
k € Z, such that g(z) is orthogonal to the space generated by
the theta series associated to quadratic forms of one variable,
(i.e. g(z) is a vector in Agy). Then when n is square free, as
n — 0o,

le(n)| <. nt/2- At (4.8)
for all & > 0. The implied constant depends on g(z) and « only.

To state the generalization of this conjecture to the case of cusp forms
over totally-real fields, we find it most natural to use the notion dz (S, ")
again.

Let S be a finite set of places that contains all bad places along with
places v where 7, is not unramified. For Sy C S, for ¢ a vector in the space
of 7, we define

W2 () X LD ()]
dﬁ'(@a SOJZJD) = 89~ = ~ = dfr(‘sa UJD) U~7 .
Ene e AL =
(4.9)
As before this constant is well defined and independent of the choice

of {LP}.

Let Soo be the collection of archimedean places of F'. For D € F*, define
‘D|Soo = HUESOO |D‘U
CONJECTURE 4.5 (Ramanujan conjecture). Let 7 be an irreducible sub-
representation of Agyg. Let ¢ € Vz. For D a square-free integer in F*, as
|D|s,, + oo, for all o > 0,

|5 (3, Soo, ¥P)| < g0 IDI5 " (4.10)

where the implied constant depends only on 7, and .
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In the introduction a more explicit inequality is given; it is clear from
the definition of dz((, Seo, ") that the two inequalities are equivalent. We
will show in §9 that the above conjecture implies inequality (4.8).

We have stated the (special case of) Lindel6f hypothesis in the intro-
duction. From Theorem 4.3 we can get the following theorem.

Theorem 4.6. The inequality (4.10) holds for some o > 0 (and for all
7 and ¢ as in Conjecture 4.5) if and only if the inequality (1.7) holds for
B = 2a > 0 (for all m as in Conjecture 1.4). In particular, Conjecture 4.5
is equivalent to Conjecture 1.4.

This equivalence is useful in the work of Cogdell-Piatetski-Shapiro—
Sarnak on ternary quadratic forms [CoPS].

4.4 Other implications. The next corollary can be considered as the
adelic version of Corollary 2 in [W2]. It follows immediately from Theo-
rem 4.3 and gives an identity for the quotient between central values of two
twisted L-functions.

COROLLARY 4.7. Let m € Ag; and S, ¥ = X(m) be as in Theorem 4.3. Fix
e € {£1}*1. For two square-free integers Dy, Dy € F¢(r),
2 2
[ dze (8, 9P L(m © XDy 1/2) = |dse (8, 97*)[ 'Lz @ xp,.1/2) [T |52, -
veS
(4.11)

We also state a result concerning the relation between the D-th and
DAZ-th Fourier coefficients of a half-integral weight form. Note the simi-
larity with Lemma 2.3.

COROLLARY 4.8. Let S be as in Theorem 4.3. If D' = DA? for A € F*.
Let Sp,pr be a finite set of places with |D|, = |D'|, = 1 for all v ¢ Sp pr.
Then

‘dﬁ(SD’D/US,T/}D){ = {dﬁ(SD’D/USﬂ/JD/){. (4.12)

5 A Relative Trace Formula

In [J1], Jacquet proved some of Waldspurger’s results on theta correspon-
dence using a relative-trace formula. Our result is based on a local analysis
of his trace formula and its variation. We recall some of the results on the
trace formula and in the process fix some notation. The main result here
is Theorem 5.5.

5.1 Definition of the global distributions I(f, ) and J(f’,P).
Let f(g) € C*(Z(A)\G(A)) the space of smooth compactly supported
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functions. Define a kernel function

Kp(wy)= Y fla'€y).

£€PGLy(F)
Define a distribution I(f,v) to be
/ / (a,n(w))Y(u)duda. (5.1)
* /F* A/F
Let f'(g) € C°(G'(A)) (we use this notation to denote the space of genuine

smooth compactly supported functions). Define a kernel function
Kp(zy)= Y. fla-&y).
£€SLa(F)
Here we note that SLo(F) embeds into G'(A). Define a distribution
J(f',4P) to be

/ Ky(n(z), ﬁ(y))zpD(—x + y)dx dy . (5.2)
A/FJAJF

The relative-trace formula is an identity between the distributions I(f, )
and J(f’,4"). We will state the result on the distributions I(f,v), J(f',%").
The computations are available in [J1] and will not be included.

5.2 Comparison of orbital integrals.
PropPOSITION 5.1 [J1]. If f =®f, and f' = Qf], then

v)=[115 ) + 115+ D TIOF (n(a)w)

acF*
D ~
Py=T17) + 1170+ > [T oy @-a)
a€F*
In the above equations, I ,jf (fv) and J;ED( f1) are the so called singular

orbital integrals of f, and f], whose precise forms are not important for us,
while

(91/)”(9) :/fv (agn(z))hy(z)dz d*a.

03 (9) = [ £ii@) - g+ 2lw)) 08 (o + i dy.
PropoSITION 5.2 [J1]. For each f in C°(G(Fy,)/Z(Fy)), there is
'€ C*(G'(Fy)) such that for a € F}f

O (n () w) = OFF (0 @y (~22) [al}*(a™ w))™ (6:3)

and I;E(f) = J;ED (f"). Conversely, given f’, we can find a f satisfying the
equations.
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We say the two functions f and f’ match if the relations in the propo-
sition are satisfied.

Now let v be a non-Archimedean place with odd residue charac
teristic, and where 1,1 have order 0. Recall that the Hecke algebra
H(G(F,)/Z(F,)) is the algebra of compactly supported functions on
G(F,)/Z(F,) bi-invariant under the maximal compact group G(O,). The
Hecke algebra H(G'(F),)) is similarly defined, except that the functions are
genuine, and bi-invariant under SLs(O,) embedded in G'(F,).

PROPOSITION 5.3 [J1]. There is an algebra isomorphism n, : H(G(F,)/Z(F,))
— H(G'(F,)), such that f and n,(f) match.

From Propositions 5.1, 5.2 and 5.3, we get

Theorem 5.4. Fix any finite set of places S that contains all bad places
and the places where v and D are not of order 0. For each place v € S,
there is a map p, : C°(G(F,)/Z(F,)) — C(G'(F,)), such that

[(®v65fv ®U€S fuﬂﬁ) = J( Ques pv(fv) ®U¢S nv(fv)ﬂpD) ’
whenever f, € H(G(F,)/Z(F,)) for allv € S.

5.3 Relation with Shimura—Waldspurger correspondence. For
7 an irreducible cuspidal automorphic representation of G(A) with trivial
central character, define

L(f,0) = > Z(7(f)ei) We, (€) (5.4)
Pi
with ; an orthonormal basis of V; here for ¢ € V.

m(f)p = / flg)m(g)pdg,
Z(A)\G(A)

Z(p) =/A*/F* pla)d a.

For 7 an irreducible cuspidal representation of G'(A), define
T (' 0P) = D Wh s (WL (o) (5.5)
with ¢} an orthonormal basis of ‘Z:; here for ¢ € Vi
we= [ Floreeds.
G'(A)

The distributions I (f, 1) and Jx(f’,4") are the contributions from 7
and 7 to I(f,1) and J(f,4) respectively.

Recall that if 7, is unramified, there exists a vector ¢g, that is fixed
under the action of G(O,). For f, a Hecke function on G(F,)/Z(F,), there
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is a constant f,(m,) with

o (fo) o = folmu)pow - (5.6)
Similarly, if 7, is unramified, let ¢o, be a vector that is fixed under
SLy(0,), then for f/ in the Hecke algebra of G'(F,), there is a constant
f',(7,) with A
ﬁv(f{z)@O,v = f’v(ﬁ'v)SaO,v : (5-7)
It is standard to derive the following result from Theorem 5.4.

Theorem 5.5 [J1|. For any cuspidal representation © of G with trivial
central character such that I.(f,) is nontrivial, there is a unique cuspidal
representation @ of G', such that if f and f' match

Li(f,9) = Jx(f.4P). (5.8)
Moreover, if S satisfies the condition in Theorem 5.4 and contains all places
where 7, or 7, is not unramified, for v & S, if f, is a Hecke function and

le) = nu(fv), then R R
Jo(mo) = f4(Fo) - (5.9)

REMARK 5.6. From the definition of Z(y) and the integral representation
of L-function L(mw,s), it is clear that I.(f,1) is nontrivial if and only if

L(m,1/2) # 0.
PROPOSITION 5.7. In the above theorem, © = O (7, yP).

Proof. From the description of the map 7, of Hecke algebras in [J1] and
the equation (5.9), we get that 7 is in the same near equivalence class
as O(m,P). Tt follows from Theorems 3.2 and 3.1 that O(m,y?") is the
only representation within the near equivalence class with nontrivial ?-
Whittaker model. As Jz(f',4P) # 0, # has ¢”?-Whittaker model from
(5.5). Thus # = O(m,P). From the multiplicity one theorem for SLs, we
get ©@ = O(m,yP). 0

6 The Local Distributions

Let m and 7 be the cuspidal representations that correspond to each other
by Theorem 5.5. Then # = O(m,¥"). Let S be as in Theorem 5.5. Assume
f=&fs, [/ =&Ff,, where f and f’ match, and f,, f, are matching Hecke
functions when v ¢ S. We write I.(f,v) and Jz(f’,¢") as products of
local distributions over the places in S. We then state the identity between
the local distributions, which coupled with Theorem 5.5 gives Theorem 4.1.
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6.1 The distribution I ,(fyv,¥»). We fix a choice of local Whittaker
functionals L,, on m,, and define the Hermitian form on V;, using this choice
of L,. For v € S, we fix for m, as above an orthonormal basis of V ,,, denote
it by {¢in}. For v & S, let ¢p, be the vector given in §2. For 7 = @,
from (2.6), the set

{(10[} = {Cg(ﬂ', Sv wv {LU})_l Rues Piv ®U€S SOO,U} (61)

can be extended to an orthogonal basis of V. Let V (7, S) be the space of
vectors generated by the set of {p;}. With our choice of f, if is clear that
if ¢ € V; is perpendicular to the space V(m, S), then 7(f)p = 0. Thus the
expression (5.4) for I:(f,v) takes the form

> Z(x(er)We, (e). (6.2)
or

Using the Hecke theory for G Ly, we show
LEMMA 6.1. When ¢ = Qyespy @ugs 0,0,

Z(p) = 1 (7, 8,9, {Lo}) L(m,1/2) [ | Mo (00) (6.3)
veS
where
(o) S Eelm@ellaly P
v SO”U - L(ﬂ' S) 821/2‘
Proof. Since ¢(a) = ZéeF* da), we get

/ Wo(a)laly™ 1/2‘fka|s:1/2,
which by (2.3) equals
s—1/2 14
Jig Lo (mol@)oo)laly™*d*a

L(m,1/2 L, .
(m.1/2)er(m, 5,9, {Lo}) IZI L(m,s) s=1/2
When v ¢ S, it is well known that the above local factor equals 1 ([Go]).
Thus the lemma. O

PROPOSITION 6.2. Let S be as in Theorem 5.5. When f = ® f,, where f,
is a Hecke function if v &€ S:

2 ~
L:(f,9) = L(m, 1/2)“1#(5»11))‘ H Lo (fo, %) H fo(my) (6.4)
veS vgS
where
7rv fvawv Z/\ Ty fv Pi U) (801;)- (6'5)
<pL v
where the sum is taken over the orthonormal basis of Vy ,.
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Proof. Let ¢ = ca(m, 8,90, {Ly}) ™! @pes pv @ugs 0.0 be an element in the
orthonormal set (6.1). From (2.3), we get

Wole) = 2t JIC

co(m, S, ¢, {L
From (5.6),
m(f)p = (7T S, 1, {Ly } H fv ) @uves To(fo)Po Rvgs Po,v -
vgS

From the above lemma,
Z(W(f)SD) Wgo(e)

e, 8,0, {L,)|? _ o ] -
= co(m, 8,0, {Ly}) L( ,1/2)1}1}9]%( v)vl;IgAU( v(fv)@v)Ly(gpv).

The proposition follows from (6.2) and the definition of d. (.S, ). O

REMARK 6.3. The expression I ,(fy,1,) is well defined and independent
of the linear form L, we choose, as a change in L, will result in a change in
the Hermitian form, thus the orthonormal basis of V., leaving I ,(fy, ¥y)
unchanged.

6.2 The distribution Jz,(f/,9¥2). We can apply the above argu-
ment also to Jx(f’,%?). Similarly we have

PROPOSITION 6.4. Let S be as in Theorem 5.5. When f' = ® f] where f},
is a Hecke function if v € S,
2 s
Ta(f,0P) = |dz (S, 02) " [ e D) [ FoFo)  (6:6)
vES vgS
where -—
Taw(fos ) = Y LY (®o(£1)B10) LB (8.0) (6.7)
Bjv

where the sum is taken over the orthonormal basis {¢;,} of V; ,,.

REMARK 6.5. Again one can show that the expression Jx ,(fy,¥Y) is well
defined and independent of the linear form LY we choose.
6.3 Statement of the local identity.

Theorem 6.6. Fix a place v, when f,, f/ match, when m, is a local compo-
nent of an irreducible cuspidal automorphic representation m of PGLs(A)
with L(m,1/2) # 0, let 7, = O(m,, %), then

Jfr,v(f{mwé)) = [2D|ye(my, 1/2) L(my, 1/2)I7r,v(fva¢’v) . (6.8)
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The proof of this theorem is quite technical. It is done in [BM1,2]. In
[BM1] we established the identity when v is non-archimedean. In [BM2],
the identity is proved when v = R.. In this case, the identity follows from the
identities between classical Bessel functions. We established the theorem
in a bit more generality, as we do not assume m, is a local component of
an automorphic representation. The proof of the Theorem stated as above
is easier, as from Theorem 5.5, we have Jz ,(f}, VD) = c(my, 7o) I v (fo, Vo)
for some constant ¢(m,, T,) independent of f, and f,. One then only needs
to determine this constant.

7 Proof of the Main Results

We now prove the results stated in §4.

Proof of Theorem 4.1. Let m and @# = 7p be as in the theorem. From
Theorem 5.5 and Proposition 5.7, we see I;(f,v) = Jz(f',4") when f and
f/ match. Assume f = ®f, with f, a Hecke function if v € S, and f' = & f
with f! = n,(fy) when v € S and f] matches f, elsewhere. From Theorem
5.5 and Propositions 6.2 and 6.4, we get

L(m,1/2)|de (S, 0) [* T] Lrao(For0) = |da (S, 0P T] Sz (£ 0D . (7.2)

veES veES
From Theorem 6.6, we get

[T Jro(fpw?) = T 12Dlue(ms 1/2) Lm0, 2 L (o). (7:2)
vES vES
Combine the above two equations, we get

L(m,1/2)|dx(S,9)|* = |dz(S,vP)|* T 12Dlve(rmo, 1/2) Ly, 1/2) .
veS
As |2D|, = 1 for v ¢ S, we get [[,cq[2D], = 1. As €(m,1/2) =1 and for
v &S, e(my,1/2) =1, we get [, cg€(my,1/2) = 1. Thus we get the identity
(4.1). O

Proof of Theorem 4.3. We first prove part 2 of the theorem. Assume
D € F°(r) and ¢y # €. Then for some v € 3, (%) = €, # €; thus
O(m, ® Xp,¥P) # 7, and by Theorem 3.1, ¢ does not have a nontrivial
YP-Whittaker functional. Therefore 7€ does not have a nontrivial -
Whittaker model, and dz« (S, ") = 0.

We now prove part 3; part 1 is the immediate consequence of parts
2 and 3. Assume D € F°(rw). Let Sp be a finite set of places, such
that |D|, = 1 when v ¢ Sp. Let S; = SUSp, So = S1 — 5. Let
#P = O(n @ xp, ). Then by Theorem 3.2, we have #° = 7% = 7 or 0.
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When 7P = 0, L(r ® xp,1/2) = 0 from Theorem 3.2. Meanwhile
from Propsition 30 of [W1], # does not have a ¢”-Whittaker model and
dz(S,¢P) = 0 by definition. The equation (4.6) holds in this case.

Next we consider the case 7 = #. As 7, ® xp and #” are clearly
unramified for v & Sy, we can apply Theorem 4.1 to get

|drexp (S1,9) "L (7 ® xp, 1/2) = |dz(S1, ). (7.3)
We first observe
LEmMA 7.1. When S1 = SUSp,

dw@XD(Slad}) = dﬂ(slaw)' (7

4)
Proof. Globally the space Vg, ,, consists of the automorphic forms ¢xp(g)
= ¢(9)xp(det(g)) where ¢ € Vi. From (2.1) and (2.4), we see W,(e) =
Wexp () and [l = llexoll-
Locally m, ® xp acts on the same space V;, of 7, with the action being
o @ XD(9)py = xp(det(g))my(g)py- It is easy to check a Whittaker func-
tional L, on V, also defines a Whittaker functional L) on V; gy, under
this identification. Thus locally L,(¢,) = L (¢y); and from (2.5) we have
loullz = ll@vllrr where the two norms are defined for the representation
m, and T, ® xp respectively. Also clear is that for v ¢ 57, the unramified
vector g, in Vr, is also unramified as a vector in Vi, gy -
With the above local and global identities, (7.4) follows from the explicit
formula (2.7). O

We can now derive the equation (4.6) from (7.3). Take a vector ¢ in
the space of 7 so that ¢ = ®¢, with ¢, = ¢, when v ¢ S. Using the
equation (2.10), we get

[d=(S1,0P)|” = dz(5.4)[* [] el@oud). (7.5)

vES

Similarly as 7, is unramified for v € S, we have
|de (1, 0)[* = |de(S,0)])* T e(o,000) - (7.6)

vES?
From equations (7.3), (7.4), (7.5) and (7.6), we get
> D

de(S,9)° LS _|ds(S,0P)? T o) (77
| ( ﬂl))‘ (7T®XDa1/2) ‘ ( P )‘ v]éTSQ 6(900,1;,1/)1;) ( )

For v € Sy, m, is unramified and unitary, 7, = O(m,,1,), the quotient
e(@ow, ¥P)/e(pow,¥y) is given in Propositions 8.1 and 8.2; it equals
(|D|yL(7y ® xp,1/2))L. (This is the only place we use the fact that D is
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a square-free integer). As S; = S U Sy, we get from (7.7)
(S, 9)"L5 (@ xp,1/2) = |dx(S,0")* T] DI

VES2
Since D is in F* and |D|, = 1 when D ¢ Si, [[,cq, [Ply = 1; thus
[Toes, 1Pt =TTpeg IDlo- We get (4.6) and the theorem. O

Proof of Theorem 4.6. First note that for D a square-free integer, for any
fixed finite set of places S, the value of [[ g g [D[v lies in a finite set
of positive numbers. We will use a ~ b to denote the equivalence relation
that a/b lies in a finite set of positive numbers. Thus [[,cq_g_ [D]s ~ 1.

Assume (4.10) holds for some a > 0. Given any 7 irreducible cuspidal
representation of PGLy(A), we prove (1.7). Let S be a large enough set,
so that equation (4.5) holds.

Recall from the definition, when ¢ € V; such that Wé) (e) #0,

d5(5,0P)| = [ds(, Soert®)| [[ =2 (rg)
VES—Sas LY (¢0)]

For a given v, the value of ||@,||/|L?(,)| does depend on D (as it
depends on ¥). We put the dependence on D in the notation and denote
the value as [[2o[lp /Ly (¢0)]-

LEMMA 7.2. Let ¢ be as above. For a fixed v € S— S, and fixed ¢, there
are only finitely-many possible values of ||3,||p/|L? ()| when D changes
over the set of all square-free integers. Thus

|d7(S,4)] ~g |dz(, Soor ¥7)] -
Here ~z indicates that the finite set of positive number in the definition of
~ depends only on .

Proof. The subset of D, with |D|, = 1 or |D|, = ¢~! consists of finitely
many cosets of (0,*)2. Write D = Dya? with a € O,*, then we can let
LDbi(5,) = L% (7, (@)$py) where §; are representatives of square classes
of F*. From (2.9), we get |Gullp = lPollp,. Meanwhile LP(p,) =
LDo (To(@)Pv). As T, is admissible, the set of {7, (a)@y|a € O,"} is finite.

There are only finitely many possible values of EUD (py) when D = Dya?,
thus only finitely many possible values of the quotient ||3,||p/| LY (3,)]. O

From the lemma and our assumption, we get for all 7
—-1/2
|d=(5,¥P)| <z D3>
From equation (4.5) we get (as 7 determines 7€)
2
L¥=(r@xp,1/2) ~ > |dze(S,07)[7|Dls, <o |DIE -
ec{E1}I=
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We get immediately the inequality (1.7) with § = 2a.

Conversely, assume the inequality (1.7) holds for some § = 2a > 0,
take any 7 € Agg and ¢ € Vi, we prove (4.10). We may as well assume
© = QuesPv Dugs Po,w, Where S is a large enough finite set of places. Let
7 = Sy(7). From (4.5) and our assumption, we get

|d=(S,4P)| <na DI 2.
From Lemma 7.2, we get
- —1/2
’dﬁ(@, Sooaf‘/}D)’ <<¢,7r,o¢ |D‘§OO / .
As 7 is determined by 7, the implied constant only depends on «, 7
and Q. O

Proof of Corollary 4.8. Let m = Sy(7) as in Theorem 3.2. We note that
e(D,w) = ¢(D',w). Assume © = 7 for some ¢y. When ¢(D,7) # ¢,
from Theorem 4.3, dz(S U SD7D/,¢D) = dz(S U SD7D/,1/JD,) = 0. When
e(D, m) = €y, we follow the proof of Theorem 4.3, replacing S; by SUSp pr
in the argument. We get (see (7.3))

|drsoyp (S U SD,D',T/J)‘zLSUSD’D’ (m®xp,1/2) = |dz(SU SD,D’/L/}D)F;

|drgxp (S U SD,D',@ZJ)FLSUSD’D’ (m®xpr,1/2) = |dz(SU SD,DN!)D/)‘Q-
The equation (4.12) follows from the fact that xpr = xp and Lemma 7.1.
(The equation can also be established directly as in the proof of Lem-
ma 2.3). O

8 Local Factors: Some Examples

In this section, we compute the local factors e(y,,) and e(@,, ") in
equation (4.4) for some specific choices of the vectors ¢, and @,. The com-
putation here is standard and fairly easy. The result has already been used
in the proof of Theorem 4.3. It is also used when we translate our formula
into more explicit results about cusp forms (see the proof of Theorem 10.1).

In subsections 8.1-8.3, we assume v is a non-archimedean place, with
odd residue characteristic. For simplicity, we will assume 1, has order 0
(and denote it simply by 1), and D is either a unit or generates the prime
ideal in O, at non-archimedean places v.

The cases we consider are the following:

1. When 7, is an unramified unitary representation of G(F,) where v is

an odd non-archimedean place. Then 72 = O(m,,) for all D € F}

v
and is an unramified unitary representation of G'(F,). We take ¢,

and ¢, to be the unramified vectors in V , and V; , respectively.



360

E.M. BARUCH AND Z. MAO GAFA

2. When 7, is a holomorphic discrete series representation of G(R).

Then, by Theorem 3.1, 7?5 is either a holomorphic discrete series
or an anti-holomorphic discrete series representation of G'(R). We
will only consider the case when 7, is the corresponding holomorphic
discrete series. We take ¢, and ¢, to be the minimal weight vectors
in V;, and V; , respectively.

. When m, is a special representation of G(F,) where v is a non-

archimedean place. Then, by Theorem 3.1, @2 could be either 7;F
or 7, . 7, is a special representation of G'(F),) while 7, is a super-
cuspidal representation. We consider both cases. The vectors ¢, and

o, will be described in subsection 8.3.

When we look at the cuspidal representations corresponding to the in-

tegral weight forms of level IV, the local components at infinite places and
odd non-archimedean places are of the form 7, considered above. The sit-
uation at the even place is more subtle and will be considered in the next
section.

8.1 Some principal series at non-archimedean places. Let 7, =
7(u, p~1) be a unitary representation with u(z) = |z|5, is € R. Let
Ty = O(my, ¥), it is 7(u, 1) by Proposition 4 of [W3]. Note that 7(u,) is
unramified. We will let ¢, be ¢g, the unramified vector in V; ,, and let
¢y be ¢g, the unramified vector in Vi ,. Then ¢, and ¢, are respectively
SLy(0,) and G(0O,) invariant functions in 7(u, 1) and m(pu, u=1).

ProrosiTiON 8.1. With above choices,

1+ q_l
e(pv, V) = m,
_ 14q¢~1
- Dy |D|;t ‘1+q71/ijXD(w)‘2 when |D|, =1,
6(@’1}71/} ) - D 1 14q 1 L Dl — 1
| |v MT—q =12 W, en| |v =q .

Therefore e(py,)/e(Bv, V") = |D|yL(my @ xp,1/2).
Proof. We will use the Whittaker functional on Vi ,:

Lo(6y) = / bo(wn(@)(~z)dz, by € Viy. (8.1)

The formula for spherical Whittaker function is well known, see [CS]. The
formula for our case is available in [Go]. We have L,(m,(a)p,) = 0 if
lal, > 1; it equals

(=g 1 =g D)

-m/2 -1

pu(e)
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if |al, = ¢~™ with m > 0 It is easy to show from (2.5) that ||¢,||? equals

l_q—25 1 1) . )
Ii |ou(e) qu =g 22 = (147 1) u(e)]

l—gq
(8.2)

and thus the result on e(py, 1).
To compute e(@,, "), we use the ¢yP-Whittaker functional

£2(0) = [ o iw)uP(~a)d. (53
The formula for spherical Whittaker functions on the metaplectic groups
is given in [BuFH]. In our case it is an easy exercise to show when
D, =1, LP(¢ob) = @owle)(l + ¢ 2> *xp(w)); when |D|, = ¢, it
equals @g,(e)(1 — g 172%).
The Hermitian form on V; , takes the form ([BM1, (9. 19)])

@)= ¥ 12 [ IO @l (64
8i€F;/(Fy)? °
The above form in turn equals ([BM1, (9.18)]):

[ 1D 6 (@) - () e (8.5)

Use the second formula for Hermitian form to compute |@g,|?. From
Iwasawa decomposition we get

- _ - 2 9|~ 2
0ol =D [ Jooutofdet [ leifgustofas] s
|z|»<1 |z|o>1
which gives ) e )
G0l = DI (1 +¢7Y) |@o.u(e)]
This gives the result on e(gpoﬂ,,d) ). The result on the quotient %
follows from the table on L-functions in [Go]. O

8.2 Complementary series at non-archimedean places. Let 7, be
as in subsection 8.1, except that now u(z) = |z|5x,(z) with 7 a unit in O,,
and |s| < 1/2,s € R. Let 71, = ©(my,%). Then as before 7, = 7(u, ) =
7(] 15,%7). We will choose the vectors ¢, and @, as in subsection 8.1.

ProrosiTiON 8.2. With above choices,

14q¢7!
6(%,1/1) = (1 — q_QS_l)(l — q28_1) )
— 1+q~! _
(5o, 0?) = |1 Pl T @ ey vhen [Pl =1,
DIy =g when D], = q~".

Therefore e(py, w)/e(cﬁv, ¥P) =D, L(m ® XD, 1/2).
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Proof. Retain the notation in the proof of Proposition 8.1. The formula for
L, (my(a)py) still holds. From (2.5), one gets

1—q )1 +q7) oulo)]?
1= 21 Pule)] -
Thus we have the formula for e(p,, ).
The formula for L2 (@) in the proof of Proposition 8.1 remains valid.
The Hermitian form however takes a more complicated form. If z = A2§,
let

M) =182 - ) A —a ) + ¢ Pror(w)], ifld]s = 1;
= AL 2q[(1 - ¢7*)" 1(1 ¢ ], iflsle=q7".
Then A(z) = |z]5~ 1A(@ZJ,7’ v)(2) Where Ay, 7,v)(2) is defined in [BM1,
Prop. 9.8]. From equation (9.22) of [BMl] the Hermitian form is

(6. 0)= Y. / LD% (7,(a)¢) LD% (7,(a) &) ((Z)) \le(llv' (8.7)

lleoll? =

§;€Fx /(Fx)?
From equation (9.21) of [BM1], we see this form can also be written as

(6.6) =AD) [ Ao(@ () (@ (o) de. (8:8)
where

z/é(w'ﬁ(y) g9)dy

Then Ap, is the unique vector in the space of (" tx_1,7) fixed under
SLy(0,), with A ,(e) = %@0 v(€). Using the Iwasawa decomposi-
tion, we see

—1-2s

0.0l = (14 ND) L )]

1
This gives the formula for e(@g 4, ¥P). The result on the quotient (o clpw ’i) Dy
follows from the table on L-functions in [Go]. O

8.3 Special representations.

8.3.1 Description of @} and &, . Let yu,(z) = \$|11;/2Xr(37), where
Tisin F*. Let 0™ = o(ur, p- 1) be the special representation associated to
the character p,. We will only consider the case when ||, = 1. The space
of o7 is the subspace of m(u,, 1) consisting of functions ¢ with

/(;5 wn(z))dz =0. (8.9)

From Theorem 3.1, the set {O(c7 ® xp, ")} consists of two elements.
These two elements are described in [W3]. When D7 is not a square,
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O(o7 ® xp,¥”) = 7t is the special representation 67 (z)). The space of
this representation is the subspace of 7(u,,%) consisting of functions ¢
satisfying

E;Az(qﬁ) = /qﬁ(ﬁ) -A(z))p(—TA%z)dr =0, for all A. (8.10)

On the other hand, when D7 is a square, (o7 ® xp, ") = @~ is a super-
cuspidal representation of G'(F,). More precisely, it is the odd component
of the Weil representation, denoted 7, .. The space of . is the subspace
of odd functions of CS°(F,), with the action being: for ®(z) € C°(F,),
D(z) = —0(-2),

Ty (7(z))@(2) = ¥7 (22%)®(2), (8.11)

1 @®(2) = [l (1, 67) 2, §7)D(az) (8.12)
Fe (@)8(2) = A1) A(—1,47) / Sy (—)dy.  (3.13)

8.3.2 The case of #}. When 7D is not a square, (o] ® xp, ")
is the special representation 7,7 = 57 (1).
Define the Iwahori subgroup

a b
= = = < .
Ky {(C d) aly = Jdlu = 1, Jel <1, Jol, < 1}

Recall in the introduction we defined an embedding of SL2(O,) in G’ given
by g — (g,k(g)). Let K|, be the image in G’ of the restriction of the
splitting to Ko N .SLs.

Denote by char(G(O,)) and char(Kj) the characteristic functions of
G(0O,) and Ky respectively. Denote by char(G'(O,)) a function on G’ with
char(G'(0,))((g,€)) equals 0 if g & SLy(O,), and equals £k(g) otherwise.
Let char(K()(g,&) be the genuine function on G’ that is 0 if g & Ky, and
equals char(G'(0,))(g,€) if g € K.

LeEMMA 8.3.  Let ¢, be a function in 7(u,, ;') such that it equals
char(G(O,)) — (¢ + 1) char(Ky) over G(O,), then ¢, is in V,r ,, and is fixed
under K.

Let ¢, be a function in 7(ur,) such that it equals char(G'(O,)) —
(q+1) char(K)) over G'(O,), then ¢, lies in the space of 67 () and is fixed
under K.

The spaces of K fixed vectors in o™ and K|, fixed vectors in 67 (1)) are
one dimensional.

Proof. We can consider the vectors in 7 (., u-!) and (pir, 1) as functions
on G(O,) and SLy(O,) respectively. Since B\G/Ky and BNG'\G'/ K/, both
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have two elements, the space of vectors in m(u,, u- 1) fixed by Ky is two-
dimensional, with basis {char(G(O,)),char(Ky)}; the space of vectors in
7(pr, ) fixed by K| is two-dimensional, with basis {char(G'(O,)), char(K{)}.

When ¢; is the vector corresponding to char(G(O,)), the integral
[ ¢1(wn(z))dz equals 1 + ¢~'. When ¢ is the vector corresponding to
char(G(Ky)), the integral [ ¢o(wn(z))dz equals ¢~'. Thus ¢, satisfies the
condition (8.9) and generates the one-dimensional space fixed by Ky in o”.

Next we compute LZ($,) with z € F*. Let ¢ be the vector correspond-
ing to char(G’(0,)), then from (8.3) and the Iwasawa decomposition, we
get

Li(¢h) = . <11/J(—Z:L’)dw +Z/ ‘ (@, ¥) ]y xr (@) [~ 1, 2]tp (—22)da
z|y< r=1"1Zlv=q"
When |z|, = ¢" with r even, with our assumption on 7 being a unit,
’?("L‘a ¢)X7(x)[_1a ZL‘] =1.
When |z|, = ¢" with r odd,
V(@ )xr (@)1, 2] = y(z,9)[r, =]

It is a simple calculation to get the following result: write z = §A? with

|6l, =1 or g7,

o 0 when |A], > 1,
LA (1) = { 1+q ' +]Aly(g ! [r6,@]—¢ ') when |5], =1, |Al, <1,
q_l - |A|v(q_1 + q_2) when [d], = q_1> |Al, < 1.

Let ¢/, be the vector corresponding to char(K()). Then
Lioi—oh) = | (s,

|z} <1
We get
0 when |A], > 1,
L) = @ +|AL(a7 o @] —q7!) when [d], =1, |Al, <1,
g = 1AL +q7?) when 0], = ¢7', [A], < 1.
The formula for LZ((,) is
0 when |A], > 1,
EgAz () = 2|Aly when 6|, =1, |A], <1, 67 %s not a square,
0 when 8], =1, |A], <1, 07 is a square,

|Al,(g"t+1) when [6], = ¢, |Al, < 1.
(8.14)
It is now clear that LZ($,) satisfies the condition (8.10). The vector @,
generates the space of K, fixed vectors in 67 (1)) which from the above
formulas is clearly one dimensional. O
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PRrROPOSITION 8.4. Assume DT is not a square. Let ¢, and ¢, be the
vectors in Lemma 8.3. Then

1
e(pu, V) = Tq_l )

- D 1/2 when |D|, =1,
(fon¥7) = { ¢/(L+q ") when |D|, =q¢".
Therefore
e(pu, ) { 2L(my, ® xp,1/2)|D|, when |D|, =1,
e(@o,¥P) | L(m ® xp,1/2)[D}y  when |D|, =q~".
Proof. We can use the Iwasawa decomposition to compute L, (0" (a)py)
where L, is defined as in (8.1). We will skip the details. One gets
. _Jo when |al, > 1,
Lu(o"(@)pw) = { (14 ¢ D[aluxs(a) when |a]y < 1.
Thus |l¢o||?> = (1 + ¢~ 1) from (2.5) and we get the value of e(p,, ).
Assume |D|, = 1. From (8.14) LP(p,) = 2. To find ||@,||, we use the
Hermitian form (9.23) in [BM1]:

0= Y a2 [ L) Gws)
b=D,Dw,trw

where 6 = ¢7(¢)) and ¢, = 1 when b= D, and ¢, = 2¢” /(1 + ¢~") when

b= Dw,Tw. Using this formula, the formula (8.14) for LZ($) and the fact

that ~ .,
|1L2(5(2)@)| = laly/?[L5(2)],

da

lal,

(8.15)

we get
12 3 da 2¢~1 _1\2, 3 da
ol = [ el [ el
Thus we get the formula for e((,,¥"”) when |D|, = 1
When |D|, = ¢!, from (8.14) L?(3,) = 14 ¢~'. The computation of
|Pw|| goes as before except that the Hermitian form changes from (8.15) to
@)= > 42 [ Lo e
b=D,DT,§ v
where 0 is a unit in O, such that 47 is not a square. Here ¢/, = ¢/, =1 and
c5 = 1;%711. We get |G|l = (1 4+ ¢~ 1) /¢! and the formula for e(B,, ¥?).
The claim on the quotient follows from the following formulas for L-
values (see [Go]). When |D|, = 1 with 7D not a unit, L(m, ® xp,1/2) =
L(e™,1/2) = (14¢~Y)~'. When |D|, = ¢~ ', L(7,®xp,1/2) = L(c™P,1/2)
=1. |
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8.3.3 The case of ®;. When 7D is a square, O(0] ® xp, ") is
the supercuspidal representation 7, = Ty Recall by our assumption 7
and D are both units in O,. We will let ¢, to be the vector defined in

Lemma 8.3. Next we describe a vector ¢, in the space of Ty
Let

a b 1
i — — <
KOO—{<C d) ‘ |a|v—|d|v—1> |C|v<q ) |b|v_1}-

Let K, be the image of KpNSLg embedded in G'. Then K/, = {(0, k(o)) |
o € Kop}. Let x be any odd character of O} that is trivial on 1 + P
(x(—1) = —1), then x defines a character on K/, by:
a b
x(0,k(0)) = x(d), o= <c d) € Koo -
Let char(X) denote the characteristic function of a subset X in F,.

ProrosITION 8.5. The space of vectors ® in 7'1} satisfying r&(k)@ =
x(k)®, k € K{,, is one dimensional. It is generated by the element

Oy(z)= Y. x '(b)char(b+ P)(2).
beO; /14+P

Proof. Let ® be a vector satisfying the relation in the proposition. With
our assumptions on 1,7 and the place v, the equation (8.12) gives
Tyr (é)@(l) =d(2) = X(z_l)@(l) , z€0;.
Thus ®g = ® — ®(1)®,, vanishes over the set O;. Next if z ¢ O,, from
(8.11), for z € O,,
rgr (1))@ (2) = P(T22?)8(2) = D(2),
thus ®(z) = 0. We get @ is supported on P.
We now show &, satisfies the relation in the proposition.

LEMMA 8.6. For z € F,, x € O,,

Ty << ! 2 1> 71> char(z + P) = char(z + P). (8.16)

xrwo

Proof. We use the fact that

(5 ) )oteyncsety oo

From (8.11), (8.12) and (8.13) the left-hand side of (8.16) is

- ((x;2 1> , 1) char(z + P)(a)

= // char(z + P)(u)Y7 (xy*w? + 2uy — 2ay)du dy .



Vol. 17, 2007 CENTRAL VALUE 367

The integral over u is nonzero only when y € P~!, in which case 97 (zy?w?)
= 1 and from the Fourier inversion formula, the above integral just equals
char(z + P)(a). O

It is easy to check using (8.11) and (8.12) that r . (k))®y = x(k)®y

when k € K}, N B. From the above lemma we get for 2 € O,,

_ 1
wa <<£L'w2 1) ,1) @X = ¢X .

Since this group K}, is generated by the elements in K}, N B and
{(( ! ),1) | z € (’)v}, we see ®, satisfies the relation in the propo-

zw? 1
sition.

Thus &g = & — &(1)P,, satisfies the relation in the proposition and is
supported over P. To finish the proof, we need to show such a function is

identically 0. From the proof of Lemma 8.6, we get

/xEOU Tur <<a:1lz2 1) ’1> ®o(a) = Po(a)

= / // o (u)p (zy?w? + 2uy — 2ay)dudy dz .
(EGO'L}

For the integration over = to be nonzero, y€ P~1, in which case ®q(u)y™ (2uy)
= ®y(u). Thus the above integral equals

/xEOv /yepl /(DO(“)¢T(—2ay)dudy da

which equals a constant times char(P). Thus for a € P, ®y(a) = $¢(0).
Since ®¢ is an odd function, ®( vanishes over P, thus vanishes identically. O

The representation Tyr is a distinguished representation, in the sense

that it only has nontrivial Whittaker functional for~zp5 with § in the same
square class as 7. Assume D = 7a?, we can define LY by setting

LP(®) = ¢(a).
Then the Hermitian form is just
1 ~ _ =57 — , <= \ da
(@1,02) = 5 [ L0 @) IR (@) o
Clearly LD (®,) = x(a!) and by (8.12),
L (rp (@)@ )] = laly/?| @ (ac)]

which equals 1 when |a|, = 1 and 0 otherwise. Thus

1 d 1—qg !
o=z [ -
2 Jig)o=1 lalv 2
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Thus e(®,, ") = (1 — ¢71)/2. Note that from [Go]
L(my ® Xp,1/2) = L(c™,1/2) = L(¢%,1/2) = (1 — ¢~ 1)L
We have

PROPOSITION 8.7. Assume D7 is a square. Let ¢, be a vector in m, = o7
given by Lemma 8.3. Let ¢, be ®, as in Proposition 8.5. Then e(yp,,v¢) =

(14+¢H7Y e(@o,v?) = (1 —q71)/2 and

€ s 1y —

A 20+ Ll © x011/2).
8.4 Holomorphic discrete series. Let F,, = R. Let 7, be the discrete
series o(p, u= ') ([W3]) where p(z) = |z|*/?(sgnz)+t)/2 k = £t being
a positive integer. Then according to Theorem 3.1, O(7 ® x D,@ZJD ) can
be one of the following two representations: ﬁv = 7 = O(m,¥) and
7, = O(m, ®sgn, b~ 1). We note in this case m, = 7, ® sgn.

We now assume 1)(x) = €2 with n a positive integer. Then 7, is a
holomorphic discrete series 6 (u) while 7,7 = 6(usgn) is an antiholomorphic
discrete series ([W3]).

Let ¢, and ¢, be a vector of minimal weight in V. , and V; , respectively.
These vectors are determined up to a scalar. We have

ProrosiTIiON 8.8. Let D be a positive integer. With the above notation,
e(py, ) = "™ (4mn) 2T (2k)
(B, WP) = 264 P (47 D)~ /2HRD(1/2 + k) .
e

Therefore % = getm(1=D) pl/2+kpl/2=ka=k(k — 1)1,

Proof. From [Go], we see the Whittaker model for ¢, has the form:
aake 2™ ¢> 0,
Ly(ﬂ'v(@)@v) = { 0 a<0,

where « is some nonzero constant which we may as well fix to be 1. With
this model, we get from (2.5)

HSOUHQ :/ Oa2kze—47mad*a
a>

which equals (47n)~(*)T'(2k). This gives the result for e(p,,1)).
From [W1, p.24], we see the Whittaker model for ¢, with respect to
¥ has the form
LY (7u(@)@s) = aw(sgn(a))]a]"/> Fe->mPe?
where w is the central character of 5(u). We will again let o« = 1. Since in
this case, 7, is distinguished, i.e. the Whittaker functional for ¢* is always



Vol. 17, 2007 CENTRAL VALUE 369

trivial when z < 0, the Hermitian form in (2.9) simplifies to
©.6) = [ L2 (00 P (R@d)d"a.
Apply the formula to compute [P, ||, we find that
@ull? = 2(47n D)~ /240D (1/2 + k) .
The result for e(g,, wD ) follows. The assertion on the quotient follows from
the formula (k an integer):
T(2k) = 7~ Y2250 (B)D(k + 1/2), T(k) = (k—1).. o

9 Cusp Forms over Q

We will apply the results in §4 to the case of holomorphic cusp forms over Q.
Fix the additive character ¢ as follows: if z € R, 1(z) = €*™%; at a rational
prime p, if z € Q,, choose Z € Q so that [z —2|, < 1, and set ¢(x) = e 2miE
Denote by 4(z) the number ¥(z,v). We denote by |D|, the metric at a
place v, and |D| the absolute value of D which equals |D|x.

We first recall the correspondence between the cusp forms and automor-
phic representations. Our reference is [W2, §III]. The main result in this
section is the choice of a one-dimensional subspace in a two-dimensional
subspace of V,. This choice is closely related to the definition of the
Kohnen space of half-integral weight forms.

9.1 Integral weight forms. LetIo(N) = {(%Y) € SLa(Z)|c=0(N)}.
Let Soi(N) be the space of cusp form of weight 2k on I'g(N) (of level N),
and with trivial character. Assume from now on that IV is odd and square
free. Let f € Sor(N) be a new form. Then f determines a vector in the
space of automorphic forms on GL2(Agq) by f +— ¢ = s(f). The map s(f)
is defined as follows. For goo = (2%) € GL2(R), let

flgoo(2) = f <a2+b> (cz 4 d)~2k .

cz+d
Consider go, as an element (¢oo,€,€,...) in GLa(Ag), then ¢(gso) =
flgeo (i), and o(vgk) = ¢(g) whenever v € GL2(Q)Z(Ag), and k €
pr GL3(Op) Hp|N Ko,p-

Then ¢ is a vector in the space of an irreducible cuspidal representation
m of GLy(Agq), with trivial central character. The representation 7 = @,
and ¢ = ®,p, can be described as follows:

(9.1.1) When v = oo, 7, is the discrete series o(poo, fix)) as in subsec-

—1/2(

tion 8.4, with peo(x) = |a:|1]f sgnz)®. The vector (s is a minimal

weight vector.
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(9.1.2) When v is p-adic, p not dividing N, then m, = m(py, g1y *) With i,
an unramified character, and ¢, is an unramified vector.

(9.1.3) When v is p-adic, p|N, then 7, is a special representation c™ as
in subsection 8.3, where 7, is a unit in Z,. Then ¢, is the vector
described in Lemma 8.3.

Conversely, given an irreducible cuspidal automorphic representation
m = ®m, with local components as described in (9.1.1)—(9.1.3), pick ¢ as
above (which is unique up to scalar multiple), then ¢ is a scalar multiple
of s(f) for some new form f in So(N).

If f(z) = > p2qa(n)e™*, then a(l) = e*™Wy(s(e). As we assume
a(l) = 1, for ¢ = s(f), W(e) = e 2.
9.2 Half integral weight forms. Assume now that k is a nonnegative
integer. Let N be a positive odd integer. Let x be a Dirichlet character
mod 4N such that x(—1) = 1. Assume 4N = Hp\4va(p)v then (Z/4N)* =
[In(Z /p®))* and x can be decomposed into a product of characters
X(p) of (Z/ p®)* under this isomorphism. We can trivially extend X(p) to
a character of Z.

Let S}, 41 /2(4N ,X) be the space of holomorphic cusp forms of weight
k+1/2, level 4N and character x. The functions in the space satisfy [W2]

az+b\ . et 1 _(a b

s (E50) =i x@a), o= (L)) € SLa@), anle. (01
Here

j(mz)z@(ijij}) Jo). o= S e

n=—0oo
Let /~12+1/2(4N, X) be the space generz?ted by vectors ¢ = ®,p, in the
space of cuspidal automorphic forms on SLy(A) satisfying:

(9.2.1) When v = oo, ¢, is a minimal weight vector in the space of a
holomorphic discrete series &(fioo) Where fioo(x) = |2|[F~1/2(sgn z)*.

(9.2.2) When v is p-adic, p not dividing 2N, then @, is the unramified
vector in the space of (i, ) where p is an unramified character.

(9.2.3) When v is p-adic, p # 2, and p|N, then @, is a vector in the space of
some 7, such that 7,(0, k(0))@p = X(p)(d)@y whenever o = (2}) €
SLy(Zy) with |c|, < |N|p.

(9.2.4) When v is p-adic with p = 2, @ is a vector in the space of some
7y such that 7a(0, 1)@y = EQ(U)X(Q)X’il(d)cﬁg whenever o = (¢}) €
SLQ(ZQ) with |C|2 < |4N‘2. Here
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&(0) = 3(d)[e,d] when ¢ # 0,
2T Ad)T when e=0.

Proposition 3 of [W2] establishes a bijection from S, /2 (4N, x) to
/~1§C+1/2(4N, X). The bijection is given by g(z) — ¢ = t(g), where t(g) is
the unique function on SLy(A) that is continuous and left invariant under
SL2(Q) and satisfies

VU @[y [ cost  sind o k/24+1/4 i(k+1/2)0 ,
t(g)<<0 1/\/@ —Sin9 COSQ 71 =Y e g(x_'_yz)’
where y > 0,z € R and —7 < 6 < 7.

The relation between the Whittaker functionals of ¢(g) and the Fourier

coefficients of g(z) is given by follows: From Lemma 3 of [W2], we get when

oz) = S elm)e™ ™, ~
c(n) = ™ He)(€) - (9.2)

Remark on Peterson norm. If f is a cusp form of weight &k € %Z
for a subgroup T' of finite index in I'y = SLy(Z), we define as usual the
norm of f to be

— 1 Py 2, k—2 T
)= TR o MY

where z = x 4+ i1y and H is the upper half plane. Then
LEMMA 9.1. For ¢ = s(f) and ¢ = t(g) as above,

lel? _ 1ol 9.3)
£,y {9,9)° '

Proof. Tt is well known that ||¢||?> = (f, f) and ||@||*> = (g,9) when we use
the following Haar measures d’ on G Ly and S L, instead of the one given in
the introduction. When v is a non-archimedean place, choose the measure
d' on G L4 so that G(O,) has volume 1; choose the measure d’ on S Ls so that
SLy(Oy) has volume 1. When v is the infinite place, let k() = (%% sin0).
From the Iwasawa decomposition any g € GL3 (R) (the subgroup with
positive determinant) can be written uniquely as g = z(¢)n(z) (“ ,-1) k(0)
withc € R*, 2 € R,a > 0and 0 < 6 < 7. Let d'g = 5-|a|?d*cd*adx df be
the measure on GL3 (R) and thus on GL2(R). Similarly any g € SLa(R)
can be written uniquely as g = n(z)(* ,-1)k(f) with z € R,a > 0 and
0 <6 <2 Let d'g = 5|a|2d*adz df be the measure on SLy(R).

We now compare the measures dg and d'g on GLo and S Lo respectively.
When v is a non-archimedean place for the rational prime p, we have dg =
(14 p~1)d’g in both case GLy and SLy. When v is archimedean, we note
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the measures d’ defined on GLsy and SLs induce the same quotient measure
on Z(R)\GLy(R) = Z N SLy(R)\SL2(R), and the measures d defined in
the introduction also induce the same quotient measure. Thus our change
of the measures is consistent and the equation (9.3) still holds. 0

9.3 Ramanujan conjecture. We show here that the conjecture (4.10)
implies the conjecture (4.8).

Let g(z) be as in (4.8). Then ¢ = t(g) is a linear combination of vectors
in the space Agy N A’ (4N, x) for some N and x. We may as well assume
g(2) correspond to a vector ¢ = t(g) in a sub-representation 7 of Agy. From
(9.2), ¢(n) = 62W”Wg(e). From the definition,

(W (e)l
Ikl

|d+ (@, Sooy ¥™)| = e(Poo, V")V2

From Proposition 8.8
1/2
A (B, S, 6™)] = €72 ()| [ 3e*™ (47n) /20012 4+ 1) 7 11
Thus |dz (@, Seo, ¥™)| = 6()|c(n)|n~4*/2 where §(@) is a positive con-
stant depending only on ¢. From (4.10), for n a square-free integer
|d7~r(¢a Sooﬂ/)n)‘ <<g5,a na—1/2.
Thus we get |c(n)| <z n*/271/4F and (4.8).
9.4 Choice of ¢2. Let 7 be a cuspidal representation such that the
space of 7 has nontrivial intersection with A} /2 (4N, x). The condition
(9.2.4) puts a restriction on 72 (the component at place v = 2 of 7). The
representation 7o must be of the form ﬁ(uxli/ 1,¥) where p is an unram-
ified character of Z3, and k' = k if xo(=1) = 1 and ¥ = k + 1 if
X(2)(=1) = —1. The space of vectors in ﬁ(ux’fl,l/z) satisfying (9.2.4) is
then two-dimensional. It is spanned by two vectors F[2,1] and F[2,22]

([W2, Prop.12]). We recall their definitions (W2, p.415,427]). They are
the unique functions in the space of 7~r(,ux’i/ 1, V) satisfying

F2, (@) =1, F[2,1] ((i 1) ,1> —0, ce2Zs,
F[2,22)(@) =0, F[2,2%] <<i 1),1) — char(Zy)(2 %) .

We make a choice of a vector @y in the above two-dimensional space.
Define the linear combination

N 14 (1)

P2 = pu(2°)——"—

T F[2,1] + F[2,2%]. (9.4)
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The reason for this choice is explained by the following proposition. Recall
the definition of the Whittaker functional L by equation (8.3).

PROPOSITION 9.2. When (—1)¥ 2z = 2,3 mod 4, L3($s) = 0.

This is a direct consequence of the following computation of L3(F[2,1])
and L3(F[2,22]).

LEMMA 9.3. With above definitions, L(F|[2,1]) = char(Zy)(z) and
L5(F[2,2%])

0 |Z|2>17
22) 4+ v/2p(23 LHCD —1)¥ + P?
) (u(2) +V20(2)xa(2)) 7 ze (-1)F + P2,
e k/- ,
—p(22) T ze () 4 P2 U (2 + P?),
K . ,
((22) — p(2%)) G (-D)¥% € (24 P U(-1+ P?).

Proof. The claim for F'[2,1] is easy to verify. For F[2,2?], using the Iwasawa,
decomposition, we see

E;(F[Q, 22]) :/ M(x_l)|a:\2_15/(x)x_1(x)klﬂezmzmdx.

|z]2>22
Consider the integral

T(z,i) = / u(a;_l)|:1;\2_1’y(a;)x_1(a:)kurle%izxdx.
|z |2 21
Then
F[2,27%) ZT (2,1) (9.5)
If [ = 2m is even, then a change of varlable x — 227" gives T(z,1) =
w(2HT(272,0). Over |z|z = 1, we have ([W2, p. 382])

() = 5(1—i+ (1 +i)x-1(z))
Define n(v,t) to be the Gauss sum ([W2, p.82)):

/ V(x)e—Qm'tud*u
|u\2:1
Then
141

1—i
T(272,0)=1-2"1"" {Tzn(x’il“, —2712) + Tn(x_l, -2 Z)] :
Thus

o [1-i o i Com
Tle.2m) =202 |00 <2+ 0 2 00)

2
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If I = 2m+1is odd, then using the formula (27 '2) = x2(z)¥(z) and make
a change of variable  — 271z, we get
T(z,2m +1) = ,U(Z)/ll . w27 5 (@) xa () x 1 (2)F Tle™ = dy
x|o=22m
which by above argument becomes

/ — —
k+1X27 -9 2m 12,)

T(z,2m + 1) = 2u(2*™ 1) [1 “n(x

2
141 ’ —om—
+ e, =27 ) [ (97)
Note that Gauss sum 7(v, t) vanish if the conductor of v is nonzero and not
equal to —v(t), or if v is unramified and [t|]a > 2. Observe that x_; is of
conductor 2, and x» is of conductor 3. Thus

0 |Z|2 > 1a
) T(2,2) + T(z,3) 22 =1,
L5(F[2,2%]) = T(22) |2l =27,
T(z,2) +T(2,4) +T(2,5) |z|2 =272,
T(z,2) +T(z,4) |z]o =273

We can use the following formulas for 77 (W2, p.383]) to finish the
computation: 7(x2,2%) = 1/V3, 1(x_2,2"%) = —i/v/2, and n(x_1,2°2) =
—i (there is a typo in [W2] for this value). Note also that y_1(£1+ P?) =
+1 and n(v,tt') = n(v,t)r=1(¥') when |[t'|s = 1. Our assertion follows the
formulas (9.6) and (9.7). O

9.5 Kohnen space. Kohnen introduced a subspace Sk L1/2 (4N, x) in
S/

f1/2(4N, x) in [Ko2] (we note the notation in [Ko2] is different from
ours). It comsists of g(z) = > o7, ¢(n)e?™™* with the Fourier coefficients
c(n) satisfying

¢(n) =0, when X(Q)(—l)(—l)kn = 2,3 mod4. (9.8)
With our definition of 5, the Kohnen space has a natural interpretation

in the representation language. Let Ak 112 (4N, x) be the space generated

by vectors ¢ = ®,, in the space of cuspidal automorphic forms on SLoy (A)
satisfying (9.2.1)—(9.2.4) and with @y being the vector defined in (9.4).

COROLLARY 9.4. The bijection g(z) — t(g) = ¢ restricts to a bijection

between the Kohnen space S, AN, x) and A 4N, x).

+1/2( l<:+1/2(

Proof. Assume = t(g) with g(2) = >_)2; c(n)e?™™* . From (9.2), c(n) =0
if and only if W7 (e) = 0.
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Let ¢ be a vector as above with @9 satisfying (9.4). Let n be a pos-
itive integer such that X(g)(—l)(—l)kn = 2,3 mod 4. Since (-1)¥ =
X(Q)(—l)(—l)k, at v = 2, LY¥(@2) = 0. From the uniqueness of the local
Whittaker functional, W7 (e) vanishes when Ly ($,) vanish for any place v.
We get Wg(e) = 0 for such n. Thus g(z) = t~1(¢) lies in the Kohnen space,
and Ag+1/2(4N, X) C t(S;+1/2(4N, X))-

In Proposition 1 of [Ko2]|, Kohnen defined an operator @ on S];+% (4N ,x).

The operator has two different eigenvalues on this space and Slj+1 /2 (4N, x)
is the eigenspace of one eigenvalue (denoted «). The operator @ induces

an operator @' on the spaces Vi N /~12+1/2(4N, X)- We have a factoriza-
tion Vz N A} +1/2(4N,X) = ®Vj , with V7, a two-dimensional space. Then
Q' = ®Q),. In fact Q) are all trivial actions for v # 2. Clearly @9 in (9.4) is
the eigenvector of Q) with eigenvalue « as the vector ¢ = ®¢p, with local

component @g lies in 121];:1/2 (4N, x). Let /I];+1/2(4N, X) be the subspace of

fl;f I /2(4N ,x) generated by ¢' = ®@@! where @) is the eigenvector for the

othe~r eigenvalue. Then A;+1/2(4N, X) = A;H/Q(KLN, X) ® Ag+1/2(4N, X)-
As A (4N, X) ﬂt(S,j+1/2(4N, X)) =0 and t(S,j+1/2(4N, X)) C Ay (4N, x),
we get the corollary. O

9.6 Local computation at the place 2. We compute the local factor
as in §8. The vector (s is the unramified vector chosen as in subsection 8.1.

PROPOSITION 9.5. Assume po(z) = |z|%, with r € R. Then
e(¢2’w) — 3/2|1 _ q—1—2ir|—2’
G- { ST pearn
3/4|]1 —2 | 72|DJ; TER+PHU(-1+P?).
Therefore, when D € 1 + P2,
e(p2,v) [ 2|D|sL(ms ® x2(D),1/2) D €1+ P2,
e(pa, YIP) { 2|DJs De@+PYu(-1+P?).

Proof. The formula for e(y2,1)) is given in Proposition 8.1. One can use
(8.5) to compute ||@a|| when pg(x) = |z|™ where r € R. Since F[2,1] and
F[2,2?] are perpendicular, we get
- 2
22l = 1/8|| Fl2, 1] + | (2. 2%]
Use the Iwasawa decomposition it is easy to show
I@2]1* = (1/4 +1/8)|D|;* = 3/8| D3 .

—2

I°
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From Lemma 9.3, we get the claim for e(p,1!P!). From the formula on
local L-factor in [Go], we get the last statement of the proposition. O

10 A Generalization of the Kohnen—Zagier Formula

10.1 Statement of the theorem. Let f(z) be a cusp form as in (1.1)
with square-free level N (odd) and weight 2k. Let Sy be the set of primes
p|N. Let S be a (possibly empty) subset of Sy. Define Dg to be the

set of fundamental discriminants D such that (%) = —w, if p € S and

(%) # —wp if p € Sy —S. Then the set of fundamental discriminants is

the disjoint union Uscs,Ds. For D a fundamental discriminant, let 7'(D)
be the set of p| N that also divides D. Let sgn(D) = D/|D|. The character
1 is defined as in §9.

Theorem 10.1. Let S C Sy and s be the size of S. Let N' = Hpesp, let
X = [ j2n X(p) be any Dirichlet character of (Z/ANN')* such that x(,) =1
when pN'|N, x()(=1) = —1 when p|N" and x(—1) = 1. There exists a
unique (up to scalar multiple) cusp form gg(z) in S,;+1/2(4NN’,X), such
that the following is true:
(1) gs(z) is a Shimura lift of f(z);
(2) gs(z) lies in the Kohnen space, i.e. if gs(z) = Yo% | ¢(n)e*™"*, then
c(n) = 0 when (—1)*T*n = 2,3 mod 4;
(3) ¢(D) = 0if (—1)***D is a fundamental discriminant that is not in Dg.
Moreover for this gs(z) and for D € Dg, if (—1)*T% # sgn(D), then
L(f,D,k) = 0; if (—=1)*T% = sgn(D), then
c(IDD)I> _ L(f, D, k) D172 (k= D! wv—e 77 P
(9s,9s) (f. f) o p+1

Here t is the size of T'(D).

(10.1)
peS

REMARK 10.2. From subsection 9.1, the new form f(z) determines an
irreducible cuspidal representation 7 of GL2(Agq) with trivial central char-
acter. Here we say g(z) is a Shimura lift of f(z) if ¢ = t(g) lies in a space
Vi where 7 satisfies m1 = Sy (7) or m = Sy-1(7) (see Theorem 3.2 for the
notion Sy).

The proof of the theorem involves translating Theorem 4.3 into the
language of cusp forms. We will set up the translation in subsections (10.2)—
(10.5).
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10.2 A lemma on Atkin—Lehner involution. Let w, = (]I\), ;b) with
a,b € Z satisfying det 1w, = p. Let f(2) = flp=1/24,(2) be the Atkin-Lehner

involution. Let ¢ = s(f). For lack of reference, we give a proof of the
following well-known result.

LEMMA 10.3.  When p|N the local component T, is a special represen-
tation o™ = o(p, p~t) with p(z) = |z[*?x,(x), T a unit in Z,. We have
f = wpf, with w, = 1 when 7 is not a square, and w, = —1 when 7 is a
square. Moreover €(mp,1/2) = w,

Proof. The first result follows from [G]. Since $(goo) = @(Wpgoo), from left
GL2(Q)Z(Aq) invariance,

P(goo) = @(goo 11 w;,i) = W( 1T w;,i)so(goo)-
w00 voo

As ¢ = ®py, We get @ = Yoo Putoo wv(w;}))%. When v does not di-
vide N, w,}, € GLa(Zy), thus fixes ¢,. When v|N but v # p, i, € Ko,
thus fixes ¢,. When v = p, Wyp(wp)™' € Koy, thus np(w;;,)% =
mp(wp)"top. As wpKo,(wp)~t € Koy, the vector my(wp) Ly, is again
fixed by Ky, thus is a scalar multiple of ¢p- Denote this ‘multiple by Wp.
Then ¢ = wyp, thus f= wpf. To find the multiple, we only need to
evaluate m,(wp) 1, (e) which clearly equals px.(p). Since p,(e) = —p, we
get wy, = —XT(p) which gives the claim in the lemma. The computation of
€(mp, 1/2) is given in [Go]. O

10.3 Definition of €(S) and #¢5). Let f and 7 be as before. Since
7y is unramified for all places v where v # oo and |N|, = 1, we can let ¥
in Theorem 3.2 to be the set {oo} U Sy. Let S be a set as in the theorem.
Then it determines an ¢(S) € {+1}/*I, where the component ¢(S), at p € S
is —wp, at p|N and p & S is wy, and at oo is (—1)***. (The reason for this
definition should be clear from Corollary 10.7 below.)

LEMMA 10.4. We have e(m,1/2) =[], c5 €(5)o.

Proof. The product on the right is (—1)* [1,|n wp- Since wy = €(mp, 1/2)
by Lemma 10.3 and (—1)* = €(7o0, 1/2) from [Go], we get the claim. O

From Theorem 3.2, associated to 7 and the character vg(x)=1((—1)**%z)
is the Shimura lift 7%). Here #%) = @(r@x p, 1Y) for some D € Q) (x).

(The use of 1g is to make sure there is a holomorphic form in the space of
7<)
wel),
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10.4 Relation between Dg and QS) (). Given D a fundamental
discriminant, let €,(D) = (7%) for v e X.

LEMMA 10.5. When v = 00, 7 is a discrete series, €x(D) = sgn(D).

When p|N, 7, is a special representation ¢” as in Lemma 10.3. Then
ep(D) = wy, if p|D, €,(D) = (%) when D is a unit in Z,,.

Proof. At v = 00, Too = TooX D, thus €5 (D) = xp(—1) = sgn(D). When
p|N, ©O(mp, 1)) is either a special representation (when 7 is not a square)
or an odd Weil representation (when 7 is a square). Note that w, = 1
if and only if 7 is not a square (see Lemma 10.3). In the case 7 is not
a square, ©(m,, 1) has a nontrivial YP-Whittaker model when D is not a
non-square unit. In the case 7 is a square, then only when D is a square
does ©(m, 1) has a nontrivial ¥”-Whittaker model. From Theorem 3.1,
we get the result. O

LEMMA 10.6. When D € Dg, €,(D) = €(S), for all p|N.

Proof. When p € S, then D is a unit in Z,, and €,(D) = (2) = —wp =

or D is a unit in Z,, in which case €,(D) = (%) = wp = €(9)p. O

As the set Q°9)(r) consists of D with €,(D) = €(S), for v € %, from
the above lemma and the formula for e (D), we get

COROLLARY 10.7. A fundamental discriminant D lies in Q°(9)(r) if and
only if D € Dg and (—1)*** = sgn(D).

10.5 Description of gg. The cusp forms gg in the theorem is taken to
be the inverse image t~'(@g) of some vector ¢g in the space of 7¢(5). We
describe the choice of g5 = ®p,.

Using the explicit description of theta correspondence in [W3], we get
the following description on the local components of 7€) = ®ﬁ'5(s). Note
that 75 = O(my ® Xp,¥5) for some D € Q%) (r).

Recall that the description of 7 = ®m, is given in (9.1.1)-(9.1.3), along
with a choice of the( x)fector © = ®p, such that ¢ = s(f). Below is the
S

description of 7,, 7y~  and the choice of the vectors @,.

(10.5.1) When v = oo, m, is the discrete series o (jioo, ), Wwith
foo(T) = \x|ﬁ_1/2(sgnx)k. When €5 (D) = €(S)o0, we get sgn(D) =
(=1)*** thus L = oIPl. Thus 7 — O(mso ® xp,IPh).  As

Too @ X|p| = Teo ® Xp and |D| and 1 are in the same square class,



Vol. 17, 2007 CENTRAL VALUE 379
we get 7 = O (Moo, V) = Goo (o), ([W3]). We take @, to be the
vector with minimal weight.

(10.5.2) At p &%, mp = 7(pp, py,*) With g1, an unramified character. From
a well-known result of Deligne, the unramified characters p, has the
form pi,(z) = |s| with r € R (this is the Ramanujun conjecture for
the integral weight forms). Then 7?;(5) = O(mp, ¥5) = 7(ppx*1F, ).
We take ¢, to be the unramified vector in this unramified represen-
tation when p # 2. We let ¢y be the vector defined by (9.4) with
K =k+s.

(10.5.3) At p € Sy — S, mp = o7 with 7 € Z;. Let D be a unit in
Zy, such that 7D is not a square, then €,(D) = w, = €(S5),. Thus
7?;(5) = O™, ¢E) = 5%(¢L); here § is any non-square unit. We
take ¢, to be the vector in Lemma 8.3.

(10.5.4) When p € S, again 7, = o7 with 7 € Z;,. Let D be a unit in
Zy, such that 7D is a square, then €,(D) = —w, = €(5),. Thus
7?;(5) = O(o!,¥E) which is r;g from subsection 8.3. Let x(,) be the

character on Z,, defined in the theorem, we let ¢, = Py, where @y
is defined in Lemma 8.5.

Each of the choices of ¢, is determined unique up to a scalar multiple.
Let ¢ = ®@,. We define the cusp form gg(z) to be t~1().

10.6 Proof of the theorem.

Proof. As Sy, (7)) = 1, we see gs(z) is a Shimura lift of f. We can
check ¢ = ®@, € 4], ;(ANN',x). Thus gs(2) € Sp,, (4NN, x). It lies
in the Kohnen space because of our choice of @s. If D is a fundamental
discriminant with +D & Dg, then +D ¢ Q) (). By Theorem 4.3, we get
d-«s) (2 U {2},1/)551)) = 0. As ¥!Pl is one of d)écD, we get ¢(|D]) = 0 from
the consideration in §9.

Next we show the uniqueness. If g(z) # 0 is a Shimura lift of f satisfying
the conditions (2) and (3) in the theorem. Assume ¢(g) lies in the space of 7,
we show 7 = 7€(%). As 7 is a holomorphic discrete series, by Theorem 3.2
7 = O(1m @ xp,,¥P1]) for some Dy. As g(z) # 0, ¢((=1)*T*Dy) # 0 for
some Dy € Dg. The condition implies that Dy € Q<) (r) and 7, has
nontrivial w‘D2|—Whittaker model at all places v. From Theorem 3.1, we
see T = O(1 ® XQDQ,WDQ‘), where o« = |D1Ds|/ D1 Dy = +1. Examine the
component 7. As x(2)(—1) = (—1)° under our assumptions, we get Tz =
O(r@x*F ), thus we see a = 1 and @ = O(7 @ xp,, ¥!P2) = 7). From
Corollary 9.4 and the fact that 121];:1 /2(4N ,X) N Vs is one dimensional,
we get g(z) must be a multiple of gg(2).
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We now prove the identity (10.1). Let D € Dg. If (=1)*T* # sgn(D),
then from equation (3.1), Lemma 10.4 and 10.6, we get
e(r @ xp,1/2) = €(m,1/2) [ eo(D) = —e(,1/2) [ () = —1.
veX vEX
Thus L(m ® xp,1/2) =0, i.e. L(f,D,k) = 0.
When (—1)*t* = sgn(D), then D € Q) (7), thus we can apply Theo-
rem 4.3 to get

dzes) (B U {2}, 08
L (@ xp,1/2) = |4 Ut IT Pl (10.2)
9 2 v
From Lemma 2.3, d.(2U{2}, ¥s) = d.(SU{2},1). Observe also ¢5 = ¢!P!.
From the explicit description of d-..s) (2 U{2}, YIPlY and d. (S U{2}, ), we
get:

dan(SU WP _ WS ORI pp el )
U RLOR We@Plsl? g, eleo¥)

Recall the results on the local factors from Propositions 8.8, 8.4, 8.7 and
9.5:

(10.3)

%647r(1—\D\)|D|1/2+k7r—k(k_1)! p=o00,
2L(mp ® XD, 1/2)|Dlp peSy—S,p /D,
e(ep¥) _ ) L(mp @ X0, 1/2)| Dy peSy—S, plD,
e(@p. 0Py )21+ p ) L(mp ® xp,1/2) pES,
2| D)o L(my ® x2(D),1/2) p=2, Del+ P
(2|D]s p=2, 2e(2+P?)U(-1+P?).

(10.4)
From subsection 9.1, Wy(e) = €27, and from (9.2), WclﬁDl(e) =
e~ 2Pl¢(|D]). Thus we get

LY (r @ xp,1/2)

(DDl
= (1/2p -t e LG T4 p7Y) . (105)
E-10 Jeslz Ll

We note also
L(f,D,k) = L™*(n @ xp,1/2).

From the above equation, Lemma 9.1 and (10.5), we get
w*  |e(ID)P{f. f)
(k=1! (gs.9s)
Therefore we get (10.1). O

L(f,D,k) = (1/2)*WN)=t| p|~F+1/2 (10.6)
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10.7 Some examples.

EXAMPLE 1. When S is empty, gs(z) is the g(z) in (1.1). If (D) is also
empty, we recover (1.1). If T'(D) is nonempty, (1.1) should be revised to
le(I DD (k-1 1 L(f, D, k)

Lovia)-
(9.9) i (L

This fact is observed in [Gr] when v(N) = 1.

ExXAMPLE 2. Look at the case when f(z) is the new form of weight 2 and
level 11. Such a form exists and is unique, with wy; = —1. This cusp form
corresponds to the unique elliptic curve over Q of conductor 11. In [Gr],
Gross constructed the form g(z) corresponding to the case when S is the
empty set in Theorem 10.1. The theorem says there is a cusp form g{u}(z)
in S /2(484, X), where x satisfies the condition in the theorem (for example

x(z) = (—1)(m_1)/2(£)), such that ¢(n) = 0 whenever n = 2,3 mod 4, and

— |D‘k_1/2

11
when the fundamental discriminant D > 0 is such that (121) =1,
‘C(D)P _ D1/2£L(f7D71)
(9{11}79{11}> 6m  (f, f)

The form g1 (2) can be constructed as follows. Let F1; = Z/11 be the
finite field with 11 elements. Let Fy;2 = Fy[i] where i?> = —1. Define a
function p : Fi3 x Fi; — {1,—1,0} as follows: for (a,b) € F13 X Fiy, let
¢=a+bi and ¢ = a — bi; if ¢¢ = 0 or is not a square in Fyq, p(a,b) = 0;
when c¢ = 1, u(a,b) = 1 if ¢ is a square in Fy2 and p(a,b) = —1 if not;
extend this definition to the case cc is a square in F7}] by the equalities
p(a,b) = p(ad, bd) for d € Fy,. This definition of ;1 extends naturally to
7 x 7.
Define (with a,b,c € Z)

[12 2 62
hil) =% > pla,b)g” e

ha(q) = 3 Z u(4a, b)q(“2+1102)/9+1’2.
c=—2a mod 9, b=c mod 2

Then g1y (2) = hi(q) — ha(q) with ¢ = €*™*. With this construction one
can compute L(f, D, 1) using the above equation.

This is the most efficient algorithm to compute the values L(f, D,1).
B. Conrey and M. Rubenstein provided us with the values of L(f, D, 1) for
fundamental discriminants D < 1000 using a different algorithm. Their
data matches ours and we thank them for helping us verify our formula.

We can observe that 3h1(q) + 2ha(q) = 32?:1(n/11)q”2. Thus from
the Theorem we get the following vanishing criterion.
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COROLLARY 10.8. Let f(z) be the unique new form of weight 2 and
level 11, let D > 0 be a fundamental discriminant, then L(f,D,1) = 0
if and only if the D-th Fourier coefficient of hi(q) equals 0, i.e.

Z wu(a,b) =0.

c=bmod 2,a2+b2+11c2=D

To save space, we leave a more detailed discussion of the above con-
struction to a separate paper.
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