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A fundamental lemma for metaplectic
correspondence

By Zhengyu Mao at Princeton

Abstract. We state a relative trace formula which will lead to the classification of
the image of metaplectic correspondence as a set of distinguished representations. We
prove the fundamental lemma for the relative trace formula in the case of GL(3).

1. Introduction

In this paper, we will denote by GL, a twofold cover of the group GL, over a local
field or an adele ring, as defined in [KP]. Our purpose is to state a form of metaplectic
correspondence and provide some evidences to it.

Let F be a number field; A its adele ring. We will write an element in GL,(A) as
(g,2) with ge GL,(A) and ze {+1}. The group GL,(F) of F-rational points embeds in
GL,(A) by the map g — (g,1). We say a function f on GL, (A) is genuine if it satisfies
f(g.2) = f(g,1)z. Denote by L? the subspace of L?>(GL,(F)\GL,(A)) consisting of genuine
functions. A constituent of the GL,-module £? is called a genuine automorphic represen-
tation. The metaplectic correspondence is a lifting of the genuine automorphic represen-
tations of GL, to the automorphic representations of GL,. The n = 2 case of the metaplectic
correspondence has been studied by many authors [F], [G-PS], [J], [J2], [W]. In []],
Jacquet suggested the following characterization of the image of the lifting:

A cuspidal automorphic representation © of GL, with trivial central character
is a lifting from GL, if and only if = is (H,, y)-distinguished for some ¢ ="¢
and some quadratic character y of A*/F ™.

Here H, is the similitude group

{geGL,|'geg = A(g)e, A(g) is a scalar} .

Recall that a cuspidal automorphic representation = is (H,, x)-distinguished if for some ¢
lying in the space of n, we have (Z being the center of GL,)
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1) | ¢ (hg) 1 (2(h) dh 0.

ZNH:(A)Hs(F)\Hs(A)

The above characterization of the metaplectic correspondence follows from a
relative trace formula which we now formulate. Fix a quadratic character y on A*/F ™.
Let S, be the variety

{geGL,|'s =g} .

Let @ be a function in C*(S,(A)); we define a kernel function K, on GL,(A) by:

) Ko(9)= | Y o(gasg)y(a)d”a.

AX|F* seSu(F)

Let f be a genuine function in C*(GL,(A)); for x,ye GL,(A), let

©) Ky(x,y)= | Y. fG&lagy)r(@da.

AX/F* &eGL(n,F)

The unit upper triangular subgroup N(A) of GL,(A) embeds in GL,(A) by the homo-
morphism n — (n,1). We will identify N(A) with its embedding in GL, (A). Fix a nontrivial
additive character p of A /F; we define characters 0, 0" on N(A): if n = [x; ;] € N(A), then

Xi+ Xy 3+ + X, g,

2

“4) 0'(n) = w( > 0(n) =0'(n)*.

The trace formula we have in mind is the following: for sufficiently many pairs of functions
& and f

) [ Kp(n)0(n)ydn = | K, (ny,n,)0'(ny 'ny)dnydn, .

N(F)\N(A) (N(F)\N(A))2

In [J], the derivation of metaplectic correspondence from the above trace formula is carried
out for the GL, case. We refer to [J], [J2], [J3], [JR], [JY] for the discussions on the
trace formulas in general and their application to the lifting of automorphic representa-
tions. Our interest here is to study the related local orbital integrals. We will show some
identities between these orbital integrals. At the moment, these identities are the strongest
evidences that the above conjecture on metaplectic correspondence holds.

We now define the local orbital integrals. From now on, let F be a local non-
Archimedean field. Let R be its integer ring, P the prime ideal, w a uniformizer in P.
Assume g = # R/ P is odd. We will again denote by v an additive character on F and by
0, 0’ the corresponding characters on N. The group N acts on S, by d(n): s — ‘nsn, and
Nx N acts on GL, by 6'(ny,n,): g — ny 'gn,. Denote by N, (or (N x N),) the fixator of s
(or g). We say an N-orbit {s} (or N x N-orbit {g}) on S, (or GL,) is relevant if 0(n) =1
(or 0'(ny 'ny)=1) for ne N, (or ny,n,e (NxN),). For the relevant orbits {s}, {g}, for
®e C*(S,(F)) and f a genuine function in C*(GL,(F)), define the orbital integrals:

(6) I(s,®)= | ®('nsn)0(n)dn,

N/Ns
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() J(&. )= ) f(ny 'gny) 0" (ny "ny) dnydn, .

(NXN)/(NXN)g

In §2, we classify the sets of relevant orbits. One has the following result:

Theorem 1. The relevant N-orbits on S, have the representatives of the form wa where
w is the longest Weyl element of a standard parabolic subgroup in GL, and a lies in the center
of the corresponding Levi subgroup. The relevant N X N-orbits on G L, have the representatives
of the form wywa with w, a being as above and w, being the longest Weyl element of GL,,.

The second part of the above theorem is well known, see [Fr], [G], [JR] and [St].

From the theorem, there is a matching between the relevant N-orbits on S, and
relevant N x N-orbits on GL,, given by {wa} & {w,wa}. We willlet J(wa, f) be J'(w,wa, f).
To establish the identity (5), one needs to compare the local orbital integrals I (wa, ®)
and J(wa, f).

Let K be the maximal compact subgroup GL,(R). There is a map x : K - {+1} such
that g — (g,x(g)) is a homomorphism from K to GL, (see §3). Let

1, geKnS,
0, g¢KnS,

k(gz, geK,

.fb(g,2)={0, ik

Dy(g) = {

Our main result is the following identity between the orbital integrals (with suitably fixed
measure):

Theorem 2. When n =3, v is of order 0, we have
®) J(wa, fo) = p(wa)l(wa, D)

with pu(wa) being

.
1. wa= a , u(wa)=1,
La
-, -
2. wa=|ua . w(wa) = lal "% y(a,p),
B b |
S -
3. wa= b |, wwa)=1|b>?y(b,y),
. b
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4. wa=a= b |, w@=lal"tb" 2 p(@, )y (—cp).

Here y(a,y) is the Weil constant defined by the formula:

1 _ 1T _
© [ @ <§ax2> dx = |a| l/zy(a,w)jaﬁ(x)w(— Sa 1x2> dx
where @ is any Schwartz function on F and ¢ is its Fourier transform:

ON(x) =[P (xy)dy.

Theorem 2 is the fundamental lemma for the relative trace formula (5) in the case of
GL,. See [J2], [JY], [JY 2] for some other cases of fundamental lemmas.

We will show a proof of the theorem for case 4 which is most difficult. Here we fix
the measure on N so that the volume of K N equals 1. Denote J(wa, f,) and I(wa, ®,)
in this case by J(a) and /(a) respectively. Our result follows from the observation that the
main parts of the integrals /(a), J(a) can be written as convolutions of orbital integrals
over GL, (see equations (31) and (50)). One can then apply the fundamental lemma for
the GL, case, which is proven in [J], [J2]. Our approach here is a new method in proving
fundamental lemmas; it can be used to provide an easier proof for the results in [JY 2].

There are other characterizations for the image of metaplectic correspondence. In
[FK], strong evidence is provided to the following statement:

A cuspidal automorphic representation © of GL, lies in the image of the meta-
plectic correspondence if and only if all its local components are metic.

A representation is said to be metic if it is equivalent to a representation unitarily induced
from an M = [| Mmodule [ ] g;v* where M;=GL, with ) r,=n, o; are square-inte-

i i i
grable M;-modules whose central characters are trivial on {+1}, and s, are real numbers.
Taking into account of both characterizations of the image of metaplectic correspondence,
we get the implication that if = is (H,, y)-distinguished, then all its local components are
metic.

In §2, we characterize the relevant orbits. In § 3, necessary information on the meta-
plectic group is provided. In §4, we prove Theorem 2 for some simple cases. In §5 and
§ 6, we compute J(a) and /(a). The comparison between I (a) and J(a) is done in §7.

I would like to thank Professor H. Jacquet for suggesting the problem and his valuable
advice. I also thank M.S.R.I. for their hospitality during my visit there.
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2. Relevant orbits

In this section, we classify the relevant orbits and prove Theorem 1. Let T be the
group of diagonal matrices and W the Weyl group of permutation matrices in GL,. Let
@ be the set of positive roots of T identified with the set {(i,j)|1 <i<j<n}. Let A be
the set of simple roots {(i,i+1)}. For each root «, we denote by X, the corresponding
root vector.

By Theorem 4.2 in [S], an element se€ S, can be written as s='nwan with
waeS,, we W,aeT, ne N. Each N-orbit in S, has a representative of the form wa with
we W, aeT. Moreover wa € S, implies that w? = ¢ and waw = a. Assume the N-orbit {wa}
in S, is relevant, then w satisfies the following property:

Lemma 1. IfaeA and wo <0, then f = —wa e A.

Proof. We consider
n=1+xX,+yX;,+zX, ;€N

where X, ,=0if o + f is not a root. Then

‘nwana”'wTl =14 (x+yp(a) X_,+ (y + xx(a)) X_,

+ (1 +a@p@)+u)X_, 4

where u depends only on (x,y) but not on z. As w?=¢ and waw = a, we have
B(a)=a(a)”'. Thus if y = —a(a)x and z = —u/2, then n is in the fixator of wa. If B is
not a simple root, then for this n, 8 (rn) = y (x) may be not 1, a contradiction to the definition
of relevant orbit. 0O

Let ©,, be the set of simple roots « such that wa < 0. Since w? = 1, by above lemma,
we have w(®,) = —06,,. According to Lemma 1 in [JR], ®, then determines a standard
parabolic subgroup; and w is the longest Weyl element in its Levi component L. If x € @,
let n be as in the proof of the lemma such that ne N,,,. Then 0(n) = y(x — «(a)x). The
fact that {wa} is relevant implies o(a) = 1. Thus a must lie in the center of L. Therefore
if {wa} is a relevant orbit, w and a must be as described in Theorem 1. The converse is
easily checked.

The relevant N X N-orbits on GL, is classified in [Fr], [G], [JR] and [St]. The cor-
responding statement in Theorem 1 follows immediately from the Proposition 1 of [JR].
3. The metaplectic group G’Ln

Recall that the Hilbert symbol is a nondegenerate bilinear form on F*/F*? taking
values in {+1}. We will denote it by [a, b].

We say an element in F * is even (or odd) if its valuation is even (or odd). The follow-
ing properties of the Hilbert symbol are well known.
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Proposition 1. For a, b, ce F*:

1. [a,b] =1[b,d].

2. [a,bc]=[a, b]la,c].

3. [a*,b] =1, in particular, [a,b] =1 if 1 —ae P.

4. [a,—a]=[a1—a]=1.

5. Ifa, b are even, then [a,b] =1.

6. If ais even, b is odd, then [a,b] = [a,w].

7. If a, b are odd, then [a,b] = [ab,w].

8. Ifaiseven, [a,w] =1 if and only if a is a square. O

The definition of the metaplectic group is given in [KP]. Forge GL,, write R(g) =m
if g=n,mn, with n;,n, € N and me WxT. The group GL, is a set of elements (g, z) with
geGL,, ze {+1} with multiplication:

(g1:20)(82,72) = (8182, 212,0(81,82))

where o: GL,X GL, — {+1} is the unique 2-cocycle satisfying:

1. o(a,a)= ][] [a;,a;] if a=diag[a;] and a’= diag[a/].
i<j

2. o(@,w)y=cw,w)=1if w,w'eW and aeT.

3. oway= [ [a a;1[—1,a;/a;][det(w), det(a)]if w e W,a = diag[q,]. Here
(i, j)e@(w)
O (w) is the set of positive roots o such that wa < 0.

4. o(ng,g'n’)=0(g.g").
5. o(a,g)=o0(a,R(g)) when aeT.
6. a(s,g) =0d(R(s,g) R(g)) if s, is the reflection associated with the root o€ A.

There is a homomorphism from K= GL,(R) to GL, given by g — (g,x(g)), where
Kk is a map K — {+1} satisfying

KITNnK=x|W=xk|NnK=1.

Such a map « is clearly unique. We will use the following properties of ¢ and x which are
easily verified from their definitions.

Lemma 2. 1. x(ng)=«x(gn)=x(g) if neNnK, gek.
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o[ Dl e[ Jes

3. xk(g,8,)=x(g)K(g,)0(81,82) if 1,8, €K

L.

4. o(g.g N =0(g"
5. a(a,w,a,w,)=a(a,w,a,w;)a(w,,a,) if a,eT, w,eW,i=1,2.

6. 0(g1,8,)0(g:18,.83)=0(g1.8,83)0(g,.83)- O

In the following sections, we will also need some properties of the Weil constant
y(a,p):

Proposition 2. When v is of order 0:

1. y(a,p)=1if a is even.

2. y(ayp)=q 'Y w(aw*b/)[b,w], beR/P, if |a|=¢>""".
3. y(@y) t=y(—ayp).

4. y(ab,y)=y(a,p)y(b,yp)[a,b].

5. y(asp)[—a,b]=y(b,y) if ab is even. O

In the rest of the paper, we assume v is an additive character of order 0.

4. A reduction step

In this section, we show some properties of the orbitals J(a) and I(a). We will use
them to prove Theorem 2 for some simple cases. The proof of other cases of Theorem 2
requires different methods.

For ge GL,, denote by || g|| the maximal norm of the entries in g. Observe that
ge K if and only if |det(g)|=1 and ||g||=1. From the definition in the introduction,
I(a)=J(a)=0 if |det(a)]+1. When aeT and |det(a)]=1, the orbital integrals of
concern are

(10) I(a) = | 0(n)dn,

||tnan||=1,neN

(11) J(a) = | Kk (nywoan,)0'(n,n,)dn,dn,

||niwoanz|| =1,ny,n2e N

where 0 and 0’ are defined by (4). For convenience, we set /(a) =J(a) =1 forae GL,(R).
We have a reduction formula for the orbital integrals:
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Proposition 3. If ae GL, is of the form [al } with a, e GL,, a, € GL diagonal
matrices, and |det(a,)| = |det(a,)| =1, then A
J(a)=J(a;)J(a,),
I(a) =1(a;)I(a,).

Similar reduction formulas are shown for Kloosterman integrals in various papers,
e.g. [Fr], [G], [JY 2] and [St]. What is new in our case is that J(a) involves the splitting
map k. The proposition follows from Lemma 2 part 2 and the standard argument used
in the above mentioned papers.

We apply this proposition to the case n = 3. From now on, let a = diag[a,b,c] € GL,.
We will assume |a| £1, |ab| £1, |abc| =1 since

Proposition 4.  When cither |a| > 1 or |ab| > 1 or |abc| £ 1, we have
I(a)=J(@a)=0.

Proof. 1In all cases, either |det(a)| &1 or the domains of integration for both (10)
and (11) are empty. O

Proposition 5. When |a| £1, |ab| =|c|=1,

J@)=lal"'"?y(a,p)I(a).

Proof. By Prop.3, with the assumptions, J(a)=J(a;) and I(a)=1I(a,) with
a, =diag[a, b]. If moreover |a| =|b| =1, then Prop. 3 shows J(a) = I(a) =1 and Prop. 5
holds. If |a| <1, we can write down explicitly the integrals /(a,) and J(a,). Let E be the
set of functions on F* such that for e(x) € E one has e(x(1 + v)) = e(x) for all ve P. For
eec E, minteger, a,be F*, set

(12) J(a,b,e,q") = j " <X—J2ry> e(x)dxdy

[x] =|y|,laxy +b| < q™

(13) I(a,b,q™) = | P(x)dx.

lax2+b| <q™
Then J(a,) =J(a,b,e,1) with e(x) =[ —x,a]; and I(a,) = I(a, b,1).

The integrals (12) and (13) are studied in [J2]. To state the results in [J2], it is
convenient to fix a square root map on F*, such that u = ]/5 implies v = u?, I/ um? = Ww
and for any v e P, there exists a v'e P with |/u(1+v) = ]/;(1 +v).

b
Lemma 3. For a,b e F* with ‘—‘ = q*', we have: when [ —ab,w] =1,
a

(1) when =1, |a| =q~ !, e(x) = [x,@], J(a, b,e,1) equals
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ay 1 w<;_i>[x’w]dx= 2 ql”v(—mw)w((—l)" —é>,

¥l =q 2ax i=0,1 a

(2) when [ >1, |a| = g~ ™*V:

, b ; b
(15) J(@b.eq ™ =q""2g"alt ¥ w((—1)’ /—5>e'<(—1>1 —5)
i=0,1

with e'(x) = e(x) 7 (x, ),

(3) when [ =1, |a| =g~ ™*D:

. b
(16) I(a,b,g™™) =q ™ab|~"> ¥ w<(_1),‘/_5>.
i=0,1

All the above integrals equal O when [ —ab,w] = —1. O
For the calculations concerning this lemma, see [J2].

Apply the lemma to the integrals /(a,) and J(a;). Notice with the notations in
Lemma 3, |a|~ ! = |b| = ¢"; observe also when e(x) = [ —x, a], from Prop.2:

(-0 /- o i [ e (S /- Zv) = 1@,

Thus when |a| < ¢~ ', from part (2) and (3) of the lemma, we get
(17) J(ay) =lal""?y(a,yp)I(a).
We now show Prop. 5 when |a| = ¢~ !. Here over the domain of (12), | x| = ¢. Using Prop. 1

we have e(x) =[—x,a] =[ax,@]. Thus J(a,) equals [a,@] times the expression (14).
From part (1) and (3) of the Lemma 3,

J(ay) =[a.a@lq'?y(~w,p)I(a,).
From Prop.2, y(—w,y)[a, @] = y(a,p), thus we get the proposition. 0O

Notice that when |c|=1, y(—c,p)=1. Thus Prop.5 gives Theorem 2 in the case
la| =1,]ab| =]c|=1.

We will use another property of /(a) and J(a).
Proposition 6. Let a’=diag[c™ ', b ',a™ '], then
(18) I(a)=1(a’),

(19) J@=[—1,ac]J(@’).
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Proof. We first show the identity (19). Let g = n,wyan,.
Lemma 4. Let g be as above. If g€ K, then k(g) = k(g™ ).

Proof. Since k(gg~')=1, from Lemma 2 we need to show o(g,g" ') =1. From
Lemma 2 and the definition of ¢, we have

o(g,2” ") =a(wpan,,n; 'a~twy) =a(n, 'a twy, woan,)

=a(a 'wy,woa) =a(a ,a)a(wy, woaw,) .
Using the definition of ¢, one can compute the last expression which equals 1. 0O

Note that g7 '=n;'wya’'n;'. As |det(g)| = 1, the condition ||g|| =1 is equivalent
to||lg || =1. From Lemma 4, the integral J(a) equals

(20) | 0'(nyn,) k(n,wyan,)dn,dn,
[In1woana|| =1
= | 0'(nyny)x(ny *woa'ny ) dn,dn, .
1yt woa'ni H]| =1

Make a change of variables n, » tn; 't, i=1,2 and t=diag[1,—1,1]; then (20)
becomes:

(21) | 0'(nyny)k(tnywya'n,t)dn, dn, .

[ln2woa’ny|| =1
A simple computation using Lemma 2 shows that
K(tnywoa'n 1) = a(t,nywya'n 1)o(nywea'n,, 1)k (n,wya'n,)
=[—1,aclxk(n,wya'n,).

Thus J(a)=[—1,ac]J(a’) by the definition of J(a’). The proof for the equality of I(a)
is similar and easier. O

As an immediate consequence, we have:
Proposition 7. Let a’=diag[c™',b" 1, a™]. If J(a) = u(a) I(a), then
J(@')=np@')I@’).

Proof. Weonly need to show that[ —1, ac] u(a) = u(a’) when |abc| = 1. This follows
from the facts (using Prop.1 and 2):

lal 7 b 2 = e T o T,

1

Ya,p)y(—ep)[—1acl =y Ly)y(—a ). O



Mao, Metaplectic correspondence 117

In particular, since Theorem 2 is true when |ab| =|c| =1 as shown in Prop. 5, it is
also true for the case |a| =|bc| =1.

5. Computation of J(a)
From Prop.4, 5, 7, it only remains to prove (part 4 of) Theorem 2 in the case where

la] <1, |ab|<1,|abc| =1 and |b| = 1. From now on, assume a satisfies these conditions.
In this section, we compute J(a).

(5.1) We first consider the domain for the integral J(a) given by equation (11). Let

Ioxy oz 1y, 2z
n, = 1 y |, n,= 1 x,
1 1

then the matrix n, wyan, is of the form:

(22)

XS XSY+c
S SY

with

o R N S s A el

a ax, Y2
Over the domain in (11), the matrix S has a specific Cartan Decomposition.

Lemma 5. Let ¢ be a number with|c|>1,Se GL,_,. If for some 1 X (n — 1) matrices
W, V, we have:

WS WS'V+c
- GL (R
g [ g Sty }E (R)

then S =k, diag[c¢™*, I1k,, for some k,,k,e GL,_,(R).

Proof. The condition in the lemma implies that |W S| <1, thus ||[W ] Z||S7!.
Since WS*V+ ceR and |c|>1, we have [|[WS'V| =]c|. Since ||S'V] <1, we get
W = cl|. Thus [|S™H]|Z=]c].

Let S =k, tk, with k;,k, e GL,_,(R) and ¢ = diag[#;]. Then min{|#|} <|c|™'. On
the other hand, we have also |det(g)| =|det(S)c|=1and || S|| < 1;thus[]|#]=|c| ' and
|#;] = 1. These conditions imply that there is a j such that |7;| = le|™' and |7, =1if i +.
Thus S has Cartan Decomposition as stated in the lemma. O

Over the domain of integration for J(a) in (11), the matrix (22) lies in GL;(R). By
the above lemma, we have ||.S|| = 1. This leads to the following three cases:
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1. Jax,|=1, |ax,| <1.
2. lax,| =1, |ax,|<1.
3. ax,| <1, |ax,|<1,|b+ ax;x,|=1.

We will denote the contribution from each of the above set to (11) by J;(a) with i =1, 2,
3 resp. In (5.2)—(5.7), we will compute J;(a).

(5.2) We write down explicitly the integral J; (a).

Over the set with |ax,| <1, |ax,| <1, |b+ ax,x,| =1, the matrix S has the Cartan
Decomposition

S 1 b+ ax;x, 1
B ax, ab ax,
b+ax,x, b+ax,x, b+ax;x,
Let
1 z 1 u
[yl,Zl]:[U/,U] ’ |: 2i| = |: /:|'
__ax Vs __ax u
b+ ax x, b+ ax;x,

With these notations, the domain for integral J5(a) is

(23) lax,| <1, |ax,|<1, |b+ax;x,|=1, |abu|=|abv|=1,

(24) lu'| <1, [v'[=1, uv+c| 1.

’b+ax1x2

Over the domain, we have

X{+x —axu —ax,v
0/ — 1 2 1 2 )
(n,1) ")( 2 >w<2(b+ax1x2) 20+ ax,ny)

Using the properties of the x map described in § 3, one can show:

—ax,uc ab

rc(nlwoanz):[ }[—xl,a][—l,c].

b+ax,x, b+ ax, x,

Thus J;(a) is
X, +x —ax,u —ax,v
25 1 2 1 2
25) jw( 2 >w<2(b+ax1x2)+2(b+ax1x2)

—axuc ab
X , —xp,al[—1,cldx,dx,dudvdu’dv’
j[b—i—axlx2 b—l—axlxz}[ ]l cldxydx, dudvdu’dy
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with the domain of integration given by (23) and (24). Make a change of variable
b b . . .
(u,v) » <— ax X, u, — Hax X, v); integrating over u’, v’ we get the following ex-
ax, ax,
pression for J, (a):

X+ X, u-+v ab
20 I‘P( 2 >1P< 2 >|:uc’b+ax1x2:|

[—x,,al[—1,c]la*x,x,| " Ydx,dx, dudv

with
lax,| <1, |ax,| <1, [b+ax;x,|=1, [|bul=]|x|, [bv]=1]x,],
<1.

b(b
‘ ( +ax1x2)uv+c

ax;x,

(5.3) We observe that over the domain of (26), the restrictions on the variables u,
v depend on the values of |x,| and x,; x, only. There is a function ¢ (g%, y) with ze Z and
y € F supported on the set |b + ay| =1, with

¢,
2 b+axx,

u+v ab _
QD(|X1|,X1X2)=§1,D< >[u —}[—1,c]|a2x1x2| Ldudv

where the integration is over the domain of (26). Integrating (26) over u, v, we see J;(a)
equals:

X, + x
(27) fw<ITZ>[—xl,a]q)(|x1|,x1x2)dx1dx2

where the domain of integration is |ax,| <1, |ax,| <1.
The following lemma allows us to restrict the domain for (27).

Lemma 6. Let m=n be two integers with max (m,n) > 1. Then the integration of
(27) over the set | x| =q"™, | x,| =q" equals 0.

Proof. Let F(x,,x,) be the integrand in (27). Assume m > n. Make a change of
variable x; —» x;(1 + va™ 1), x, » x,(1 + va@™ ')~ ! for v e R. Then the domain remains
as | x,| = q™, | x,| = ¢" while F(x,, x,) changes to F(x,,x,)y(x,va™ '/2). Therefore:

| F(xy,x,)dx,dx,
|x1] =g™, |x2] =q"
= | | F(xy,x)p(x,vo™ '/ 2)dx,dx,dv.
veR |xi| =g™, |x2| =q?

Now the integration over v equals 0.

When n > m, we can write ¢ (]x,]|, x;x,) in the form of ¢’'(|x,|, x;x,) for some
function ¢’(¢%, y). The above argument again shows that the integral (27) over the set
%, = g™, | x,] = ¢" equals 0. O
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From Lemma 6, we see the contribution from the set | x,| & | x,| to (26) is nonzero

only when |x,| = ¢ and | x,| =< ¢. Thus J;(a) is the sum of contributions from the follow-
ing five sets:

O Ixl=1x0>4q.
D Ix =1 ]xl =1
) [x ] =1, [x,]0=gq.
V) Ix =g, x| =1
V) Ixil=Ixl=q
Denote the contribution from each set by J,(a), ..., Jy(a) respectively.

(5.4) We will assume |a| < ¢~ % during the computation for J;(a), since the domain
for J;(a) is otherwise empty. Let R"” be the set of w e F with

(28) lwl =1, |w—>b|>lalqg®, a(w—Db)is even,
(29) [a(b—w),w] =1, [bew(b—w),w]=1.
In (5.5)—(5.6), we prove:

Proposition 8. When |a| < q~2, J)(a) =0. When |a| < q~ 2, the integral J,(a) equals

(30) u(@) LFZO’I wele/w<(—1)" /WT_b+(—1)f’/—c(bb;w)>|a(w—b)|‘”2dw.

For our purpose of comparing /(a) and J(a), there is no need in evaluating the above
integral, as the same integral appears as part of /(a).

(5.5) In proving the proposition, we use a convolution formula for J;(a). The con-
volution formula will allow us to use Lemma 3 in computing J;(a). Denote by R’ the set

of w e R* satisfying the conditions (28).

Proposition 9.  There is a suitably large r such that

b
G1) J@) = | q'J(a,b—w,ez,q_')J<—W,c,e1,1>|a(w—b)|_1dw

weR’ w—>b
with e, (x) = [xc,abw] and e, (x) =[—x,a][—1,c]. O

Proof. From equation (12), we can write down the right hand side of (31):

(32) q’Jw<x1”22+“+”)>[uc,abw][—xl,aj[—i,c]
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|a(w — b)|~'dx, dx, dudvdw

with the domain of integration:

(33) x| =1x,], lax;x,+b—w|Zq™",
w

(34) lul = |v], ‘ u+c| =1,
w—>b

(35) lwl=1, |w—>b|l=lalg®™, m>1.

We compare this domain with the domain of integration (26). Assume r is large and x,,
x,, w satisfy the conditions (33). Then |w — b| = |ax, x,|. Thus |w — b| = |a|g*™,m > 1 is
equivalent to | x| > ¢. Clearly also |w| =1 is equivalent to |ax, x, + b| = 1. We now show
the conditions (34) on u, v are equivalent to the following conditions:

b(b
(36) \bul = |bv| = | x,], ‘Mww <1.
ax,x,
) b_
From (34), we see |uv|= % =|acx;x,b~'|=|x7b"%|. Thus (34) implies
i

|bu| = |bv| = | x,|. Meanwhile

bw b(b+ax,x,)
w—>b ax,{x,

uv

| P*(axy x4+ b —w) ,
T (axyx,)(w—b)

which is not larger than ¢~ "|ax,| 2. As |x,| > g, for r large enough, the above difference
is an integer, thus (34) implies (36). From the same argument, (36) implies (34); they are
equivalent conditions. Thus the domain of (32) is equivalent to those of (26) with extra

r

conditions (I) and |b + ax;x, —w| =g "

Over this domain, w = (b + ax,x,)(1 + v) with ve P. Using Prop.1 and the obser-
vation |w — b| = |ax, x,|, we see the integrand of (32) is exactly that of (26). Denote by
D the domain of (26), @ the integrand of (26), then J;(a) equals the integration of & over
Dn{|x;|=]|x,|> ¢}, while (32) equals:

P | dwdx,dx,dudv .

Daflxi|=|x2|>q} |axixo+b—w|<qg™"
Integrating over w introduces a factor ¢~ "; we get the identity (31). O
(5.6) In this subsection, we assume |c| > ¢*. We will omit the proof of Prop.8 in

the case |c¢| = ¢%. Though that case is a bit different, the ideas used are the same as ex-
plained below.

. b
Given w e R, we apply Lemma 3 to find J(a,b —w,e,,q ") and J(—Wb,c,el,1>.
W_
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b—w

Over the set R, we have > g?. Thus from part (2) of Lemma 3,

J(a,b—w,e,,q" ") equals

v w—b L fw—b
R e =

where e;(x) =e,(x)y(x,p) if [a(w—b),w] =1 and 0 otherwise.

G ¢

c(w—0>b)
bw

-1 b —w) b —w)
(e ()

b—
where e, (x) = e, (x)y (x,yp) if [%,w} =1 or 0 otherwise.

When we R’, since |c|> g2, > ¢%. From part (2) of Lemma 3,

b
J(—Wb, c,e1,1> equals

w —

bw
c(b—w)

bw
w—>b

(38) ‘

From equation (31), using the fact |w| =1 and |abc| =1, we get:

(39) Jl(a) Z j' Ial 3/2|b| 1/2|W b~ 12, <(_1)1\/m>
X‘[84<( 1)1\/6(177 (— 1)l\/7+( \/m

where R” is the set defined in (5.4).

Our next goal is to simplify the expressions in (39) involving e; and e,. We first
observe that one may restrict the integral (39) to a smaller set. Define R;’; to be the set
of elements we R” with

(40) |:( 1)1+1+1b VW b\/c(b—W)’ _1

We show that the integration in (39) over R” — R/’; i

Theset R” — R/’;isadisjoint union of sets R"” (w,) consisting of elements w = wq (1 + v)
with |v| < ¢la(w, — b)|1/ %, w, some representative R” — R;’;. The following lemma shows
that all the sets R”(w,) contribute 0 to the integral in (39).

Lemma 7. For wye R"— R{';, when |a| < q~?,|ab| < q~?, |abc| =1,

( 1)!’/ R [
R(WO)



Mao, Metaplectic correspondence 123
Proof. We will use O (s) to denote any number ¢ with |7] < |s|. Assume
la(wy— )| = g~
From the assumptions, m > 1. The set R”(w,) is the collection of elements

w=wy(1+va™ 1)

with v € R. From the Taylor expansion, and the assumptions on w, and v, we have
1 /w—b 1 /we —b wovm™ !
_1 1 - — _1 i 0 1 0
”’<( " ) ”’<( " < +2<wo—b>>>’
1lc(b—w) 1/c(b—wy) b .
] =y (=) 1— m .
w<( : ’/ bw ) w<( " b, 20—wp) "

The integral in the lemma becomes an integral over v which is nonzero only when

.‘/ —b .]/ b— b
D ‘(_1)l Woa wwib—i_(_ly C(waO)w —b

This inequality implies that w, satisfies (40), a contradiction to woe R”"—R/’;. O

<q™.

b

. - ‘ —b
Note that |[w — b|, ey <(—1)‘ %) and e, ((— 1)/ WT> are constant over

any such set R”(w,). Thus from the lemma, the integral (39) over R” — R/’; is zero.

Using the properties of Hilbert symbol and Weil constant (see Prop.1 and 2), taking
into account of the condition (40), one can show:

Lemma 8. Over the set R/’

i,j’

s ((—nf WT_b>e4<(—1)f W)

is constant; it equals y(a,p)y(—c,p).

the product

Proof. From (40), the expression in Lemma 8 is of the form e;(x)e,(y) with
|x/y|=1b|, and —xybw being a square. From the definition and Prop.1,

e (y) = Lyc,abw]y(y,w) = [ye, —axy]ly(y,p),
€3(X) = [—x,a][—i,C]V(X,W) .

Thus from Prop.1, e;(x)e,(») equals

L)y (vsw) [—xy,ac]x, y][—a,c].
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By Prop.1, 2, this expression equals

Yy, p)[—xy,acl[—a,c] =y(ac,p)[—a,c] =y(ayp)yc,p)[—1,c]
which equals y(a,p)y(—c,p). O

Apply the lemma to integrand in (39); we see when |a| < ¢ 2, |c| * ¢2, J;(a) equals:

@) u@ Y fw((—ﬁi /W—_b+(—1>f‘/M)a(%b)rmaw.
i.j=0.1 R}, a bw

Apply Lemma 7 again, we see the domain in (42) can be replaced by R”. We proved Prop.
8 in the case |c| £ ¢%. O

(5.7) The computations for the integrals Jy, Jy, Jiy, Jy are straightforward. We
denote their sum by J, (a). Below we describe the values of J,(a) for the various cases.

Proposition 10. When |a| =g~ or |b| > 1, J,(a) = 0.

. When |a| < q~ 2, |b|=1, J,(a) is 0 when |b*+ac|=1 and qla|"*'[—1,c] when
|b* + ac| < 1.

When |a| = q~ 2, |b| =1, J,(a) is the sum of ¢*(1 + [ —ac,w]) and

@3 w@ 2, v <(—1)" ’/WT_[) + (—1)1'\/@) la(w — b)Y dw

with
(44) [w|=|w—>b|=1, [a(w—D>D),w]=[bcw(b—w),w]=1.

(5.8) We now compute J,(a) and J,(a). Following a similar discussion as in (5.2),
we can get an explicit form for the integral J, (a). It equals:

(45) jtp<M>[—xl,a][—bxl,—bxl,—uc]|x1|dx1dx2dudv
with
lax,|=1, |ax,|<1, |b+ax,x,|=1, |abvx,|=|abu|l=1, |c—buv|=1.

For fixed u, v, the expression (45) is of the form (27). As over the domain, | x| % | x,]|,
from Lemma 6, the integral over the subset with | x,| > ¢ is 0. We impose the condition
| x,| < ¢ on the domain. Then the domain is empty unless |a| = ¢~ ' and |b| = 1, in which
case it is:

Ix I =lul=gq, lv|=1, [x]=1, |c—buv|=1.

X, +v

Over the domain p < ) =1 and from Prop.1,
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[_xla a] [_bxla —MC] = [ClC, 'lﬂ] [—MCI, 'lD'] .
Integrating over v, x,, the integral (45) becomes

Xy +u

| [ac, @] ( 5

[x1]=]ul=¢q

> [—ux,, @] dudx,
which by Prop. 2 equals

qlac, @]y (@, p)y(—w,y) = qlac,@].
Thus J, (a) = q[ac, @] when |a| = ¢!, |b| = 1; it equals 0 otherwise.

We can compute J, (a) similarly. We get J,(a) = ¢[ —1, @] when |a| = ¢~ ' and || };
it equals 0 otherwise.

We summarize the result in this section:
Proposition 11.  When |a| =g~ 1, |b| =1,
Ji(@) +J,(a) =q([—1,a] + [ac,@]) .

The sum equals 0 otherwise. 0O

6. Computation of /(a)

In this section, we compute /(a) when |abc| =1, |a| <1, |b| =1 and |ab| < 1. Let

1 x 1 z
n= 1 1 y
1 1
From (10), /(a) equals:
[w(x+y)dxdydz
over the domain
S’ S"twW
GL3,R
[ WS WS'W+ cj| €GLG.R)
where
a ax
S = W= .
|:ax b+ax2j|’ B
Apply Lemma 5, we see that || S’|| =1 over the domain. Since |ab| <1, we deduce the

conditions |ax| <1 and |b + ax?| =1. Thus S’ has the following Cartan Decomposition:
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ax ab
b+ ax? b + ax? ax
1 b+ ax? b+ ax?

Let
ax

b+ ax?
1

1

W= [u,v]

Then the domain becomes

ab
b+ ax?

lax| <1, [b+ax?|=1, [|v] =1, ‘

Since over the domain

o) = ax ) o ax
Y= btax®” =¥ b+ax2”

we find that I(a) is the integration

j P <x ~ 5 ixaux2> dxdudv

over

b
su”+ ¢

lax| <1, |b+ax*|=1, |v|=1, ‘
b+ ax

Integrating over v, we get

axu
(46) I(a) = ftp(x—b+ax2>dxdu
with
ab

2
u
b+ ax?

cl £1.

lax| <1, |b+ax?| =1, ‘

Denote by 7, (a) the contribution to (46) from the set with | x| > 1 and I, (a) from the set
with | x| £ 1.

Proposition 12. When |b| =1, I,(a) equals 1 + [ —ac,@]. It is 0 when |b| 1. O

Proof. Since |b+ ax?| =1 and |x| £1 over the domain, the contribution is non-
zero only when |h| =1. When |b| =1, we have |u| = |a| !, thus

axu
b+ ax?

Thus the integrand in (46) is 1; 1, (a) is the volume of the set

il

ab

— —ut+c
b+ ax?

47) {(x, u)|xeR,
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b
b+ ax?
will be empty. When [ —ac,w] =1, the set has volume 2.

Under the current assumptions, is a square. When [ —ac,w] = —1, the set (47)

Proposition 13.  When |a| =g~ ', I,(a) = 0. When |a| £ q~ 2, I,(a) equals

1 /w—> L eh =
@) i:ZO:,l j:ZO:,l Jlatw =b)I"1 %y <(_1)l\/§ + (—D’\/Q) dw

a(w—>b) even, [a(w—0b),w]=1, [bew(b—w),m]=1,

with

wl=1, [w—blzlalg*.
The domain for (48) is the same as R" introduced in (5.4) if |b| > 1.

Proof. The integral (46) over | x| > 1 is clearly 0 when |a| = ¢!, since the domain

ax?

b 2
will then be empty. When |a| < ¢~ 2, we make a change of variable u — — +ax u. The
integral 7, (a) is ax
49) fw(x+uwlax|™ dxdu
with
b(b 2
Ix|>1, lax|<1, |ax>+b|=1, ’Muuc‘ <1.

The domain for u is a function of x?, not merely a function of x. The argument used in
the proof of Prop.9 leads to a convolution formula for 7, (a):

(50)  ILi(a)= jq’l(a,b—w,q")l< bwb C,1>|Cl(W—b)|_1/2dx

R} w—2>b
where r is a large number and R; is the set of w with
lwl=1, |w—>b|=]|alg?, a(w—b)even.

The identity (50) allows us to apply part (3) of Lemma 3 in computing /, (a); what we get
is the equality (48). The last assertion is clear. 0O

For the comparison with J(a), we still need the following result on 7, (a) in the case
la| < ¢~% and |b| = 1. In this case, we write I, (a) = I;(a) + I;(a), where I;(a) is the con-
tribution to (48) from the subset with |w — b| =|a|g?* and I;(a) that from the subset R".

Proposition 14. When |b| =1, |a| < ¢~ 2, J;(a) = u(a) I,(a). The contribution I;(a)
equals ¢ — 2 if |b* + ac| <1, it equals —2 if |b*+ ac| =1 and [ —ac,@]| =1. It equals 0
if [—ac, @] =—1.
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Proof. The first assertion is clear from the expressions (30) and (48). We now com-
pute I;(a). With |w —b|=]|a|g? and [a(w —b),w] =1, we can write w = b + ax? with
| x| = ¢. Using Taylor expansion, we can show that [bcw(b — w),w] =1 is equivalent to
[—ac,m] =1. Also, over the domain of (48):

_b b_
P <’/WT> =yp(+x), w( %) = (x| —ach™?)

where the sign is determined by the choice of x. With this change of variable in (48), I;;(a)
becomes (when [ —ac,w] =1)

(51) Yoo [ wG(A+ (=1 —acb™?))dx.

i=0,1 |[x|=¢q

When |ac+ b?*| =1, 1+ (—1) I/ —ach™? is a unit, thus the above sum gives —2. When
lac + b*| <1, for one choice of 7, 1 + (—1)"]/ —ach™? is a unit, for the other, it lies in P,

thus the sum gives ¢ — 2. O
7. The comparison of /(a) and J(a)
With the assumptions |a| <1, |b| =1, |ab| <1 and |abc| =1, we show that
(52) J(a) = pu(a)I(a).
Recall that J(a) = J,(a) + J,(a) + J;(a) + J,(a), I(a) = I,(a) + I,(a) and
p@ = lal" o™ 2y (@) y(—c,p)
Case 1. When |a|=¢ ! and |b|=1.
From Prop.12 and 13, I(a) equals 1+ [ —ac,w]. From Prop.8, 10 and 11, we see
J(a) is g([ac,w] + [—1,w]). Therefore J(a) = g[ac,w] I(a). The above equation holds
since [ac, @] =y (a,p)y(—c,p) when |a|" ' =|c|=q.
Case 2. When |a|=¢q 2, |b|=q.

From Prop. 8, 10, 11, J(a) = 0. From Prop.12, ,(a) = 0. As the domain for (48) is
empty, /,(a) = 0. Thus /(a) = 0 also.

Case 3. When |a|=¢ 2, |b|=1.

From Prop. 8, 10, 11, J(a) equals ¢*>(1 + [ —ac, @]) + (43). Meanwhile, from Prop.
12,13, I(a) =1+ [ —ac,w] + (48). Note (43) and (48) has the same domains of integration
since |w—b|=1 over the domain of (48). Comparing the integrand, we see that the

expression (43) is p(a) times (48). The equation (52) follows since ¢* = u(a) in this case.

Case 4. When |a| <q 2, |b|>1.
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The equality (52) follows immediately from Prop. 8, 10, 11, 12, 13.
Case 5. When |a|<q 2, |b|=1.

From Prop.11, we see J(a) is the sum of J;(a) and J,(a). From Prop. 14, we have
Jy(a) = u(a) I;(a). From Prop. 12, 14, we have I;(a) + I, (a) = ¢ when |b* + ac| <1 and 0
otherwise. From Prop.10, J,(a) is [—1,c]g|a|~! when |b*+ ac| <1 and 0 otherwise.
Since y(a, ) y(—c,p) = [ —1, c] when —acis a square, we have J, (a) = u(a) (I, (a) + I;(a)).
The equation (52) again holds.
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