A GENERALIZED KOHNEN-ZAGIER FORMULA FOR MAASS FORMS
EHUD MOSHE BARUCH AND ZHENGYU MAO

ABSTRACT. We prove an explicit identity relating the central values of the twist L—functions
of weight 0 Maass forms to the Fourier coefficients of weight :I:% Maass forms. We also give

a bound on Fourier coefficients of weight i% Maass forms.

1. INTRODUCTION

The Shimura correspondence gives a mapping between spaces of integral weight and half
integral weight holomorphic cusp forms. Waldspurger was the first to establish a relation
between the central L—values of the integral weight form and certain Fourier coefficients of
the corresponding half integral weight form. Such relationship is explicated in many cases, see
for examples [KZ],[BM1]. We call such explicit identities between central values and Fourier
coefficients, Kohnen-Zagier type formulas. Such formulas have many important arithmetic
applications. There is much less literature on Shimura correspondence for Maass forms. In
[KaS] the correspondence is studied for the case of level 1 Maass forms and a formula is
proven relating central L—values of weight zero Maass forms to certain sums of squares of
Fourier coefficients of weight % Maass forms. Biro ([Bi]), Khuri-Makdisi ([Kh]) and Kojima
([Kol],[Ko2], [Ko3]) studied generalization of this work.

In this paper, we establish a Kohnen-Zagier type formula for Maass forms of odd square
free level, in the following generalized sense. Given a Maass form of weight 0, we associate
through Shimura correspondence a set of Maass forms of weight :I:% (as oppose to just one
form). We then give an explicit relation between the central values of twisted L—functions
and the Fourier coefficients of the set of weight j:% forms. This approach allows us to get a

formula for central values of L—functions twisted by all fundamental discriminants without
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restriction. Our result is based on the general formula proved in [BM1] for automorphic forms.
As another application of the result in [BM1] and the main proposition in this paper, we give
a bound on Fourier coefficient for :i:% weight Maass cusp forms of general level, refining a

result in [Dul].

1.1. Preliminaries. We recall some facts on integral weight and half integral weight Maass
forms.

Weight 0 Maass forms and L—function

Let N be an odd square free positive integer. Let So(N) be the space of Maass cusp forms

of level N on the upper half plane, so that when f(z) € So(V), it is a cusp form satisfying

f(vz) = f(2), Vv € To(N).

For k a real number, define the Laplace operator
0? 0? 0
Ay —) —iky—.
(8x2 8y2) Y 0w
Then Sp(V) is invariant under the Laplace operator Ag. Let f(z) be a Maass cusp form with
Aogf = —(f — 52)f, it has a Fourier expansion
flaetiy)= Y a(n)Wos(drlnly)e(nz).
neZ—{0}
Here e(z) = €™* and Wy, is the Whittaker function given by:
['(—2m) I'(2m)

Wim(z) = E—— %)Mk,m(z) + T(m—k+1)

Mk,—m(z)

and
o0

1
_Z/QZ 2m—|—7’ (m—k+7”+§) Zm+7‘+%.

M —
k(2 crif(2m+r+ 10 (m—k+13)

The Whittaker function Wy, does not vanish on the real line, a fact we will use throughout
the paper. We also note in the case k = 0 the identity Wy ¢(47|nly) = (4|n|y)%Ks(27r]n\y),
where K is the K —Bessel function.
The Hecke operators for Sp(IN) are defined as follows: for f(z) € Sop(N) as above and
(p,N) =1,
= Y bn)Wos(dnlnly)e(nz),

neZ—{0}
where b(n) = a(pn) + p~ta(n/p); here we assume a(m) = 0 when m is not an integer. (We

remark that some authors normalize Hecke operators differently, see for example [KaS]). A
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Maass-Hecke form is a simultaneous eigenform for 7}, with (p, N) = 1 and Ay. For f(2) a
Maass-Hecke form, it is either an even form (a(n) = a(—n)) or an odd form (a(n) = —a(—n)).
We let ny = 1if fis even and ny = —1if f is odd.

One can define the Maass newforms in the same way newforms are defined in the holo-
morphic case ([AL]). Let S; (V) be the space generated by the forms f(dz) where d > 1,
d|N and f(z) is in So(N/d); let S; (N) be the orthogonal complement of Sy (N) in So(N).
We call f(z) a Maass newform if it is a Maass-Hecke form in Sy (V) with Fourier coefficient
a(l) =1.

Let f(z) be a Maass newform. When D is a fundamental discriminant, define the twisted

L—function

L(f,D,s) = g:l :(2 <g> '

Weight :t% Maass forms
Let M be an odd positive integer and S, 1(4M,x) be the space of weight :l:%, level 4 M
2

Maass cusp forms with even character x of (Z/4M)*. Then if g(z) € S, 1(4M, x), it is a cusp
2

form satisfying for v = (‘é Z):

g9(v2) = J(v,2)* x(d)g(2), ¥y € To(4M);

where J(7,2) = 0(v2)/0(z), with 0(2) = y*/43°° __e(n?z).
The Laplace operator Ai% acts on Si% (4M,x). If g(2) € Si% (4M, x) is an eigenform with

Ai%g = —(3 — t¥)g , then g(z) has Fourier expansion:
(1.1) gz +iy) = > (M)Wt ignmy (4 [0ly)e(nz).
neZ—{0}

The Hecke operators for S, 1 (4M, x) is defined as follows ([Sh, Theorem 1.7]): for (p,4M) =
2
L,

sz (g)(z) = Z d(n)Wi% sgn(n),t(4ﬂ-’n’y)e(nx)‘
neZ—{0}

where
d(n) = c(p*n) + x(p) <j;n> p7 F2e(n) + x(pP)p~ 2 e(n/p?).

Again ¢(m) = 0 if m is not an integer.
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1.2. Main results. Let f(z) be a Maass cusp form of weight 0 and odd square free level N,
with Agf = —(i —s2)f. Let T be the set of prime divisors of N. Let x be an even character
of (Z/(4]];er1))*. We denote the [—primary component of x by x(;. Let T} be the subset
of T' consisting of primes | where x(;)(—1) = —1. Let T\ be the subset of T" where x(;y = 1.

For simplicity, from now on we will make the further assumption that 7\ U T. >’< = T'; namely
(CO) xq) =1 whenl € T —Ty.
Let M be an odd integer with the same set of prime divisors 7. We consider the space
Si%(f, 4M, x) of forms g(z) € Si%(llM,X) satisfying Ai%g = —(1_452 )g and:
(C1) when (p,4M) =1, T)2g(2) = A(p)g(z) with A(p) = x(p)a(p).

Minimal Level of g(z)

Theorem 1.1. Let x be an even character of (Z/AN)* satisfying (C0). Let N(x) = NHleT;( l,
€= :l:%, then Se(f,4M, x) # {0} if and only if

(1) € = 5n¢, and

(2) N(x) divides M.

A set of weight +1 forms associated to f(z)
Now consider S(f,x) = Se(f,4M,x) when € = %77]‘ and M = N(y), or rather its Kohnen
subspace ST (f,x) consisting of g(z) with

(C2) ¢(n) = 0 unless x(2)(—1)n = 0,1 mod 4.
Theorem 1.2. The space ST(f,x) is one dimensional.

We can then associate to f(z) a set of weight &3 forms gy, (z), where g7, () are generators
of the one dimensional spaces ST (f, x).

Vanishing of Fourier coefficients of g¢,(2)

Fix a character x as above and let g(z) = g, (2z) be a generator of ST(f,x). The Fourier

coefficients ¢(n) of ¢g(z) vanish in many occasions:

Proposition 1.3. Let w), be the eigenvalue of Atkin-Lehner involution of f at p. Let c(n) be
the coefficients in expansion (1.1) of gs(2). When (%) = —X(@p)(=1)wp for some p € T or

l|n for some l € T}, c(n) = 0.

Here [||n means I|n and I? jn.
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A Kohnen-Zagier type formula for Maass forms
When D is a fundamental discriminant and the Fourier coefficient ¢(D) of ¢g(z) does not
vanish for the reason described by the above proposition, we have the following Kohnen-Zagier

type identity relating the Fourier coefficient to the twisted L—value of f(z):

Theorem 1.4. Let g(z) = g¢(2) with Fourier expansion (1.1). For a fundamental discrim-
inant D with (%) # —X(p)(=Dwp for allp € T and | D when | € T} :

e(D)* _ L(f,D.5)

D ey = G

(n|D])~!

peT,

Here v(N) is number of prime divisors of N, u(D, N) is the number of common prime divisors

of D and N.

The above formula gives an explicit relation between central values L(f, D, %) and Fourier
coefficients of i% weight Maass forms. Notice that for each fundamental discriminant D, we
can find a character y with (%) # —X(p)(=Dwy for all p € T and satisfying (C0), thus a
corresponding g = gy, with its Fourier coefficient ¢(D) satisfying the equation (1.2).

We remark that our results can be extended to any even character x, as well as to the case
N is odd but not square free. See [M2] for details in the holomorphic modular form case.

A bound on Fourier coefficients of weight :l:% Maass forms

Let g(z) be a weight :l:% Maass cusp form of general level in Si%(élM) with Ai%g =
—(3 —t2)g (here M is not necessarily square free or odd). Recall the Fourier expansion (1.1)
for g(z). We prove a bound for Fourier coefficients of ¢g(z) in terms of |¢| and level M.

When f is a weight 0 Maass newform of level N with Agf = —(% — 52)f, Theorem 1 in
[BHM] gives the following bound for L(f, D, %)

1
(13) L(f, D, 3) < ((1+ [sDNID) (1 + |s)) PN | D[ =502,

for any € > 0 and D a fundamental discriminant; here = 614, B = 75%&26 and C' = %. Based

on this estimate, we get:
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Theorem 1.5. Let g(z) be a weight £5 Maass cusp form in S, 1(4M) normalized so that
2

(9,9) = 1. For any n square free integer,
[t]
(14)  fe(n)] <e (L+ |t MIn|)e™ = (1 + )50 5+ 557 M C+2p ~5— 15 (1-20)
This bound improves the n-aspect estimate of [Du]: |e(n)| < ]n\_% and gives a bound in

the M (level) aspect.

1.3. Structure of paper and notations. In introduction we intentionally avoided any dis-
cussion of automorphic forms, so that the results can be read and used without any reference
to automorphic representation theory. However our proof of the results is based on relating
Maass forms to automorphic forms on the groups GLo and SLo (the two fold cover of SLy).

We will use (g,41) to denote an element in SLy and write multiplication in that group
as a-b. Thus (g1,1) - (g2,1) = (9192,¢(g1,92)) where ¢(g1,g2) is the Rao cocycle. In the
computation involved in this paper, the cocycle is either irrelevant (as in estimates) or equals
1.

Let I be the identity matrix in GLg or SLo. Let n(z) = ({%),7(z) = (n(x),1). Let
w=(98), w=(0973).1). Leta=(89),a= ((8a91),1). For —m < 0 < m, let k(0) =
(o9 50y € GLy(R). For —m < 6 < 3, let k(0) = [k(6),1] for 0 € (—, 7] and [k(0), —1]
for § € (m,3n]. Let K be the subgroup of GLy(R) consisting of all k(A)’s. Let K be the
subgroup of SLy(R) consisting of all k()’s. Denote by Z the center of GLs.

In section 2 we relate Maass forms with vectors in cuspidal representations. We recall the
main result of [BM1] in section 3. In section 4 we prove the key result over real field. The
results stated in introduction are proved in section 5. In the appendix we prove an integral
formula that is used in section 4.

Acknowledgement: We thank the referee for pointing out errors in the original version

and other helpful suggestions.

2. MAASS CUSP FORMS AND CUSPIDAL REPRESENTATIONS

2.1. Weight 0 Maass forms. Let Ag be the adele ring of Q. For a prime p, let O, be the
ring of integers in Q, and Ky be the subgroup of GL2(O)) consisting of matrices (‘é 2) with

¢ in the prime ideal of O,,.
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Let To(N) = {(2%) € SLa(Z)|c = O(N)}. Let So(IN) be the space of Maass cusp form
on I'y(N) (of level N), and with trivial character. Let f € So(IN) be a Maass form. Then

f determines a vector in the space of automorphic forms on GL2(Ag) by f — ¢ = s(f).

The map s(f) is defined as follows. For go = (2%) € SLy(R) considered as an element

(900717 -[7 .. ) iIl GLQ(AQ), let
at+b

Moreover ¢(vgk) = ¢(g) when v € GL2(Q)Z(Aq), and k €[],y GL2(Op) [, Kop- These

relations determine a unique ¢ = s(f).

When f(z) is a Maass newform, ¢ = s(f) lies in the space V(7) of an irreducible cuspidal
representation 7 of GLa(Agq), with trivial central character. Then V(7) = @V (m,) where 7,
are irreducible representations of GL2(Q,), V(7,) is the space of 7, when v is finite, V(7o)
is a K —submodule of the space V(ﬂ'oo) of T consisting of K —finite vectors. Moreover under
the isomorphism we have ¢ = ®y,p, with ¢, € V(m,).

When v is a p—adic place, the representation 7, and the vector ¢, are the same as those
described in [BM1, §9.1]. Consider now the case v = co. When f(z) is an even Maass form,

then 7o = 75 4 with V(7 ) being the space of K —finite functions ¢ on GLa(R) satisfying:
(2.1) $(n(w)azg) = |al**'?¢(g), z € Z.

When f(z) is an odd Maass form, then mo, = w5 — with V (7, _) being the space of K—finite
functions ¢ on GLy(R) satisfying:

(2.2) b(n(z)azg) = a* "2 sgn(a)lg), = € Z.

In both cases 7, is either a unitary principal series or a complementary series representation,
meaning s is either a purely imaginary number or a real number satisfying —% <s< % The

vector ¢ is the unique (up to scalar multiple) K —fixed vector in 7 4.

2.2. Half integral weight Maass forms. Let M be an odd positive integer and x be an
even character of (Z/4M)*. Let fl’ﬂ/Q(élM, X) be the space generated by vectors ¢ = ®,9,
in the space of cuspidal automorphic forms on SLa(Aq) satisfying the following conditions:
(2.2.0) @ lies in V(7) = @V (#,) where 7, are irreducible representations of SLa(Q,), V (7y)
is the space of 7, when v is finite, V (7s) is a submodule of V (7+) the space of 7o consisting

of K —finite vectors.
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(2.2.1) When v = 00, ¢ is a weight :l:% vector in the space of a unitary principal series or
a complementary series representation 7o,. The representation 7 is of the form 7, + with

V (7s,+) being the space of K-finite genuine functions ¢ of SLy(R) satisfying:

(2.3) $(i(z) - a- g) = |al**'5(a)* o(g)-

Here s is either a purely imaginary number or a real number with —% <s< %; and §(a) =1

if a >0 and §(a) =i if @ < 0. The weight &5 vector Poc € V(75 +) satisfies
(24) Boo((w) @ k(0)) = a2 Gog (1)

fora >0 and —7 < 6 < 3.

(2.2.2) When v is p—adic, ¢, is as described in [BM1, (9.2.2)-(9.2.4)]. In the case of (9.2.4),
take £ = 0.

[W2, Proposition 3| establishes a bijection from Si% (4M, x) to Alﬁ:% (4M, x). The bijection
is given by g(z) — @ = t(g), where t(g) is the unique function on SL2(Ag) that is genuine,

continuous and left invariant under SLo(Q) and satisfies:

r cosf sin 1 .
t(g)((\(/)?j 1;%) (—sineG cosz) ’ 1) = y1/46i2 99(1, + yl)v

where y > 0,z € Rand —7 < 0 < 7.

2.3. Whittaker functional and Fourier coefficient. The Whittaker functionals for the
space of m of GLo and 7 of SLy are defined as follows: for v a nontrivial additive character

of Ag/Q and ¢ € V (7):

(2.5) wo= | P
For \ € Q*, ¢ € V(7):

(2.6) W3 = /A@/Q G(n(x))h(—Iz) da.

We choose 1 as follows: if z € R, 9(z) = €>™®; at a rational prime p, if z € Q,, choose

# € Q so that |z — #|, < 1, and set ¢(z) = e 2™, By definition, when ¢ = s(f)

1
(2.7) W, = /O Fl@ +i)(—z) do = a(1)Wo.(47).
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We remark when f is a newform, a(1) = 1. Similarly when ¢ = t(g) as in §2.2 such that
Poo € V(Ts,+), for D € Z — {0}:

B 1
(2.8 WP = [ afa+i(=Da)do = DI,y i ; (471D,

3. A FORMULA FOR L—VALUES

A key result we use is [BM1, Theorem 4.3], which we now recall. Notations will be as in
[BM1]; for example ||, is the valuation at place v.

Let 1) be a fixed nontrivial additive character of Ag/Q, D be a fundamental discriminant.
Let 9P (x) = ¢(Dzx); let xp be the quadratic character of Aj associated to D. Let 7 be an
irreducible cuspidal representation of GLa(Aq) with trivial central character, and @ = 7p =
O(m ® xp,¥P) be the irreducible cuspidal representation of SLy(Ag) obtained through theta
correspondence ([W1], [W3]). Take two vectors ¢ = ®¢p, and ¢ = ®¢, in V(r) and V(7)

respectively, then we have for S a large enough finite set of places,

WP \W,PL(r @ xp, 1/2

) -
(3.1) ~ = Ev(%,%,ﬂ%D)
=l ][ Ul}g
where
(3.2) Eu(u, $os), D) = el 9)

e(Pu, wD)L(m ® XD, 1/2)|D’v‘
Here W, and Wg are the Whittaker coefficients defined in the previous section; ||¢|| and ||@|]

are Petersson norms; and

_ el

(33) e(go’lhw) - |LU(S0U)’2
4 e ~v7 D — ~H¢UH2
0 ot = Epp

with L, and f/g) being fixed local Whittaker functionals and the local norms given by:

da
(3.5) llpol|? ?

)

/Q atma)e)

laly

(3. o = 35 JREZRILAOEN

The sum is taken over representatives of square classes of Q}; the functionals LP% for §; #1

are determined up to a complex unit by the choice of LP.
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Note that when f is a weight 0 Maass newform,
(3.7) L(f,D,s) :L(?Tf@XD,S)/L(WﬁOO@XD,S).

In order to combine the identity (3.1) with the identities (2.7) and (2.8) to get the explicit
identity (1.2), we need to describe the local constants E,(¢y, $v, ¥, D). We have computed
Ey(py, Py, 1, D) for v finite in [BM1]. The value of Eoo(@oo, Poo, ¥, D) is given in Proposi-
tion 4.1.

4. COMPUTATION OF A LOCAL CONSTANT

Recall we fixed a choice of ¢ in §2.3. We will denote the restriction of ¢ to R through
embedding z — (,0,0,...) again by 9. Then 9(z) = > is an additive character of R. In

this section D is a nonzero real number. Recall " (x) = ¢(Dz). We prove:

Proposition 4.1. Let s be either a real number with 0 < s < % or a purely imaginary number.

Letn = £1. Let oo be a weight 0 vector in V (ms,) and $oo be a weight $n vector in V(7).

Then % equals
(27‘(‘)_11‘(1 _ sgu(D)n + f)lﬂ(l _sen(D)n fNWg sgn(D),§(47T|D]) :
2 4 2 4 2 WO,S(Z‘L']T)

We remark that from [JL],

1 _qysamn 1 sgn(D)p s, 1 sgn(D)n s
(@1)  Llran®xp,5) = (m) (g - D 8 .

The proof of the proposition involves explicit computation of Whittaker functionals and
norms of the special vectors in the given representations. We will make use of an integral

formula that is established in the appendix.

4.1. Ratio of Whittaker functionals. We fix Whittaker functionals as follows: for any
Y E V(W&ﬂ)v

(12) LP(9) = [ elwn(@)i(-Do) .
For ¢ € V(7s,),
(4.3) £P(5) = [ el aa))p(~Da) do.

—00
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For the weight 0 vector ¢ in V (7, ,) with ¢o(I) = 1, we have:
poc(n(x)ak(0)) = |a|"*% sgn(a) 7.
Let ®(x) = @oo(wn(z)), then
(4.4) D(z) = (1422 2%

Take ¢ to be the function in V(7)) with weight /2 and ¢oo(f) = 1, and let &'(x) =
Poo(W - n(x)). Then from (2.4),

(4.5) &'(z) = (1 + 22) "2~ 3M0@)/2,
Here §(z) = =% + tan~!(z) € (—,0).

Lemma 4.2.

|%|2 =||D|"T =3 C(s+3) Wgsgn(D)7§(47r|D|)|2
L(peo) L(5+3+sen(D)])  Wou(dm)
Proof. We need to consider the function:
(4.6) Qur(D) = / 1+ xQ)—%—teikO(:c)e—%rli de.

Clearly LP(¢so) = ®(D) = Qs (D) and LP(¢s) = &/(D) = Q: 1(D). It is well known
that as functions of D, |D| %_tQt,k (D) satisfy the differential equations of Whittaker functions

([Go, p. 2.20]). More precisely we have:

1_
|D|2 tQt,k(D) = Bt,k,sgn(D)W%k;sgn(D),t(Zlﬂ-’DD'

Here B, 1 + is some function of (¢, k) to be determined. To determine these functions, we let

D approach 0.

1
li D) = 4r)2~t
Dg{)ﬂ Qt,kz( ) ﬂt,k,+( 7T)

)

N[

T
T(t—
T

/_\ /\
N | N
~~ ~

)
_l’_
1 )

lim D) = _(Um)t—
A Qi k(D) = Btk,—(4m) M+ b+l
On the other hand limp, .o Q¢ k(D) = e*i”kﬂF(t, k) where

(@7) Pt k) = / (14 22)t-3eiktan (@) gy

— 00
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From the appendix, we have

(4.8) Ft,k) = /7

Using the doubling formula

1
4.9 T(2s) = 7222 10(s)T(s + = ,
2
we get
4 ko1
Bt = €™ 2Am) T2 T (04 S+ ),
4 k1
B = €2 Um) 22 T - ).
We are interested in
‘.ZD(@OO) 2 ‘Qg,g(D) 2 _ 1D Bs 1 sen(D) ’2|Wg sgn(D),3 (47| DI) ,
L(0) @s0(1) Bso0.+ Wo,s(4)
Bs sgn
The Lemma follows from the fact |7’é’70g:m\2 equals
1 1

(5 + % +sgn(D)) I($+ 4 +sgn(D)1)

0

4.2. Ratio of inner products. Here we separate the case of s imaginary (the unitary prin-

cipal series case) and s real (the complementary series case).

Lemma 4.3. When s is imaginary,

[ER
1Bool

Proof. When s is purely imaginary, the inner product formula for GLy is

e da
2 — Tool 2.
(4.10) ol = [ IErola)eon) P o
Since
(411) L(moe(a)poe) = la] /2~ L*(pnc) = |a]"/*~*(a).

we get that ||poo||? equals:

/_Zli(a)pda:/oo |q>(x)|2d$:/°° (142 dr =

—00 —00
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Since we fixed our choice of L? and L~P, the inner product formula for the SLy case does
not necessarily take the form of (3.6). When s is purely imaginary, from [BM2, (16.1)], the

inner product formula is:

@12 el = [P @)+ [ 1P (@) T
Note

(4.13) L2 (e (@)P) = Ja]'*E7°P () = [a]' (a2 D).

Thus we get

Gooll? = | D! / (a)|? da = D] / ®/(a))? da = D]\

—00 — 00

The Lemma follows. U

Now consider the case of complementary series. Here 0 < s < %

From [BM2, (16.2)]

. < . da Agp(=D) [* - p, . . da
4.14 002:/ LP (7ol 002+S’"/ L7P(Foo(@)) Pool® -
(4.14) || ool _OOI (oo (@) oo ol t A, D) _OOI (oo (@) oo al
Here
(4'15) As,n(D) _ F(s)(e—is7rsgn(D)/2 _ nieisrrsgn(D)/2)

(the definition [BM2, (15.6)] has an error in negative sign).

Lemma 4.4.

~ 1 —ni S _
1Pll? = Ay (D)t AR, Ty 2m)* D

Proof. From equation (4.13) and (4.14) we get A, (D)||@oo||? equals

o st 1A da o Ced11 2 da
/ Ay y(D)|Da?|~+ @ (Da?)|? ja] " / Asy(=D)|Da?|"*+ &' (- Da?)* —

lal’
The above two integrals can be combined into one, resulting in the equation:
(4.16) As(D)|@ool* = | DI~ /Z Dy (b)[b] 5|9/ (b)[? db.
We claim the right hand side of the above equation equals
(4.17) @aPDP [ Ao ()l () o
—o0

Here A is the intertwining operator from 7, to 7_s .
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From [BM2, (15.7)],
A@oo(w - 1)) = /é/(b)As,n(b)(Qﬂb)‘8627”'1’”” db.
Thus (4.17) is just

|D|5! / / ()2 T D! (b) A, (b)|b|~* da db.

Since [ @'(z)e?™* dy = @' (b), we get the above equals the right hand side of (4.16).
Let ¢, be the weight 7/2 vector in V(7_s,) with @ (I) = 1, then

Apnal) = [ el ie) - ) do = P0) [ el i) do
The integral is [0 ®'(x)da which equals e~MTAR (S, 1.
Thus from (4.16) and (4.17), we get
~ i S s s— R - - T = =7y
418 Au(D)gwll = EE Dem DI [T i i) f i)
Observe that
/ Pho (W - () Poo (W - R(x)) do = / | (x)|?dx = / (1+2%)"tde =
—0o0 —00 —00

From (4.18) we get the Lemma.
The GLs9 case is similar, we have
ol = d55(1) 7 F(s,0)(2m) >
here
(4.19) Os.m(1) = D(25) (e + €'7).

Thus when s is real,

[lpooll” 1—sBsy (D) F(s,0) o o pin/a
4.20 — =|D : 27)Semm/=,
(420 lewl? =PV P p O
From (4.15) and (4.19)
58,77(1) _ F(2S) —ismsgn(D)/2 - ismsgn(D)/2
7As,n(D) = T (e + nie )
_ P8 i L _ 5 n
= 2 T(s) e sm(7r(2 5 sgn(D)4)).
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Since
sin(wm):m,
we get
i Den(D) o T(s)T(5 — 5 —sgn(D)))T(5 + 5 +sgn(D)])
I

From (4.8) and (4.9):

G = VAIOTG + /G +50C +7)
_ V2175 (s)
V22 (s + §)
s T6)
T 2)

From (4.8)
F(s,0) = /7l(s)/T(s + %)

Thus % —272. From (4.20) and (4.21), we get

Lemma 4.5. When s is real,

#gqpﬂﬁﬂé—%—%MDHDW%+%+%MDH)
2

[

[|Poo

4.3. Proof of the proposition 4.1. We now finish the computation of %. When s

is purely imaginary we use Lemmas 4.2 and 4.3. All we need to check is:

I'(s+ %)
I'(5+1+sgn(D)?)

sgn(D)y  syn L sen(D)n

S S 1
(4.22) ||D[5x 5 2= (2m) 705 - =+ S

From (4.9),

I'(s+ %)

o
L'+ % +sgn(D)%)

2 _ —1i9s f 1_ ﬂ 2
2= (2m) 2T + 5 — sen(D) P

Since s is purely imaginary, the equation (4.22) holds and the proposition follows in this

case.
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When s is real, from Lemmas 4.2 and 4.5 we need to check the right hand side of (4.22)

equals:

I'(s+ %)
L'(5+ % + sgn(D)%)

(2m) 71253

The equality again follows from formula (4.9).

Thus in both the s real or imaginary case we get the identity in the proposition.

5. PROOF OF THEOREMS

PrOOF OF THEOREMS 1.1 AND 1.2: We first show the necessity of the conditions in
Theorem 1.1. If g(z) is a nonzero form in S %( f,4M, x) satisfying the Hecke eigenvalue
condition (C1), let ¢ = t(g). Then ¢ is a finite combination of forms ¢; in the spaces V(7;)
of irreducible cuspidal representations 7; of SLy. Then the local components Tip at p fN are
isomorphic to that of ©(m,),. In other words, 7; is in the near equivalence class of O (7, ).

Waldspurger’s strong multiplicity theorem ([W3, Theorem 3]) gives a beautiful description
of a near equivalence class II of irreducible cuspidal representations. At a local place v,
either 7, equals a fixed principal series representation for all # € II, or 7, belong to a
packet consisting of two distinct representations that are not principal series representation.
In the latter case, the two representations have different central character. In particular,
since our choice of x determines the central character of 7;, we see 7; is actually the same
representation 7 for all 4, being the unique element in the near equivalence class of ©(m, )
with central character determined by x.

We now describe the local components of 7 (where ¢ lies). At places v = p|N, v =p =2
and v = oo, the local components of 7w are principal series representations, thus so is that
of ©(m, 1)y, which implies 7, = O(m,1),. In particular, at co, T is of the form 7, with
1 =ny. Since V(75 +) does not contain vectors of weight T3, we get Se(f,4M, x) = {0} when
€= _%Uf-

At a place v = [|N, 7, is a special representation, and 7, is not a principal series rep-
resentation. The two possibilities for 7, are either a special representation or an odd Weil
representation, determined by the value of X(l)(—l)- At leT >’<, 7 is an odd Weil represen-

tation (see [BM1, §8.3]). At € T — Ty, 7 is a special representation. The lowest level of
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vectors in V(7;) is 1> when 7; is an odd Weil representation. When 7; is a special represen-
tation, the lowest level of vectors is I. Thus the level for g(z) is divisible by N(x). We get
Se(f,4M,x) = {0} when N(x) M.

Next we show ST(f,x) is non-empty. Let 7 be the cuspidal representation determined by
X as above, let $o = ®pPg, be a vector in V() as follows: P lies in weight %Uf space of
70,00 Which is one dimensional; for p /2, @o, lies in the space of lowest level vectors which is
one dimensional (see [BM1, §8] for description of these vectors); for p = 2, @g 2 is the Kohnen
vector described in [BM1, §9.4] (with k& = 0), which is also uniquely determined. Then t~1(&q)
lies in ST(f, x).

If ¢ and M satisfy the conditions in Theorem 1.1, then ST(f,x) C Sc(f,4M,x); thus
Se(f,4M, x) is nonzero. We have shown Theorem 1.1.

Now let g € ST(f,x) and ¢ = t(g9) = >_; ®pi a finite sum. The restriction on the level of
g(z) implies that @;, is a multiple of @, when p # 2. When p = 2, the vanishing condition
(C2) of Fourier coefficients of g(z) implies ;2 is a multiple of ¢p 2 ([BM1]). Thus ¢ must be
a multiple of @y and the space ST(f,x) is one dimensional. [J

PROOF OF PROPOSITION 1.3 AND THEOREM 1.4: Let g(2) = g, (2) be the generator of
ST(f,x) and ¢ = t(g). If $ € 7, the description of the near equivalence class implies there is
a Dy € Q* so that @ = O(7 ® xp,,¥"°). We can proceed as in [BM1, §10.4] to find such a
Dy. [BM1, Corollary 10.7] states that we can take Dy to be an integer such that (Do, N) =1
and forpe T, (%) = wpX(p)(—1). We will fix a choice of such a Dy. We remark that unlike
the situation for holomorphic modular forms, here 7, is a principal series representation,
thus independent of choice of Dy. In particular we no longer have the sign restriction on Dy
described in [BM1, Corollary 10.7].

Proposition 1.3 follows from local vanishing of Whittaker functionals. When 7, is a special
representation, and ¢ is the lowest level vector in V(7,), the local Whittaker functional INLZ
satisfies Eg(gép) = 0 for n in a particular square class of Qj, (see [BM1, §8.3.2]). In our case,
when 7, = O(m, ®Xp,, V), E;L(cﬁp) = 0 when n is a unit in Z, which does not lie in the same
square class of Dy in Z3/(Z3)?. Thus when (%) = —wpX(p)(—1) for some p € T, W(@) =0
and by (2.8) we get ¢(n) = 0. On the other hand, if 7, is an odd Weil representation, and ¢,

is a lowest level vector in V(7p), then Eg(gép) # 0 for n in only one square class of Q (see
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[BM1, §8.3.3]). In particular i;‘(@) = 0 if p[|[n. Thus if [[n for some I € T}, we have the local
Whittaker functional f}? vanishes at ¢;, and thus ¢(n) = 0. Proposition 1.3 follows.

Now assume D is a fundamental discriminant such that (%) # —wpX(p)(—1) forallpe T
and ! /D when ! € T}. Then O(r®xp,vP) = O(r®@xp,, ¥"?) = # by [BM1, Corollary 10.7].
Now we can apply (3.1). Let ¢ = s(f). Along with (2.7), (2.8) and (3.7) we get:
(D)W gnoy3 AeIDDE L(f, D, 1) Wos(4)

(5.1) " -
|21 |lel[?

with

1 N
K= L(7Tf7OO®XD7§) H Ep(‘Ppa@pa@b,D)-

p|2N,p=0c0

Proposition 4.1 shows that L(7 ¢ ® XD, %)Eoo(gooo, Poos ¥, D) equals

1 sen(D)y s 1 sgn(D)y s, Wasm)s(4m|D])
I8 Y S = S 4 2 - _ 2 4 2 2

Thus (5.1) becomes:

(5.2)
e(D)*  L(f,D,3)

1ol osgn(D)n s 1 sgn(D)n s ~
212 20| DTG - =+ G~ = 3 Ep(@p, @p, 0, D
BE = T &) TG = ===+ PG~ = — ) 1] Bolew 6, D)
p|2N
2 ~112 B
From [BM1, Lemma 9.1], we have % = U;!)‘ The values of E,(¢p, §p, 1, D) for p|2N

are given in [BMI1, (10.4)]. We have if p = 2, E,(pp, @p,¥,D) = 2; if p € T — T>/<’
Ep(@p; @p, 0, D) = 2 if p /D and 1 if p|D; if p € TY, Ep(@p, §p, b, D) = 21%. Putting
these data together we get (1.2) from (5.2). O

PROOF OF THEOREM 1.5: First assume g(z) in the theorem is of the form ¢(¢) where @
lies in an irreducible representation 7 of SLy. Assume c(n) # 0, then @ = O(7 ® xp, ") for
some irreducible representation 7. Let f(z) be the newform corresponding to ¢ the lowest

level vector in 7. As in the proof of Theorem 1.4, From (3.1), (2.7), (2.8) and Proposition 4.1

we get equation (5.2), which we restate here:

(5.3)
le(n)]? LI (7 ® xn, 3) 1,1 sgn(n)n 1 sgn(n)n _
= o)) (= — ST oz = BTy TT By, @by
p|2M
Here we have ¢ = § as in the situation of Theorem 1.4, A 19 = —(1_452 )g. The L—function
2

L (1 @ Xn, 5) is defined to be L(T ® xn, 8)/Loo(Too @ Xn, ). Given n, there is a fundamental
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discriminant D with n = D§2/4 for some integer . Then x,, = xp and by (3.7)
LY (7 @ Xn,8) = L(7m @ XD, 5)/ Loo(Teo @ XD, 8) = L(f, D, 5).
Thus from (1.3) we get
(5.4) L (7 ® xn, %) e ((L+ [EN[n) (1 + [¢]) ENC || 27501720),
Since |I'(x + iy)| is asymptotically m‘mw—%e—%lyl as |y| — oo, we have:
(5.5) ek sl |k _senn gy hseton

2 4 2 4
In [M1], the bounds for E,(¢p, ¢p, ¥, n) are given. One has (see [M1, §7.4]):

(556) H Ey(pp, §py 0, m) <Ke M,
p|2M

Since (g, g) = 1, we get from (5.3), (5.4), (5.5) and (5.6):

1
(f, D)le(n)[? < [n| 7 M1 4 [t)) =2 gr el
(14 [E) N[ (1 + [¢))ENC|n|2~50-20),

The level N of f(z) is bounded by M: from [M1, Lemma 7.1], N|(2M)>® and N < 4M?2.
Thus:

1 1 1
(5.7 {f)le(m)® < (14 [t)M]n[) (L + [t])~z It Be g2+ 2 =2 =5 (1720),

[HL, Corollary 0.3] states that (f, f)~! <, ((1+ [t|)M)<e* !, Thus (5.7) gives:

[t]

(5.8) le(n)] < (14 [¢))M[n]) e (1 4 [¢]) 552001+ 5 O+ || =5 15(1-20),

Now an arbitrary g(z) with (g, g) = 1is a linear combination ) . b;g;(z) where (g;, g;) = 0; ;
(thus Y7, b;/* = 1) and the Fourier coefficients of g; satisfy the bound of (5.8). From the
Cauchy-Schwartz inequality,

(5.9) le(n)]? < Z lei(n)]?,

where g;(z) = Y c¢i(n)e(nz). From Selberg’s work on Weyl’s law, we have dimension of the
space of level N weight 0 Maass forms f with Agf = —(3 + (2t)%)f is < (N(L + |t]))1*<
Through theta correspondence, dimension of S 1 (4M) has the same bound with N = M?2.
We get the Theorem from the Cauchy-Schwartz inequality (5.9) and the bound (5.8). O
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6. APPENDIX

We prove equation (4.8) here.

Proof. We make a change of variable in (4.7), tan(f) = z. Then we have:

F(t,k) = / (14 22)"tF2 ((1 4 :EQ)—leiktan*l(x)) i

—00

w/2 )
/ cos(0) 21t dp
—7/2

w/2
2/ cos(#)*Lcos (k) db.
0

By [GR, p.391, formula 9],

B 27T(2t + 1)
22T (t+ k4 Dre -k 4+ 1y

F(t, k)

Thus from (4.9),

[AL]
[BM1]

[BM2]
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[BHM]

[Du]

[Go]
[GR]

[HL]

212t (2¢) /ALt +3)

F(t,k) = = :
(5, k) Ft+E+0re-4+1) rTe+i+Lre-%+1)
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