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A TRACE FORMULA FOR DUAL PAIRS

ZHENGYU MAO AND STEPHEN RALLIS

1. Introduction. Let F be a number field and A its adele ring. Let G’ be a
simple, split, simply laced group defined over F. Assume that G’ is not of type
An. There is a dual pair of reductive groups G and SL2 in G’; i.e., G x SL2
embeds into G’,. with G and SL2 satisfying the double centralizer property in G’.
In this paper, we propose a study on the correspondence between the auto-
morphic forms on G(A) and the automorphic forms on SLE(A) using the trace
formula.

Let A be the set of simple roots of G’. Let be a highest-weight root of G. Let
be the unique simple root that is not perpendicular to . Let P’ be the maximal

parabolic subgroup of G’ corresponding to A\(), with P’ M’U’ being its Levi
decomposition. Then U is a Heisenberg group with a one-dimensional center Z.
The quotient space U’/Z has the structure of a symplectic vector space. The
adjoint action of the group M’ on U’ factors to a map j" M’ --. GSp(U’/Z). Let
G be the derived group of M’. Then j(G) lies in Sp(U/Z), and (G, SL2) is a dual
pair in G’. If G’ is of type Ei, 6, 7, 8, or Din, then G is semisimple split of the
type As, D6, E7, or A1 x Dm-2.
The correspondence between the automorphic forms on G(A) and SLE(A) can

be studied using the theta kernel. For the group G’, one can construct an auto-
morphic 0-module r (see [GRS2]). Here r () try, where each local component
try is of class-one and of the smallest Gelfand-Kirillov dimension. At a finite
place v, the representation r is the unique minimal representation constructed
in [K], [KS], and [S]. If v is Archimedean, such a representation rv is consid-
ered in [V]. The 0-module is an analogue of the 0-representation for the twofold
cover of Spn constructed by A. Weil [W]. As is the case for Weil’s construction,
the 0-module can be realized in the residue spectrum of LE(G’(F)\G’(A)). For
any dual pair (H1,H2) in G’, restricting the 0-module to H x H2 gives a 0-
correspondence between the automorphie forms on H1 and these on H2.
Our trace formula approach will not make use of the 0-module. However, the

trace formula is directly inspired by the results on 0-correspondence. We sum-
marize some of the works done on the 0-correspondence in the ease G’ is of type
G2 (not simply_ laced); see [GRS1]. Here the 0-module is an automorphie repre-
sentation of G’, the threefold cover of G’, constructed by Savin in [S]. The
restriction of the 0-module to the dual pair SL2 x ff’L3 (threefold cover for the
second component) produces a deomposition of the rm )r (R) 0(r0. Here r
and 0(r) are euspidal representations of SL2(A) and SL3(A), respectively, with
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being the cubic lifting of 0(Tz). More precisely, let be the embedding of
SL2(A) x ’L(A) in ’(A); let r be a cuspidal representation of SL2. Define for

0, f rr, and h SL32(A),

qg(i(#, h))f(#) d#.Oq,f(h)--
SL2(F)\SL2(A)

(1)

Then 0Qr) is the space spanned by the functions Oo,f(h). Now let be a nontrivial

additive character on A/F, write n(t) for the element l1 t/ in SL2 and fi(t) for
1

the element (n(t), 1) in SL32 The Fourier coefficient of O,,f is

Of(h) I, O,f(h(t) h)/(t) dt. (2)

One has a nice formula for this Fourier coefficient. Let $3:SL2 Sp2 be the sym3

representation of SL2 (which can be identified with the map j above). Let p, be the
Weil representation of Sp2 associated to . It acts on S(A2), the space of Schwartz
functions on A2. Since ffP2 splits over the image of s3, pq, restricts to a representa-
tion of s3(SL2). For S(A2), define for 9 SL2(A):

O,(s3(o)) E Pq’(s3(o))(X) (3)
XeF

One of the main results in [GRS1] is the following formula: given tp 0, there
exists a b e S(A2) such that

Of(e) JSL2(F)\SL2(A) (R),/, s3 (9))f(9) do. (4)

In particular, if the integral on the fight-hand side of (4) is nonvanishing for some
f e rr and k S(A2), the space 0(r) is nontrivial.
We now state the trace formula. Back to the situation in the second para-

graph: Let Y be a maximal isotropic subspace of U’/Z defined over F. Let p, be
the Weil representation of Sp(U’/Z) acting on S(Y(A)). It is known that
Sp(U’/Z) splits over j(G). Thus pq, restricts to a representation of j(G). For
b S(Y(A)), g G(A), define:

p,(j(o))O(x). (5)
XeY(F)

Let A1 be the set of simple roots fl which are not perpendicular to . Let P MU
be the parabolic subgroup of G associated to A\A1. Then with our assumption on
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G’, there is a canonical bijection from the unipotent group U to a split degree-3
Jordan algebra (not necessarily simple) [Ru]. Write this map as u Ju. Let Tr
be the trace form on ft. Recall for f C(G(A)), we have a kernel function

Kf(x, y) E f(x-lCY)"
()

With the above notations, define the distribution

G(F)\G(A)
Kf(g, u)O(j(g))p(Tr(Ju)) dg du. (6)

On the other hand, for f’ C (SL2 (A)), define

y)
SL2(F)

f’(x-ly).

We define the distribution

J(f’) J (A/F)
Kf,(n(-x), n(y))k(x + y) dx dy. (7)

We expect the following trace formula to hold: for matchino functions f, , f’, one
has

I(f, ) J(f’). (8)

Here the concept of matching is, as usual, defined in terms of conditions over local
fields.
The spectral decomposition of I(f, q) is roughly a sum over the set of auto-

morphic representations rr of

In(f ) E P(q’ tPi) W’r(S), (e)’ (9)

where {0i} is an orthonormal basis for n and

P(’ f) JG(F)\G(A) O(j(g))f(g) do

I f(uo)p(Tr(Ju)) du.W.f(g)
U(F)\U(A)

(10)
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Meanwhile, the distribution J(f’) is roughly a sum over the set of cuspidal repre-
sentations zd of certain distributions J,(f’). From equation (8), there will be
identities between the (sums of) nontrivial distributions I(f, k) and the (sums of)
nontrivial distributions J,(f’). The correspondence between automorphic forms
on G and SL2 follows from these identities. For a general discussion on trace for-
mula and its applications, we refer to the articles [A], [JLR], and [JY].
The above definition of I(f, ) can be done in the case when G’ is of type

G2, or F4, as well. In [MR], we will prove equation (8) in the case when G’ is of
type G2, with J(f’) being defined as a distribution on SL32 instead of SL2. By
comparing the spectral decomposition of I(f,) and J(f’), w get a corre-
spondence between the automorphic forms on G- SL2 and on SL32 This corre-
spondence is indeed the same one obtained by 0-correspondence in [GRS1].

In [J2], a relative trace formula is used to establish the Waldspurger corre-
spondence between cuspidal representations on PGL. and ffL, the double cover
of SL2. We will show that when G’ is S07 (type B3), the corresponding trace
identity (8) is in essence the relative trace formula stated in [J2, 7].
Our main goal here is to prove the fundamental lemma for the trace formula

(8). If f (fv, ()Cv, f’ ()fo’, we can unwind the integrals (6) and (7) as
follows (see 3):

J( f’) E HJ(a, f) + H Jo+ f) + H J: f)"
aeF

(11)

(12)

The fundamental lemma asserts a relation between Io(ao, fo * ) and Jo(ao, fo’)
when fo, bo, fo’ are unit elements (see 3). The following equality is the key to this
relation: Let n be the dimension of f over F, and let Ro be the ring of integers
when v is finite; then for all finite places v, with [a < 1, with the usual Haar measures,

Ia (Tr(A) N(A))dA lal(n_l)/2 1 (.x-x-.)dx (13)
(Ro) a Ixl-1

where N(A) is the norm of A. The equation (13) is an equality between two expo-
nential sums, with the right-hand side being a Kloosterman sum.

In [KS], the function

qr(t,a,A)=lta-l,r$(NT,))
is considered (r some fixed integer). To construct the minimal representation of G’
over a finite place v, the key step is to establish the self-duality of the function
br(t a, A). Since we avoid the minimal representation in the statement of the trace
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formula, it shall not be surprising that our proof of equation (13) uses all the
ingredients that appear in the proof of the self-duality of qr(t, a, A). The self-duality
of qr (t, a, A) apparently has some relation to the theory of mirror symmetry.

In 2, we collect some preliminaries on the Jordan algebra. In 3, we unwind
the integrals (6) and (7). The fundamental lemma is proved in 4. In 5, we con-
sider the cases when G’ is of the type G2 or F4. In 6, we consider the finite field
analogue of the equation (13). The case when G’ S07 is considered in 7, where
a relationship between the identity (8) and the trace formula in [J2] is explained.

2. Jordan algebra. In this section, F will be either a number field or a local
field with characteristic 2, 3. Keep the notation in the introduction. Fix the
choice of simple roots for G’. Let P MU c G(F), as in the introduction. From
the construction in [MRS], there is a canonical identification between U and f
a split degree-3 Jordan algebra. We now collect some facts about f. Most of the
results here are included in [KS] or [Ru].
On the set v there is a commutative but not associative multiplication

(A,B) A. B. Given an element A e a, there exists a generic minimal poly-
nomial

PA(X) X3 Tr(A)x2 + R(A)x- N(A),

where Tr(A) and N(A) are defined to be the trace and norm of A; and

R(A) =1 [Tr(A)2 Tr(A. A)]

The norm form N(A) is homogeneous of degree 3. Define

A A A. A- Tr(A)A + R(A)I,

where I is the identity. As Pa (A) 0, we have (A x A). A N(A)I.
For a root in G’, let er be the one-parameter subgroup of G’ corresponding

to . Then Z e. For x F, we will denote by e,(x) the corresponding element
in er.

Let (,) be the bilinear form on the set of roots in G’. Let E be the set of roots
such that (, ) 1. Since the Lie algebra of U’ is spanned by the roots with

(, y) 4= O, it follows that U’ Z I-[ e.
The set E has a natural involution V* - V. Let

Ho {} w {, El(a, ?) 1}.

Then E H0 w I-I] a disjoint union, and I-IrI0 e is isomorphic to a maximal
isotropic subspace of U’/Z. Thus we can consider the Weil representation pg, of
Sp(U’/Z) as acting on the space S(I-[n e).
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Write 1-I II0\{}. One key fact we use is

U H e_. (14)

Therefore as vector spaces over F

1-[ e F U F)
l-lo

We may consider the Weil representation as acting on $(F ). With this iden-
tification, we have the following formula [Ru].

LEMMA 1. IfU U, for S(F ), a F, A a,

pq,(j(u))qk(a,A) (N(A) N(Aa + aJu)) qk(a’A + aJu), a : 0 (15)

p(j(u))q(O,A) $[-Tr(Ju. (A x A))](O,A). (16)

We will need an explicit formula for N(A) and Tr(A) for A a. From (14),
one may identify the set U, thus the set a with Fn6 by

n n
Under this identification, for A I-I(xr) a,

N(A) CXtIX2.I,3 (17)

where {S} {S (?]1, /2, ?/3) c::: 1-Il/1 + 12 "+- 1’]3 + 0}, CS is a number that
equals either 1 or 1 [KS].

If I I-[(I) , then I 0 for three roots (, 1,2, 3, with Y’i (i + .
The trace of A then equals

Tr(A)
i=1,2,3

From [MRS], we see that one of the roots (i- is a simple root fl of G’ with
(fl, ) 1. We may assume fl (1 . Let 1-I’ {7 1-101(/3, 7) 0}. There is
a decomposition of H0 into a disjoint union [KS]"

no {X, O + fl} tO tit to {1,..., r} L) {1,..., r}, (18)
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where for all i, (yi, fl) (6i, fl) -1, and Yi + 6i + fl . Since

(2, fl> + (3, fl> (, fl> (fl, fl> -2,

we have for 2, 3, ((i, fl)=-1. Without loss of generality, we may assume
(2 Yl in the above decomposition; then (3 51 and

Tr(A) x=+# + xr, + xa,. (19)

We remark also that in (17), cs 1 if S (a + fl,])l,l). This follows from the
identity N(I) 1.

3. The distributions I and J. In this section, F is a number field and A its
adele ring. From 2, we can identify the maximal isotropic space of U’/Z with
F. Recall for f Cc(G(A)) and b S(A (A)),

(F)\G(A)
Kf(g, u)(R)(j(g))(Tr(Ju)) dg du (20)

with

Kf(g,u) f(g-1
G(F)

XF,,C(F)

The following proposition justifies our computations below.

PROPOSITION 1. The integral

IU(F)\U(A) IG(F)\G(A) Klfl(g’ u) I&,(j(g))(x)l dg du (21)
xet ,(t)

converges.

Proof. We use the following result in [J] (Proposition 2.1, which is proved
for f a K-finite function, but holds for any f C(G(A))).

PIOPOSITION 2. Suppose Do is a compact set of G(A). Given a Siegel set if’ in
G(A) and an integer N, there is a c such thatfor y o and x

Igf(x, Y)I cllxll

Here I1" is a height function on G(A) defined for a finite-dimensional rational
representation of G. From the proposition, over the domain for (21), Klfl(g,u
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is rapidly decreasing in g, uniformly with respect to u. It is known that
yv.() Ip,(j(g))(Y)l is moderately increasing, bounded by c’lij(g)ll. for
some fixed c’,N’, I1" II, being a height function on Sp(U’/Z). As j is a finite-
dimensional rational representation of G, there is certainly a relationship
IIJ(g)ll. < c"llgll" for some c",N" [A]. Thus the integrand in (21) is a rapidly
decreasing function in g, uniformly with respect to u. The integral thus equals a
finite number. V1

With the proposition, we can change the order of sum and integration in (20)
as we wish. Since (R):(j(g)) is left G(F)-invariant, we get

E f(g-lCu)O/(j(g))k(Tr(Ju)) dg du
(t)\6(,) 6(r)

G(A)
f(g-lu)(R)c,(j(g))(Tr(Ju)) dg du.

Change g ug:

I(f ) IV(F)\ l f(g-1)O(j(ug))(Tr(Ju)) dg du
U(A) G(A)

U(F)\U(A) J G(A) f(g-)p(j(u)j(g))(fi(a, A)(Tr(Ju)) dg du.

Let

f (a,A) J f(g-)p(j(g))(a,A) ag.
a(A)

(22)

Then I(f f) becomes

U(F)\U(A)
pc,(j(u))f (a, A)(Tr(Ju)) au.

Apply Lemma 1, and use Ju instead of u as the independent variable. The integral
I(f, ) becomes a sum

Jy f* q(a, A + aJ)k (N(A) N(A + aJ))I(Tr(J))dJ(F)\,(A) a
(23)

+ Z [ f, qt(0,A)ff[-Tr(J. (A A))]qt(Tr(J)) dJ, (24)
a ,f(F) J(F)\(A)
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where the sum in (23) is over a e F A e (F). In (24), for the integral over J to
be nonzero, the linear form Tr(J) Tr(J. (A x A)) must be trivial over . Since
the bilinear form (A, B) Tr(A. B) is nondegenerate, this implies A x A I.
Therefore A (A x A). A N(A)I. Let N(A) x; then A 1-I(xr) with xr x
if y + fl, Yl or gil, and xr 0 otherwise. Using the formula for N(A), one gets
N(A) x3. Thus x equals either 1 or -1; A is either the identity or -I. When
A I, the integration in (24) over J gives a factor 1. The expression (24) equals

f (0, I) +f q(O,-I). (25)

In expression (23), we make a change of variable J (J- A)/a. Observe that
(N(A)/a) (-Tr(A)/a) 1 as a F, A e (F). We get that (23) equals

E J f*q(a’J)k(Tr(J)-N(J)) dJ’
aF,A,,C(F) (F)\,f(A) a

which is

I, f * f(a’ A) ("Tr(A) N(A)) dA.
(A) a

ae

(26)

We sum up our result as follows.

PROPOSITION 3. Let f (f Cc(G(A)), f ()fv S(A (A)). Define
f * f ( fo * fv as in (22); then

I(f, ) E H I,(at,, f, ) +H Iv+ (fv* ) +
aeF

(27)

where

Iv(a, fo * go) J, f*fo(a,A)I(’Tr(A)-N(A))dA(Fv) a
(28)

Iv (f ,) f v(O, + I). (29)

The distribution J(f’) is known as a Kuznietsov trace. There is a standard argu-
ment in unwinding the integral J(f’); see [JY]. Let f’ () f’ e C(SL2(A)). For
a Fox define
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Then

aeF
(30)

We expect the following local relations between Iv and Jv to hold: For
a F, there exists a transfer factor #(ao), such that:

(1) If a F, then I-Iv tv(av) 1.
(2) Given fo’, there exists (f,), with Io(a,f. fo)= #(a)Jo(a,f’) for all

a F, and I (fo ) Jf (fo’), and we say (f, ) and f’ match if these
conditions are satisfied.

(3) Let v be a finite place and Ro be the ring of integers in Fo. Let f0,, 0,, f,o
be the characteristic functions of G(R), Ro @ f(Ro), and SL2(R), respec-
tively. Then (f0,o, gt0,) and f, match for almost all places v.

(4) The matching condition on (f,) and f’ is consistent with functoriality.
We will not try to clarify condition (4) here.

If conditions (1)-(4) are satisfied, then for each pair (f, ) and f’ with their
local components matching, we have I(f,)= J(f’) by Proposition 3 and
equation (30). One may then use the spectral decomposition for I and J to derive
a correspondence between the automorphic representations of G and these of
$L2. In [MR], we verify conditions (1)-(4) in the case G’ is of type G2. There
G $L2, while the distribution J(f’) is defined on SL3

2"
In next section, we will verify condition (3), which is the so-called fundamental

lemma for the trace formula.

4. The fundamental lemma. Let Fv be a local non-Archimedean field.
Assume that as a vector space over F, is n-dimensional. Let f0,, 0,, and f0,
be as in the previous section. We prove the following.

THEOREM 1. Over almost all finite places v, if is of order O, thenfor a Fvx,

I(a, fo, * q0,) lal("+l)/2s(a, f0t,) (31)

and

I+v (fo,v * o,v) J+v (fo,v), I fo,v * qO,v) J fo’,v) (32)

Proofi This is the fundamental lemma for the trace formula in the case at
hand. We start the proof with the following.

LEMMA 2. For almost all finite places v, when is of order O, fo,v * bO,v o,v.
Proof. The set j(G) is a subgroup of Spn+l in the current case. When , is of

order 0, for a Sp+ (Ro), we have Pg,(g)q0, 0,- Since j is a rational finite-
dimensional representation of G, for almost all finite places v, the image j(G(R))
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lies inside Spn+l(Rv). It follows from expression (22) that over almost all finite
places, fo,o * bo, qo,o. [--1

We may then prove the theorem with f0,v * qo,v being replaced by bo,v. It is
clear that I{(qt0,v)= 1. One checks easily that J{(fo’,v)= 1. For aF,
Iv (a, b0,v) equals

I,,(Fo) ’v(a’ A) (Tr(A) - N(A).) dA

L (Tr(A)-N(A).) dA if lall
(Rv) a

0 if lal > 1.

Meanwhile

n(y))(x + y) dx dy

q(x + y)dx dy. (33)
lal,laxl,layl,laxy-a-ll <

Thus when lal > 1, Jr(a, fv)= Iv(a,q0v)= 0. When lal- 1, a simple computa-
tion shows that Jr(a, f,v) Iv(a, b0,v) "=’" 1. When lal < 1, make changes of vari-
ables x x/a, y y/a in (33); Jr(a, f),v) becomes

llxl, lyl < 1, Ixy-ll < lal<l
o ( x + Y ) lal-2 dx

Over the domain, we have Ixl lyl 1 and (y/a) /(x-l/a). Integrating over
y, we get

Jv(a, fot,v) I lit(X+X-I)Ixl=l a lal- dx. (34)

To prove Theorem 1, we only need to show the following theorem.

TrtEOREM 2. When lal < 1, q is oforder O:

p(Tr(A)-N(A).) dA-lal (n-1)/2 Jlxl=l (.x-t-X-1) dx. (35)IAeJ(Rv) a a

We will use the formula for N(A) and Tr(A) as stated in 2. With the notation
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in 2, the left-hand side of (35) equals

flxvl (36)

Recall the following lemma proved in [KS].

LEMMA 3. With the decomposition given by equation (18)"

E CsXhx#2xh ckix+flxrix + Cix + Dix6
s i=1

where Ci ’e, c(i, #1,/-/2)g/, g#2, with

Pi {{/1,/2} c I-I’l# + #2 + Yf- + }

and Df ,R, d(i, 1, ;t2)xx, xx2, with

Also

E kiCiDi O.
i=l

Here c, ki, c(i, i1,/2), d(i, ;t, (2) equal either 1 or 1. We only need the fact that
ck 1, which follows from the last remark in 2.
From Lemma 3, (36) equals

J $(.x+#+xr’+x*’---i[ckix+#xv’x*’+Cix’+Dix’].)Hdxr. (37)
Ixl < a

We first consider the integral (37) over the subset D’ with ]x+[ < 1. This
integral has the form

l’lxvl < 1,1x+al<l
$ (,x (1- x+xt dxy

For the integration over xr, to be nonzero, we must have
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which implies the conditions [1- Cl[ < 1 and [Ci[ < 1 if 1. We may impose
these conditions on the set D’ without changing its contribution to (37). A similar
argument shows that we may also impose the conditions I1 Dll < 1 and IDol < 1
if 1. Denote by D" the subset of D with these restrictions. Over D",

[klClDl 1,

which contradicts Lemma 3. Thus D" is empty, and it contributes 0 to (37); so does
the set Dr.
We may then restrict the domain of (37) to the set with Ix / l- 1. Rearrang-

ing the terms in (37), it becomes

k (x+# nt- (1- Cl )X,l q-(1-D1)Xla x+#x’ x’h )
(38)

Note that

( o,)( c,) c,o,
ckix+x,,x,, + Cix,, + Dix,h ckix+ x,, + ck-+ x,, + cki---+ ckx+

Make the changes of variables x, xr,- (Di/ckix+#), x,h x,h (Ci/ckix+#)
for : 1; (38) becomes

CiDi

.x+# + (1 Cl )X,, -[-- (1 D1)xr, xa+xy, xr, -[- -i-1 ckix,+#.
a

Using Lemma 3 again, we see

CID1

(39)

(40)

We now apply a simple lemma.
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LEMMA 4. If/ is of order O, Ibl > 1, then

J’lxl, lyl
(bxy) dx dy Ibl -

Thus the integration over xv,, x,, 1 gives a factor of lal-. From (40), the
integral (39) equals

lal’-a Jl=+al---1,1l < -x+lxr, xa, + (1 Cl)Xv, + (1 DO a

Make changes
(1 O)/x+#:

of variables x, xv, + (1 C1)/xa+fl and

lal’-lJ P
Ix+al=l,lxrl <

Xo+fl XOt+flXlX +
a

1 -C -D1.
x+i Hdx dx+l.

From Lemma 4, the integration over xl and x6, gives a factor

1

j X+#-+-+ ( Cl_D1) Hdxldxt+# (41)lal’ ’ -Ix/l-1, Ixl < a ax+#

Finally we consider the integration of (41) over x with ? e H’. Recall that

C1 E 17(1,/11, ]./2)Xul Xu2,
P

D1 E d(1, Xl, )(,2)XZ, XX2
R

We claim that each root y e H’ appears exactly once in the expressions for C1
and D1. For y e rl’, (y, yl) + (y, 61) (y, ) (y,/3) 1. Thus either (y, ])1) 1
or (,61)= 1. This criterion separates H’ into a disjoint union II w II. For
/ rI the set with (/, Yl) 1, define/’ +/3 + 1 #" For v e II, define v’
+fl+61-v.
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LEMMA 5. The maps #-. #’, v--. v’ define the involutions in H and II2,
respectively. We have # #’, v # v’ and

P1 ((v, v’)lv e n;}, hi}.

Proof. Given ].t e I’I, (#,)’1) 1, thus )’1 # is a root. Since (a + , )’1 --/.t) 1,
we see #’ is a root. One cheeks easily that (#’,t)= 1, (#’, fl) O, (#’, y)= 1;
thus/’ e H. Similarly, v’ H. The remaining assertions are dear. [21

With this lemma, we proved our claim on the expressions C1 and D1. The
integration over {x[y II’} is

J I]’I(--C’-’IpI’Hdx’,"- HIix,l<l \ ax+# j (,,)erI’" Ixl,lxu’l <1 (.-d( l: #__ la’___)xx,.) dxu dx,,
ax+#

(.-c(1, v, v’)xvxv,) dxv dx.ax+

Apply Lemma 4; this integral equals lal IrI’l/2. Since r + (IrI’l/2) (n- 1)/2, we
get that (41) equals

]al(n-1)/2Jix+l= (x+/ +3-+1#’)a (42)

This is the expression on the fight-hand side of (35). We proved Theorem 2, and
thus the fundamental lemma.

5. The case G2 and F4. In the case G’ is of type G2 or F4, the group G is SL2
or Spa, respectively. We can define a distribution I(f, q) on SL2 or Spa, respec-
tively, as in the introduction; in the latter case, f is a genuine function on the
metaplectic group Sp3. The distribution will be compared with a distribution J(f’)
on a covering group of SL2. L_et SL be the m-fold., coveting of SL2. Denote by
fi(t) (n(t), 1) an element in SLy. For f’ C(SL’(A)) an antigenuine function,
define

J(f’) j
(A/F)

Kf,(fi(-x), fi(y))(x + y)dx dy.

When G’ is of type G2, we let m 3 and assume that F contains the cubic roots
of unity; when G’ is of type F4, let m 2. The correspondences that arise from
the identity (8) are between the automorphic represent..ations of SL2 and SL32, or
between the automorphic representations of Sp3 and SL22 Here we are interested
in showing the fundamental lemma for the trace formula (8).
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One can unwind the integrals I(f, qk) and J(f’) as in {}3. We get Proposition

3 and equation (30) with n(t) replaced by fi(t) and replaced by
-1 a

([a -a 1,1). The fundamental lemma over the local non_Archimedean field

asserts as before a relation between I(a, fo, * 0,) and J(a, fd,), with 0, being
the same as defined in 3, and fo, and fd, being the unit antigenuine Hecke ele-
ments which are defined over almost all local places. (See [J2], [MR].)
Theorem 1 holds when G is of type G, and with a minor modification when

G is of type F4. We now sketch a proof. Again we may replace fo, * o, by 0,
in our consideration.
Assume Iml 1 over the finite place v. It is easy to see that I(a, o,) and

J(fd,) equals 0 when lal > 1 and equals 1 when lal 1. When lal < 1, from the
argument in {}4,

Iv(a’ q’v) IAj(Rv) d/(Tr(A) N(A)) (43)

In the case G’ is of type G2, oar is the set {tilt Fv}. Thus (43) equals

Lv (3t t3
dt. (44)

In the case G’ is of type F4, a is isomorphic to the set of 3 x 3 symmetric matrices.
The norm form is just the determinant, while the trace form is the usual trace.
Thus, explicitly, (43) equals

L t(x+y+z-xyz-2efg+xe2+ Yf2-+gg2) d(xyzefg).
a

(45)

Meanwhile from the discussion in 4, we see

(46)

where (., .) is the ruth-order Hilbert symbol.
Proving the fundamental lemma is equivalent to establishing the relationship

between the exponential sums (44) and (46) or (45) and (46). In [MR], we prove
the following proposition.

PROPOSITION 4.
unity, then

When qt is of order O, lal < 1, ifRx contains the cubic roots of

Lo q (3t t3) dt L: (X + x-l) (a’ x)
a
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In the rest of the section, we assume that Fv is a local non-Archimedean field
with residue characteristic = 2. We prove the next proposition.

PROPOSITION 5. When k is of order O, (*, *) is the second-order Hilbert symbol;
when lal < 1, the expression (45) equals

I ( -1) (a’x) dx"
Ixl=l a

Here (a, k) is the Weil constant.

Proof. This is essentially the fundamental lemma in the case when G is of
type F4. First consider the contribution from the set D with Izl < 1 to the inte-
gral (45). Observe that for the integration over g to be nonzero in (45), lefl must
be less than 1; for the integration over x, y to be nonzero, ez / 11 and Ifz + 11
must be less than 1. There is no such e, f satisfying these conditions. Thus the
contribution from D is 0.
Now assume Izl 1 over the domain for (45). Change x x + ((1 + e2)/z),

y y + ((1 +f2)/z); (45) becomes

e2 f2 (9_ef)2

z + z- xyz+++z z z d(xyzef9). (47)
Izl=l a

We now apply Lemma 4 and the next lemma.

LEMMA 6. If g/ is of order O, Ibl > 1, then

k(bx2) dx Ibl-1/Ey(b, p).

The integral (47) becomes

Since y(az, !/)4 1, we get

a
lalS/2y(az’ @)3dz" (48)

7(az, 0)3 7(az, /)-1 7(a, 0)-l])(g, 0)-1 (a, z).

With Izl- 1, we have 7(z, ) 1. Thus (48) is

lalS/2y(a, q)- Jlzl=l O (Z q- -1) (a, z) dz.

The proposition is proved. [1
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6. Finite field case. There is an analogue for Theorem 2 over the finite field.
Back to the situation in 4. Let F be a non-Archimedean field with residue field
K. Assume IKI q. For x z R the integer ring, let x be the map from R to
K by the reduction modulo P the maximal ideal in R. Reduce the Jordan alge-
bra ,,(Fv) modulo P; we get a Jordan algebra over the finite field K. One may
define the norm and trace form on og by reduction modulo P as well. We have
the following.

THEOREM 3. Let ’ be a nontrivial additive character on K. Then

E 0’(Tr() N()) q(n-1)/2 E O’(x + x-l). (49)

Proof. Choose a e P, such that O(x/a)= ’(). Then the left-hand side of
(49) equals qn times the left-hand side of (35), while

Ixl--1 a

Equation (49) follows from Theorem 2. I-q

We note the exponential sum on the right-hand side of (49) is a Kloosterman
sum.
For the situations considered in 5, we have also the analogues over finite

field. In the case of G is of type G2, the corresponding equation over K is (with
q 1 mod 3):

E O’(3t- 3) E O’(x + x-’))(.(x),
teK xK

(50)

where t: is a nontrivial cubic character on Kx This is the equation that appears in
[DI]. In the case where G’ is of type F4, we have when q is odd,

E O’(Tr({)- N()) q3 O’(v2) E O’(x + x-1)((x), (51)

where is the quadratic character on K x.

7. The case B3. Keep the notation in the introduction. When G= S07,
then the group G is S03 x SL2, where S03 is defined with the quadratic form Q
on F3:

Q(a, b, c) b2 + ac.



A TRACE FORMULA FOR DUAL PAIRS 339

The metaplectic group Sp(U’/Z)= Sp3 does not split over j(G). Let G=
S03 x SL22 For f C(0(A)) a genuine function, S(A3), we may define a
distribution I(f, ) using the equation (6), where U, G are considered as subsets
in t via the embedding # (#, 1). This distribution will be compared with a dis-
tribution J(f’) on SL2 where for f’2, C(S’-L22(A)) a genuine function, J(f’) is
defined as in 5.
We briefly indicate here a relationship between the identity (8) and the relative

trace formula in [J2]. A simpler form of I(f, ) is needed for the comparison.
In [J2], a distribution I(f,l, d/) is defined on GL2 for some multiplicative

character /and additive character if’:

A/F A/F

Meanwhile a distribution J(f’, e, @’) is defined on ffL2, where e e F We will take
e 1, and ’(s) q](-2s). Then J(f’,e, ’) is just our distribution J(f’). With the
choice of e, the character r/is the trivial character. We now compare I(f, 1, ’) and
I(f, ).

Let T be the group of diagonal matrices in GL2, and let

Then is a function on the set 6e of 2 x 2 matrices with eigenvalues { 1,- 1 }. The
group GL2 acts on 6a by conjugation. Let O(n) (2s) if n n(s); let 6# be the set
of relevant elements y in 6e, i.e., O(n) 1 if n N(A). The distribution I(f, 1, )
can be unwinded into the expression

JlV P(n-lyn)O(n) dn.
Teff"(F)/N(F) (A)/N(A)

(52)

We will write I(f, ) into this form.
Using the argument in 3, one can unwind the integral I(f, ). Let

Then

f (X) I( f(g-1)pc,(j(g))(X) dg,
(,)

XEA

J p/(j(u))f ((X)(Tr(Ju)) du.I(f )
U(F)\U(A) xer

The group U is isomorphic to N x N’ where N, N’ are the one-dimensional uni-
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potent subgroups in SL2 and S03, respectively. Write an element in u N x N’ as
n(t)n’(s). Then @(Tr(Ju)) @(t + 2s), and

p(j(u))f (X) /(-Q(X)t)f (Xn’(-s)).

Here Q is the same quadratic form as in the definition of S03. Thus I(f, ) equals

I(,/F)2 E (-Q(X)t + + 2s)f (Xn’(-s)) ds dt.
XeF

(53)

For the integration over t to be nonzero, Q(X) must be 1. Let Y0(A) be the quadric

{X AaIQ(X) 1}.

Integrating over t, (53) becomes

I, k(2s)f (Xn’(-s)) ds. (54)
/t Xe Yo(F)

LEMMA 7. There is a bijection between the set Yo(A) and the set St(A).

Proof. If X (a, b c) e F3 define a matrix m(X) as Then X e Y0
a -b

if and only if re(X) St. This proves the lemma.

As n’(-s) S03, for X Yo(F), we have Xn’(-s) Yo(A). In fact, m(Xn’(-s))
n(s)m(X)n(-s). Thus from (54), I(f, ) equals

JA (2s)f. [m-l(n(s)?n(-s))] ds.
IF e(F)

(55)

Let be a function on the set St(A):

P(g) f (m-l(g-1)).

Then I(f q) equals

L E $(2s)(D(n(-s)?n(s))ds E Jv O(n-’Tn)O(n) dn,
/F T,9(F) S#(F)/N(F) (A)/N(A)

which is exactly the expression (52). We have shown that the trace formula stated
in [J2] and the identity (8) in the introduction are essentially the same.
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The discussion in this section applies to the general cases where G’ is of
the type Bn. For any n, the set Y0 in (54) is isomorphic to the symmetric space
S02n+l/SO2n. The distribution I(f,) in (6) is, in essence, a distribution on
S02n+ of the form

L I K(h, u)O(u)dh du,I(a)
OIF)\SOI

where U is a unipotent subgroup of S02n+l, 0 is a certain degenerate character on
U; the precise definition of U and 0 can be found in the introduction. The trace
identity (8) will then give a correspondence between S02n-distinguished automor-
phic representations of SO2n+1 and the automorphic representations of SL22.
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