BESSEL IDENTITIES IN THE WALDSPURGER
CORRESPONDENCE OVER A p—ADIC FIELD

By EHUD MOSHE BARUCH and ZHENGYU MaAO

Abstract. In this paper we develop the local theory for a Jacquet’s relative trace formula. The local
theory is essential to the application of the trace formula: it is an identity of Bessel and relative
Bessel distributions. We show that the relative Bessel distribution attached to a distinguished (that
is, self contragradient) unitary representation of GLy(k) where & is a p-adic field is given by a locally
integrable function, namely the relative Bessel function. We compute the relative Bessel function
for principal series, complementary series and special representations. We also show that the Bessel
distributions associated to unitary irreducible admissible representations of the double covers of
GLy(k) and SLy(k) are given by a locally integrable Bessel functions. We compute these Bessel
functions for principal series, complementary series and special representations. Finally, we obtain
the Waldspurger correspondence via Bessel identities between relative Bessel functions on GL; (k)
and Bessel functions on the double cover of SLy(k). The Bessel identity also implies the identity
between Bessel and relative Bessel distributions.

1. Introduction. The Waldspurger correspondence between representations
of PGL, and representations of the double cover of SL, over local and global
fields was developed by Waldspurger [W1] using theta correspondence methods.
Jacquet [J] gave a new proof of the global Waldspurger correspondence using the
relative trace formula. In this paper we develop the p-adic theory of this relative
trace formula. This is the first such treatment of the p-adic theory of the relative
trace formula and it puts the relative trace formula on the same footing as the
more established trace formulas and theta correspondences which come with a p-
adic and archimedean theory. Moreover, as noticed by Jacquet, the relative trace
formula is more adequate for investigating special values of L-functions. This
observation arises very clearly from this paper, the corresponding archimedean
theory and our future work where we apply these results to study the central
value of automorphic L-functions. The setting for this paper is the following.

Let F be a number field, A its adele ring. We denote the local places of F by
v. Let SL; be the double cover of SL,. From Jacquet’s relative trace formula, when
7 a cuspidal automorphic representation of PGL, corresponds to 7’ a cuspidal
automorphic representation of SL;, there is an identity of distributions:

(1.1) L(f) = T ().
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Here f and f are Schwartz functions of PGL>(Ar) and SL,(Ar) respectively. The
distributions I, and J,s factor into local distributions. From [B-M], we have:

(Whenf = ®fznf = ®fu)

1
L) =L (w, 5) P T I £
T () = [d@) [ Tn o)

Here d(m) and d(n’) are some constant associated to the representations 7 and
7', roughly they are the “Fourier coefficients” of 7 and 7’. From the above
identities, an identity between the local distributions /I ,(f,) and JW/,U(fU) would
give a relation between L(, %) and the Fourier coefficient of 7. Such a relation
is studied in [W2] when F is the field of rational numbers.

The local theory of the relative trace formula would establish the identity of
local distributions. The local distributions I ,(f,) and JW/,U(fU) are called (rela-
tive) Bessel distributions, as they are related to the Bessel functions when v is
archimedean [C-PS], and the p-adic Bessel functions [Av], [S] when v is p-adic.

This local theory is in complete analog with the local theory of the regular or
twisted trace formula. Here the character distributions are replaced with Bessel
distributions and the character identities are replaced with Bessel identities. How-
ever, Bessel distributions are much more difficult to study and we first need to
establish basic facts about their behavior. The Bessel identities are difficult to
establish and reflect very interesting identities of special functions, in our case,
p-adic Bessel functions.

Our main results are Theorem 6.3 and Theorem 11.1 stating that the Bessel
distributions and relative Bessel distributions are given by locally integrable func-
tions; Theorem 13.3, which states that there is a Bessel identity (13.2) between
the relative Bessel function for 7, and the Bessel function for 7/, where 7, and
7!, are matching local representations under the Waldspurger correspondence;
and Theorem 13.6 which is the identity between relative Bessel distributions and
Bessel distributions. We note that Theorem 13.3 gives another way to define the
Waldspurger correspondence, namely via the Bessel identities.

Our definition of the Bessel distributions follows that of [B]. We will show
the equivalence of our definition and the definition of the local distributions which
appear in the relative trace formula. This paper is the first paper which studies the
identities of the Bessel functions associated to Jacquet’s relative trace formula .
We hope that this paper will serve as a model for other cases of local theory for
the relative trace formula. Lapid and Rogawski [La-Ro] have studied another case
of equalities between Bessel distributions without resorting to Bessel functions.
A finite field version of another Bessel function identity is studied in [M]. Some
other types of local distributions of relative trace formulas have been studied
before, in the papers of J. Hakim [H1], [H2] and Rader and Rallis [Ra-R].
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A crucial tool in studying the local Bessel distributions is an inner product
formula using Kirillov models. As the representations of SL, do not have a
Kirillov model, we study instead the Bessel distributions over GL,, the double
cover of GL,, then use the results of [G-PS, 2] to relate the results to SL,.

The paper is organized as follows. We begin by studying certain orbital inte-
grals on GL,. In Section 3 we show that these orbital integrals give rise to locally
integrable functions on GL,. In Section 4 we define the relative Bessel function
of a self dual irreducible representation of GL,. We show that this function can
be obtained via the orbital integrals which were studied in Section 2 hence it
is locally integrable. In Section 5 we compute the relative Bessel functions of
induced representations. In Section 6 we define the relative Bessel distribution
associated to a self dual representation and show that it is given by the rela-
tive Bessel functions which were defined in Section 4. Our proof here relies
on a G invariant bilinear form on the Whittaker model of m which is given
in [Go].

Next we need to repeat this process for Bessel functions and Bessel distribu-
tions on the double cover of GL, and SL,. In Section 7 we study orbital integrals
on the double cover of GL, and show that they give rise to locally integrable
functions. In Section 8 we study Bessel functions of irreducible admissible gen-
uine representations of the double cover of GL, and show that they are given by
the orbital integrals of Section 7, hence are locally integrable. We again would
like to show that the Bessel distributions are given by Bessel functions. How-
ever, we do not have at hand the inner product formula in the Whittaker model
in this case. In Section 9 we prove the existence of an inner product formula
in the Whittaker model of unitary representations and give an explicit form for
induced representations. In Section 10 we define the Bessel distributions of the
double cover and show using the inner product formula that they are given by the
Bessel functions of Section 8. In Section 11 we derive the results for SL, from
the results for GL,, in particular we show that the Bessel distributions on SL, are
given by Bessel functions. In Section 12 we compute these Bessel functions for
induced representations.

All these results have independent interest and lead us to the main theorems
of this paper which appear in Section 13. These are the Bessel identities. The
Bessel identities for principal series and special representations follow from works
in previous sections, while we use the global identity (1.1) to derive the Bessel
identity for supercuspidal representations. The identity between the distributions
follows immediately from the Bessel identity.

We encourage the reader to start with Section 13 and move backward if
needed.

Acknowledgments. We thank J. Cogdell, S. Gelbart, H. Jacquet, S. Rallis
and D. Soudry for their help. We thank the referees for many helpful remarks
and suggestions.
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2. Preliminaries and notations. Let k be a p-adic field, O = Oy be the ring
of integers in k, P be the maximal ideal in O and w € P be a uniformizer. Let
g = |0/ P| be the order of the residue field of k. Let |x| be the normalized absolute
value for x € k. Let 1 be a nontrivial additive character of k. For ® € CX°(k),
we define its Fourier transform to be

O"\(x) = / D) — xy)dy.
k

We set the Haar measure on k so that it is self dual with respect to this Fourier
transform. Let d*x = dx/|x|.

Let G = GLy(k) and S = SLy(k); let G = GL,(k) and § = SL,(k). Let B = B be
the Borel subgroup of upper triangular matrices in G and Bg the Borel subgroup of
upper triangular matrices in S. Let A = A be the subgroup of diagonal matrices.

Let
Ly
< 1>:y€k}.

We will also use 1 to denote a character of N given by

N={Mw

Y(n(y)) = P(y).
(1 O) (O —1> (O 1)
e = 5 w = s wo = s
0 1 1 0 1 0
_ (e _(a 4 )= 1
s(a) = ( a_1> t(a) = < 1) and 7(z) = (Z 1) .

We fix some more notation. For a function ¢: k — C we let

Let

lim o(x) dx,

m—00 Jx|<qm

@.1) /k x) dx

/ $()dx = lim () d,
. =20 Sz

+—
/ o(x) dx lim o(x) dx.
k m—o0 q—ing‘x|§qﬂ1

if the limits exist. Let D € k*; we will use 1” to denote the character of k such
that ¥°(x) = ¥(Dx).
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We will use (a,b) to denote the Hilbert symbol on k* x k*. We recall here
some facts about the Weil constant: The Weil constant y(a, ¢?) is defined by the
formula

@) [ Sl di=la @) [@P(-a ) dx

Here ® € C*(k) and
() = / D(y)P( — xy) dy.

The following properties of ~y(a, /") are well known:

(1) y(ab?, Py = v(a, ¢°).

(2) y(ab, ) = y(a, PPy (b, pP)y(1,¥P) " (a, b).

(3) 1@, 9Py =11, PP)(— 1)

If we further assume that |2| = 1 and that ¢ is unramified then:

(4) v(a,v) =1 if the valuation of a is even and in particular (1, ) = 1.
(5) If the valuation of a is odd, a = bww®” with |b| = g, then

Ya)=q 2 Y wbn)b,w).

x€0/P

We will also use the following properties:

Y (%uz) = D)@ 0”) (@, P)y(— a, ) = [2D] "

As in [W1], we will let x,0(a) to be (— 1,a)y(a,")y(1,4)P)~", then
Xyp(ab) = xyp(@)x o (b)a,b).

3. Spherical functions and orbital integrals on GL,. In this section we
consider orbital integrals of certain spherical functions as in [J]. We show that
these integrals give rise to locally integrable functions on G = GL,(k) where k is
a p-adic field.

Let H be the space of functions H: G — C which are smooth on the right
and satisfy

H(ag)=H(g), acAgedC.

We let G act on ‘H by right translations, i.e., For gg € G we define (goH)(g) =
H(gg). For each H € 'H we let ¢y: k — C be the restriction of H to N, i.e.,

3.1 ou(x) = Hn(x)), x€k.
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Let

(3.2) H® = {H € H: ¢y is compactly supported}.
H¢ = {H € H: H is compactly supported mod A}.
It follows from the Iwasawa decomposition that H¢ C H°.

LemmA 3.1. Let H € H. Let m be a positive integer such that the additive
character 1) is nontrivial on P~™. If

(3.3)  H(gn(x)) =(x)H(g) for all g € G and all x such that |x| < ¢",

then H € HC.

Proof. Let a € k be of the form a = 1 + b, where b € P" and n > 0 is large
enough so that H(gt(a)) = H(g) for all g € G and b € P". Then

H(n(») = Hnwia ") = Hia™Hi@n@ia™") = Hnlx + bx))
= H(n(x)n(bx)).
If x is large enough then we choose b € P" such that |bx| < ¢™ and such

that ¥(bx) # 1. It follows from (3.3) that H(n(x)n(bx)) = (bx)H(n(x)) and
consequently that H(n(x)) = 0. O

For H € 'H we define the functions H,, € ‘H to be
(3.4) Ha(g)= [ Higntoy™ (.
|x|§ql‘ﬂ

COROLLARY 3.2. Ifm is large enough then H,, € H°.

Proof. 1t is clear that H,, satisfy (3.3). Now choose m large enough so that
%) is nontrivial on P~™. O

LEMMA 3.3. Assume ) is trivial on O and nontrivial on P~'. Let H € H. Then
for large m

(3.5) Hy(n(x)) = Y()Hy ()P (x)
where ®,, is the characteristic function of P~".

Proof. Let M > 0 be such that H(gt(a)) = H(g) whenever a € 1 + PY. Let
m > M. Using our assumption on 1, it is easy to see that #(a) fixes H,, for all
a € 1+ P". It follows from the proof of Lemma 3.1 that H,,(n(x)) is supported
on P~ and from the invariance of H,, (see (3.3)) that it is given by (3.5). O
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LEmmA 3.4. IfH € H° and g € G then the function

y — H(gn(y))

is compactly supported.

Proof. If g € B then the lemma follows from the definition of Hy. Thus it
is enough to consider g € BwyB of the form g = n(x)wg. We shall need the
following matrix equation. Let y # 0. Then

o ()0 7)

If |y| is large enough then H(gi( — %)) = H(g) for all g € G. Hence by (3.6) we
have

1
Hn(won(y) = H (n(x)ww(y)ﬁ (— ;)) = H(n(— y*x — y)).

If |y| is large then | — y?x — y| will be large and since H € H°, H(n(— y*x — y))
will vanish. O

We define the following orbital integrals (See [J] (8)):

37  I(H.g) = / H(gn())dx, I,(H.g)= / H(gn(x)~ (x) dx.

From [J], the function I,;(H, g) is determined by its value at g = e and g = n(z)wo,
ZEk.

PrROPOSITION 3.5. The integral defining 1(H, g) converges absolutely for every
H c H'and g € G. The integral defining I, converges foreveryH € Hand g € G.
Moreover, for a fixed H € H and g € G there exist an integer My such that for all
m > MO

/ _ Hgmew wds =0
Xx|=g"

Proof. The first statement follows from Lemma 3.4. To show that the integral
in I, converges we notice that for n > m

(3.8) / H(gn)w~ () = g™ / Ho(gn()~" () dy.
[y[<q" [yl

<q"

By Corollary 3.2, if m is large enough then H, € H° and by Lemma 3.4,
H,,,(gn(y)) is compactly supported in y. O
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A closer look at the proof of Lemma 3.4 will give the following:

LEMMA 3.6. Let H be as above. Then I(H, g) and I;,(H, g) are locally constant
on the set BwgB — wyB.

We would like to show that I(H, g) and consequently /,(H, g) give rise to
locally integrable functions on G. This will follow from the next Proposition.

PROPOSITION 3.7. Let H; € HC and H, € H°. There exist positive constants
C = Cy,,D = Dy, and E = Ey, such that

(a) I(Hy, n(x)wo) = 0 if |x| > C.

(b) [I(Hz, n(x)wo)| < D and |1,(Ha, n(x)wo)| < D if |x| < E.

Proof. We will prove both (a) and (b) simultaneously. Let H € HO. let
D' = Dj, be a positive constant such that H(gni(y)) = H(g) for all g € G and
ly| < Dj;'. We have

(3.9) I(H, n(x)wp)

[ Hoewonay+ [
|y|<D’

Hn(x)won(y)) dy
[y[>D’

HywCowo)+ [ Hn(— = .
y

Here Hp/(g) = f| V<! H(gn(y))dy. (See the proof of Lemma 3.4 for the second
equality.) If H € H¢ then Hp € H° hence Hp/(n(x)wp) = 0 when |x| is large.
Since | — y*x — y| = |yx||y + 1| and since |y + 1| = |y| for all |y| > D’ and |x|
large enough it follows that | y?x+y| is large for all |y| > D’ and |x| large, hence
the right integral vanishes for |x| large and we get (a).

Since |H| € H° whenever H € H° and since |I,(H,g)| < I(|H|,g), it is
enough to prove (b) for I(H, g) where H € H" is a nonnegative function.

Let Hp(wp) = C1. If x is small then Hp/(n(x)wo) = Hp/(wo) and by (3.9),

I(H,n(x)wp) < Cy + Cyvol{y € k: 1VPx+y| < E'}

where C; = max{H(n(x)),x € k} and E’ is some positive constant depending on
¢r. We write |y2x +y| = |yx||y + 1| and divide our set above into three subsets:
(1) |y| < |1|. Then |y*x +y| < E implies |y| < E'.
(2) |y| = [1|. Then |y*x+y| < E’ implies |y + 1| < E’. Hence y € —1 + P
where k depends only on E’.
(3) |y| > |1|. Then |y’x+y| < E' implies |y’x| < E'. Also |y| < [y*x| < E'.
Thus the set above is contained in a union of two sets whose volumes are
bounded by a constant depending on E’ and independent of x. O

k

THEOREM 3.8.
(a) Let H € H°. Then I(H, g) defines a locally integrable function on G.
(b) Let H € 'H. Then I;,(H, g) defines a locally integrable function on G.
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Proof. Let f € S(G) and define

(3.10) Hy(9)= [ flag)da

It is easy to see that Hy € H°. In order to prove that I(H, g) is locally integrable
it is enough to show that

/G I(H, ) (9)] dg < 00

for all f € S(G). Choosing a Haar measure dg = da dxdy on the set of elements
of the form an(x)won(y), a € A, x,y € k, we get

[ et gl dg = [ Vet ncomo ;1 mwo)

By Proposition 3.7 (a), I(H| ¢, n(x)wo) = 0 if |x| is large and by Proposition 3.7 (b),
[I(H, n(x)wo)| and I(H| 7|, n(x)wo) are bounded when |x| is small. Since both func-
tions are locally constant in x # 0, part (a) follows. For part (b) we notice that
Iy(H,8) = I,(H',g) for some H' € H° and all g € G. (By (3.8) and Corol-
lary 3.2 we can choose H' = g~™H,, for m large enough.) Now the proof is the
same as for part (a). (Alternatively, |I,(H’, g)| < I(|H'|,g) and part (b) follows
from (a)). O

We end this section by providing the exact asymptotics for Iy,(H, n(x)wp)
when |x| is small.

PrROPOSITION 3.9. Let H be in 'H. Let 1) be as in Lemma 3.3. There exists an
integer M = My such that for everym > M there exists a positive constant C = Cy, g
so that if |x| < C and x # 0 then

(3.11)  Ly(H, n(x)wo) = Ly(H,wo) + ¢ "1,,(H, e) - Y (P x +2y) dy.
y+y P

Proof. Since I,(H,g) = I,(q""H,, g) we can replace H with g~"H,. By
Lemma 3.3 we can choose M’ large enough so that H,,(n(x)) = H,,(e)(x)®,(x)
for all m > M’. By Proposition 3.5 we can choose M > M’ large enough so that
Hy(e) = 1,(H,e) for all m > M. Fix m > M Let k > m be large enough so that
A(y)H,, = H,, for all |y| < g~*. By an argument similar to that in (3.9) we have

FotH ) = ¢ [ Haowon 0 g
YIxq

« / Hu(nGwon(y)) () dy
ly|>g*
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= Hilnow) + g™ [ Hyo(— 3= () dy
yi>q

= Hyn(owo) + Iy(H, o)g " / O(— v — 2y) dy.
|y[>gk,| y2xty| <g™

Fix k large enough so that Hy(wo) = I,(H,wo). If x is small (depending on k)
then Hy(n(x)wg) = Hy(wp) and we get

Ly(H, n(x)wo) = I,(H, wo) + I,(H, 6)61_'"/ PY(— yx — 2y)) dy.
|¥]>qF,| y2x+y|<g™

If |y| > |x|~! then |y*x+y| > |y|. If |y| < |x|~! then |y*x +y| = |y|. In both
cases |y>x +y| > |y|. Since k > m it follows that

1
[y > ¢ y2x+y] Sqm}={y: [y > d" |y + ;‘ Sq’"}-
If |x| < g~ then
k 1 m 1 m
vyl >yl <d" =y o <4
and we get our formula. O

CoroLLARY 3.10. If|x| # 0 is small then

X

1
I¢(H, n(x)wo) = Iw(H, W()) + Iw(H, e)"(b ( ) .

Proof. Assume for the moment 1) is as in Lemma 3.3. Since xy* + 2y =

x(y+ }C)z — )1—6 we can write (3.11) as

1N\ _, —1 A%
Ly (H,wo) + 1y (H, e)p (;) q / < (0 X (y + ;) dy
yHrl<e™

4" (H, wo) + Iy (H, ) ( ) " [ @a )

Ly (H, n(x)wo)

1
by

where ®,, is the characteristic function of P~". Since |x| is very small we have
¥~ 1(xy?) = 1 for all |y| < ¢™ Hence

g / O () dy = 1.
F

and our proof is complete in this case.
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In general, there is a character ¥/°(x) = ¥(Dx) satisfying Lemma 3.3. From
a change of variable, we see the relation

(3.12) Io(H,g) = |D|”' I, (H, gr(D™")

where HD(g) = H(gt(D)) and #(D) is defined in Section 2. The general case
follows easily from this relation and the special case above. O

The corollary is also proved in [J] in the case H € H°.

4. Relative Bessel functions. In this section we define the relative Bessel
function i, which is attached to a distinguished representation of G = GL;(k)
where k is a p-adic field.

Let (7, V) be an infinite dimensional irreducible admissible representation of
G. There exists a nontrivial functional L: V — C such that:

Lir(n)v) =yY(m)L(v) neN,veV.

It is well known that such a functional is unique up to scalar multiples. We call
this functional the i)-Whittaker functional. The Whittaker model W(r, 1) is the
space of functions

@.1) Wu(g) = L(n(g)v), g€ G,veV.

The representation 7 is called A-distinguished if there exists a nontrivial linear
functional R: V — C such that

4.2) R(m(a)v) =R(v) acA,veV.

This functional is also unique up to scalar multiples [J-L], [J-R]. The representa-
tion 7 is A-distinguished if and only if the central character of 7 is trivial [J-L].
The spherical model H(m) is the space of functions

H,(g)=R(r(gv), g€ G,veV.

G acts on these models via right translations.

From now on, fix an A-distinguished representation (, V) of G, and nonzero
Whittaker functional L: V — C. Following [J-L], [J-R] we construct a nontrivial
spherical functional R: V — C satistfying (4.2). For each W € W(m, ). We
define

[ W(t(a))|a*"2 d*a

(4.3) R(W) = Lir.s)
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where L(m,s) is the local L-factor attached to 7 in [J-L], [Go]. Since the integral
converges in some half plane Re(s) > C and can be meromorphically continued
to the whole complex plane, and since the quotient is an analytic function of s
[Go], R is well defined. Since 7 has trivial central character it follows that R
satisfies (4.2). For each W € W(m, ) we define Hy € H(m) by

[ W(t@)g)|a*~* d*a
L(m,s) e

Hw(g) = R(m(g)W) =

It is easy to see that the mapping W — Hy is a G isomorphism between the
Whittaker model W(r, ) and the spherical model H (7).

The space H(m) gives a unique realization of 7 on a space of smooth functions
H on G satisfying H(ag) = H(g) for all a € A, g € G, hence H(w) C H (see
Section 3). For each H € H(w) we define the integral

Iy(H. g) = /k H(gn(y)b~(y)dy

where [, is defined in (2.1). It follows from Proposition 3.5 that the integral
converges. For a fixed g € G it defines a Whittaker functional on 7. We write H =
Hy, as in the isomorphism above. From the uniqueness of Whittaker functionals
it follows that there exists a complex scalar i (g) such that

(4.4) Ly(Hw, 8) = iz (@)W(e), for all W € W(r, ).

It follows from Proposition 3.5 that i, is locally constant on BwoB — woB and
from Theorem 3.8 that i, is locally integrable.

The function i, is the relative Bessel function associated to 7. It is deter-
mined by the choice of character ¢y and the Haar measure dx on k. Recall that
the measure dx is chosen to be self dual for .

LEMMA 4.1. There exists a positive constant Cy. such that if |x| < Cr,andx # 0
then

e(m, 3, 0) +P(3)
L(T, %)

irp(N(X)Wo) =

where e(m,s,v) and L(r,s) are the e-factor and L-factor respectively, attached
to 7 in [Go]. Notice that L(,s)"" is a polynomial in ¢° hence we put L(, %) =
L(m,s)| =1
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Proof. Let W € W(r,v) be such that W(t(a)) = ®@1.p(a). where @y,p is the
characteristic function of 1 + P. By Corollary 3.10 we have that for |x| small

1
b o (HCOW) = Ly (Hyya wo) + Ly (Hiy, €0 (x) .

Now

Ly(Hw,e)

/ (fk* W(t(an(y))|al* 2 d*a>
k

L(m,s)

(= y)dy

=3

I
h
A

—1
/ / ®rp(@)((a — Dy)d*ady
k Jk*

~1
/ / ®r.p(a)((a— 1)y)dady
k Jk*

Il
~

1l
h
/-\/?/-\

A

N = NI= N= N~

N N~— 7

B /k /k ®p(ay)(ay) da dy

1
Y
A
~

|

the last identity being the Fourier inversion formula.
To compute 1,,(H,wo) we recall the Jacquet-Langlands functional equation
for irreducible admissible representations with trivial central character [J-L].

4.5) y(m, s,) /k* W(t(a))|a|s_% d*a= /k* W(wot(a))|a]%_s d*a,

where each integral converges in some half plane (possibly disjoint) and the
equality is in the sense of analytic continuation. Now

Iw(HW,W()):/k<fk* VV(Z‘(CI)WOn(y))|a|s_E d*a>

L(m,s)

P(—y)dy.

S2

Using (4.5) we get

[ W(t@yn(y))|al*2 dm)

I"l’(HW’WO) = /k <’Y(7T,S, 17[}) L(7T S)

$=3

y(m,3.)
L(m,3)

e(m, 1, 9) = y(m, 1,9). O

and as in our first integral, this is exactly Since 7 is self dual, we have
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Let X be the set of functions W € W(r, 1)) such that

pw(a) = W(t(a))

is compactly supported in k*. Let {wy(a) = \a|_1 uw(a). For such W we have
1 —1
®uy (2) = Hw(n(z)) = L (m 5) / W(t(a)n(z))d*a
—1
=L (m %) / W(t(a)(az) d*a

NN,
=L (7.(’ 5) £W(_ Z)’

where &y is the Fourier transform of &y . In particular, ¢, is compactly supported
in k. Since we know, [Go], that every function in S(k*) can be realized as uy for
some W € W(r, ) it follows that the set Z of functions

(4.6) bny (2) = Hw(n(2))
where W € X, is exactly the set of functions ¢ € S(k) such that gzg(O) =0.

LEMMA 4.2. Let W € W(m, ) be such that the function

()

Hu(9) = [ inu(atta W@ d'a

belongs to S(k*). Then

for all g € BwoB — wyB.
Proof. Let

Pw.g(y) = Hw(gn(y)).

Since a — W(t(a)) is compactly supported on k* it follows that the function
X = Qpy(x) = dw.(n(x)) is compactly supported on k, hence by Lemma 3.4 the
function ¢w , defined above is compactly supported on k. We have

Ly(Hw, 8) = dwg(1) = ir s (g)W(e)
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where $(z) = [ ¢(y)¢ ' (zy) dy and similarly
Swg(@) = i (g1(2) " HIWE@)2| ™"
Applying Fourier inversion for ¢w ¢(0) = Hy(g) we obtain the equation above. O
Finally we would like to obtain a relation between the Bessel function

Jrx =Jry and the relative Bessel function i = iry. Recall (see [S]) that j.
is defined by the equation

/ W(gn(x)~' () dx = jr.()W(e)

where g € BwoB and W € W(m, 9).

PropPoSITION 4.3. We have

L(T(',S) S=l
2

b (R(X)W0) = (‘[ Jra@wo)p(ax)al* > d*a)

where the integral above converges for Re(s) large and has analytic continuation to
the whole complex plane. Moreover, if 7 is unitary then the above integral converges
for Re(s) > L | hence for such m we have

I\t
ixp(n(wo) =L (7@) / Jrpt@wo)(ax) d*a.

Proof. We shall analyze the right-hand side of the above formula. It fol-
lows from ([S], Lemma 4.2 (3)) that the above integral vanishes on the set
{t(a): |a| = ¢"} when r is a large integer (depending on x). We fix an x € k£* and
W € W(m, 1) such that W(e) = 1. By ([S], Lemma 4.2 (4)) we have that if m is
large enough then

Jx(t@wo) if |a| < g™
W (t(a)wg) =
(R if a| > .

Hence, if m is large enough then we have

[* jrpt@wo)(ax)|al’™2 d*a
L(m,s)

_1
5=3

_ (f* Won(t(@)wo)(ax)|al*~2 d*a>

L(m,s)
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[ Wat@nwe)|al* "2 d*a
B L(m,s)

_1
5=3

= Hy,,(n(x)wo).

Now Hy,, = H,, for H = Hy (see (3.4)) and we have that for m large (and x
fixed) Hy,(n(x)wo) = ir(n(x)wo). If 7 is unitary then the integral converges for
Re (s) > % and our second formula follows. O

5. Computations of Bessel and relative Bessel functions for the principal
series of GL(2), nonarchimedean case. We begin by computing the Bessel
function j ,, defined in [B] (see also [S]) for the principal series.

Let x1,x2 be multiplicative quasi-characters on k*. We let B(x1, x2) be the
space of smooth functions f: G — C satisfying

aq X ai % "
G f << > g) = H xi(anxa(a2)f(g), ai,ax €k™,x €k
ar az

We let m denote the G action on this space by right translations. We define the
quasi character x to be such that f(bg) = x(b)f(g) whenever f € B(x1, x2) and
beB,geG,ie, x(b)= ]Z—;\%Xl(al)xz(ag), for b € B written as in (5.1).

We now define functions f;,, m > 0 in B(x1, x2) by

x(b)p(x) if g = bwon(x), and [x| < ¢™;
fm(g> = .

0 otherwise.
It is easy to see that
(5.2) i@ = [ St (.

[x[<q™
We now describe the Whittaker model associated to B(xi, x2). Let f(g) €
B(x1, X2)-
We define

Wi(g) = /k Fovon(ygn~"(y) dy

where f,:' is defined in (2.1). The integral converges ([Sh], Proposition 3.1). Since
1 1 z a 1
1 1 1 1
_a 1 1 1 a
= z Z
Z 1 1
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we have

%w(g—z> dz.

Let m = w(x1, x2) be the infinite dimensional irreducible component of B(x1, x2)
(see [J-L]). By ([S] (4.7)) and (5.2) we have that if m is large enough then
Jrwt(@wo) = Wy, (t(@)wo) for all |a| < g™, hence

) |zl <q" a
We, (t(@)wo) = nhm X1 <— ) x2(2)

TS g < z

a
Z2

a

(5.3) Jma(t(@wo) = / Y (——) x2(2)

Z

a
ZZ

where [*7 is as in (2.1).

Let 7, = m(x, x~!) be the infinite dimensional component of B(x,x ') and
i, be the relative Bessel function of 7, as defined in (4.4). It is clear that the
function iy is determined by its value at n(x)wp with x # 0. We now compute
I, (n(X)Wo), x # 0.

Define

I (w0, 5) = / e (@ wo)|a* 3@ da.

By Proposition 4.3, the above integral converges for Re(s) large and has mero-
morphic continuation to C. The function I, . (n(x)wo, s) /L(y, s) is entire and
we have that

L, ((X)Wo, $)

I (X)Wo) = Lire.s)

_1
S—2

If 7y is unitary then Iy (n(x)wo,s) converges for Re(s) > % (see the table in
[Go] p. 1.36) and is entire at s = % For such m we have

L w(n(x)wo, 1)

b (X)W0) = =1 D)

By (5.3) we have

54) In, o (n(x)wo, %) =/+ /+’_ X (—%) la|'/?|z| 7 e (g—z+ax> dzd*a.

Let r = r(x) € R be such that |x(x)| = |x|" for all x € k* and write x(x) = xo(x)|x|"
where xo is a unitary character. By [J-L] we have that if , is unitary then
[r(x)| < 1/2.If |r(x)| = 1/2 then 7, is unitary if and only if x3 = 1.
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THEOREM 5.1. Let T, be the representation defined above and assume that 7
is unitary. Assume further that x # | '/ and x # —| ~V/2, (that is, |r(x)| #1/2 or
Ir(x)| = 1/2 and x3 # 1.) Then for x # 0,

INNEA | |
inonm) = L(me 3 ) o (50 ) bl

+= 1
<[ an@eow (— g - ) da
where (-, ) is the Weil constant (see (2.2)).

Proof. We will assume that 0 < r(x) < 1/2 and prove the equality above. For
the case where r = 0 or the case where r = 1/2, X% =1 and xo # 1 we shall use
a limit process to establish the above equality. Since every unitary representation
Ty With r(x) < 0 is equivalent to one with r(x) > 0 (namely ,-1) and since
the right-hand side of the above equality is invariant under Y — x~! we do not
lose any generality with this restriction.

We shall manipulate the integral in (5.4) to the form of the theorem. We
postpone the justification of the mainupulation to the Appendix.

We start by switching the order of integration in (5.4)

(5.5) Ir, o (n(x)wo, 1/2) = /+ /+X (—2) |a|1/2|Z|_1ﬂ) <Z — Z+ax> d*adz.

Making a change of variable a — az? (no need for justification) we get

(5.6) L y(n()wo, 1/2) = / ' / ' x(— a)|a|"*yp(az — z+ az’x) d*adz.

Switching again order of integration we get

(5.7) Ir p(n(x)wo, 1/2) = / . x(— a)|a)'/? / ' Y(az — 7+ az’x) dzd*a.

Completing the square

a—l)z(a—l)z

2
ok — D= +
axzg Z (Cl ) ax <Z

we get

= 1 -1 2
(5.8)  in p(n(x)wo) =/ X(— a)lal27 (—(a ) )

dax

X ( / "y <ax <z+ “2;x1>2> dz) d*a.
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We now analyze the inner integral. Let ®,, be the characteristic function of P~
For m large (depending on a and x) we can write the dz integral in (5.8) in the
form

Jim_ / ®,,(2)b(axz?) d

_1 2
_ || m [0 (-
= ’ ) ’ y(ax, ) lim / <I>m(z)¢< ax) dz,

where the equality follows from Weil formula (2.2). When m is large, over the

2y 2

support of @2, we have ¢(— £) = 1; thus the integral above equals [2|~'. From
this and (5.8) we get the desired formula. Now it follows from Lemma 14.3 that
this formula extends to the case where r =0 or r = 1/2, X% =land xo #1. O

Remark 5.2. It follows from the theorem that if we define In D by replacing

1 with 4P (in particular, we change the definition of Haar measure and thus of
Y(x,9P)) then

iﬂx’wD(l’l(X)W()) =ln g <n (l);) w0> .

THEOREM 5.3. Let x = ||'/? and ) be unramified. Then

1 —1
iy (MX)W0) = L (wx, 5) WaTH=D=0-gH ' @aH -1

Proof. Fix x € k* and let x,(y) = |y|". Let I(r,x) = I, 4(n(x)wo, %). (See
(5.4)). We need to compute /(— 1/2,x) and use the equality

, 1\ !
lﬂx_l/sz(n(x)wo) = L (ﬂ-xl/z, 5) I(_ 1/2, .x)

to finish the proof. By Lemma 14.4 we have that lim,_, _ I(r,x) = P~ + 1.
We will show that lim,_, _y j, I(r,x) — I(— 1/2,x) = 2 for all x hence I(—1/2,x) =
(x~1) — 1 and we are done. To do that we separate the d*a integral in (5.4)
that divides I(r,x) into two parts: The first where |a| > 1 which we denote by
I*(r,x) and the second where |a|] < 1 we denote by I~ (r,x). Hence I(r,x) =
I*(r,x) + I (r,x) for every r such that —1/2 < r < 0. Using the Dominated
Convergence Theorem it is possible to show that lim,_, _; , I*(r,x)—1"(=1/2,x) =
0. By explicit calculation of both terms we can show that lim, , 5/~ (r,x) — 1~
(—1/2,x)=2. O

We remark here that we were surprised to discover that I(r, x) is discontinuous
in rat r = 1/2, that is, at the special representation with x(x) = |x|'/2. Theorem 5.3
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can be translated into the following exponential sums identity:

COROLLARY 5.4. Assume that i) is unramified then

/+ /+ |a]’11/1 (g —z+ax) dzda =¢p(x~ ') — 1.

6. Relative Bessel distributions. In this section, we define the relative
Bessel distribution and relate it to the relative Bessel function i .

Let S(G) be the space of compactly supported locally constant functions
on G. Let (m, V) be an A-distinguished representation of G with a -Whittaker
functional L as in (4.1) and a spherical functional R as in (4.3). Let (7, V) be
the representation contragredient to 7 where V is the space of smooth linear
functionals on V. Let L be a ¢! Whittaker functional on V. It follows from
[J-L] or ([Go], Theorem 2, p. 1.18) that we can (and will) normalize L so that
if v €V, and # € V are such that either a — W,(#(a)) or a — Wy(t(a)) have
compact support in k*, then

6.1) aw=mw:4g%mmwm@wu

Here W, € W(r, ) and Wy € W(i,1)~") are defined as in (4.1). The assumption
on the support is made to ensure that the integral converges. If 7 is unitary then
this integral converges for all v € V, # € V, and defines a nondegenerate G
invariant bilinear form on V x V. R

It is well known that 7 7. We identify V and V. For a linear func-
tional (smooth or not) 7: V — C and f € S(G) we define the linear functional
p(HT: V — C by

~

(6.2) @Uﬂ%@=4ﬂ@ﬂﬂ{5m@, pev.

It is clear that p(f)T is a smooth linear functional hence we can identify p( )T
with a vector 7 € V. We now define the Relative Bessel distribution I ,:
S(G) — C to be

Lry(f) = (R, p())L) = R(vyp).

It is easy to check that the distribution I () is independent of our choice
of Whittaker model L, and the choice of Haar measure dx. It is determined by
the choice of Haar measure dg over G.

Let T be a linear functional on V. Let f € S(G). we define the linear functional
P (NT to be

/ﬂﬁﬂw=éﬂwﬂﬂ9w@,v€V
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Notice that p*(f)T = p(f*)T where f*(g) = f(g~"). We will use the notation
op« g = p(f*)R. The following Lemma is immediate.

LEMMA 6.1.
Ley(f) = (p" (R, L).

LEMMA 6.2. Let v € V be such that a — W (t(a)) has compact support in k*.
Then

(6.3) | Imstotsanp W@ d'a= [ reotcods

where H,(g) = R(m(g)v).

Proof. It follows from Lemma (6.1) that I ,,(p,(1(a))f) = W;/f*‘R(t(a)). Hence,
by (6.1) the left-hand side of (6.3) is the same as (&= g, v) which equals {p(f*)R,
v). By (6.2) this is exactly the right-hand side of (6.3). O

THEOREM 6.3.

Lew(f) = / ix () () d.
G
Proof. We define the distribution I;W on S(G) to be
(6.4) I (f) = /G (2 ()dg, f € S(G).

Since iy is locally integrable, I;ml) is well defined. We shall prove that I;m/) =
I;y. Let f € S(G). There exist an integer m such that p.(t#(a))f = f for all
a € 1+ P™. Let x be the characteristic function of 1+ P™ and let W € W(#, )
be such that W(#(a)) = ¢"x(a) for all a € k*. We have

LoD = [ Leyort@pWaa)d'a
= [ Wiy ( / f(gt(a))iﬂ,w(g)dg) da
k* G
- [ 1 ( / iﬂ,w(gz(ar‘)W(z(a))d*a) dg
G k*
= /Gf(g)Hw(g)dg,

where the last equality follows from Lemma 4.2. By (6.3) this last integral equals

| Instprtt@pWaan d'a

which is just I, (f). O
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COROLLARY 6.4. We fix a Haar measure dg on G such that dg = d*adxdy on
the set of elements of the form an(x)won(y) where a € A and x,y € k. Then

Lew(f) = /k br (HOW0) O n(IWO)

where Oy (f,8) = [, [.f(agn(y)Y(y)d*ady is the orbital integral of f as defined
in[J].

Proof. Using the invariance properties of i, the corollary is clear. O

We finish this section by relating our definition of I to the local distributions
appearing in Jacquet’s relative trace formula [J]. Let {¢;: i=1,2,...} be a linear
basis of V obtained by putting together bases of the various K-types of 7. (Here
K is a compact open subgroup of G such as K = GL(0).) Let {vF: i=1,2,...}
denote the dual basis. We let H,, € H(m) be the spherical function corresponding
to ¢; and VAVUI,* € W(#,9~") be the Whittaker functions corresponding to v}

LEMMA 6.5.
o) = X ( [ 10 (2)de) Wi 0 = 3 Huc (@i

where the integral vanishes for all but finite number of indices i.

Proof. Let oy« g € V* defined as above (see (6.2)). By Lemma 6.1 we have
Ly (f) = l:(f)f*,R). Since oy« g € V we have

(6.5) Dper =Y Aui,
i
where all but a finite number of the A;s are zero. The \;s are given by
N = (o) = [ S RErCs Y dg = [ (9, (5)ds.

Applying L to (6.5) we get the desired equality. O

Recall when (7, V) is unitary, there is a G invariant Hermitian form on V
given by

(o, 03) = / W, (t(a) Wy (@) d*a.
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COROLLARY 6.6. Assume that (7, V) is unitary. Let {v;: i = 1,2,...} be an
orthonormal basis of K types with respect to the above Hermitian form. Then

(6.6) Ley(f) = He( s Wy (e)

where W, (e) is the complex conjugate of Wy,(e).

Proof. Let 0; be the linear form V +— C given by:
o) = [ W)W, W) d'a

Then the set {#;} gives a basis of 7 which is the dual basis of {¢;}. Compare
the definition of #; with (6.1), we see L(#) = W, (e). Thus our formula is an
immediate consequence of Lemma 6.5. O

The right-hand side of (6.6) is the local distribution appearing in Jacquet’s
relative trace formula.

7. Whittaker functions for the double cover of GL,. In the next few
sections, we study the Bessel distribution on the double cover of GL,. We first
fix some notations.

Let k be a p-adic field. For a,b € k* the Hilbert symbol (a, b) is defined by

1 if there are x,y € k such that a = x> — by?;
(a,b) =
0 if not.

Let

and set

c ifc#0;
x(g) = _
d ifc=0.

For g1, g2 € Gly(k) we define the cocycle a(g, g2) to be

X(g182)> (x(glgz) X(81g2)>
x(&1) x(g1) ~ x(g2)

o(g1,82) = (det(gl),

(see [K-P], p. 41). We let G be the metaplectic cover of G, i.e., G={[g,€]: g €
G, e = £1} with multiplication given by

[g1. €11l 82, €2] = [g182, (g1, g&2)e1€2)].
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The group G fits into the exact sequence
(7.1) l—-{£1} -G—-G—1.

In general if H is any subgroup of G we let H denote its full inverse image in
G. In particular if (7.1) splits over H, then H is the direct product of {+1} with
H. We note in particular that (7.1) splits over N.

We let S = SLy(k) and S the metaplectic cover of S viewed as a subgroup of
G. We shall confuse an element g € G and € = +1 with

(7.2) ¢=[g11€G, e=[ee €.

We let N, A and B be subgroups of G as defined in Section 2. We let
z
ZZ:{< >:z€(k*)2}.
Z

72 =72 x {+1}.

The center of G is

Let Z be the center of G. The group Z is abelian but not central in G. Let
7 = diag(z, z). The commutation is given by

(7.3) gz =zg(det(g),2)

where 7 = [diag (z,z),1]isin Z, g = [g, 1] is in G and (x,y) is the Hilbert symbol
of x,y € k*.

Let G act on a complex vector space V and assume that Z? acts according to
the character w, i.e., z(¢) = w(z)v for all z € Z? and all v € V. Let Q(w) be the
set of characters extending w to Z. For 1 € Q(w) we define

(7.4) Ve={veV|zv)=uzuv forall z € Z

LEMmMmaA 7.1.

V= V.

HEQ(w)

where Z acts on V,, according to the character .

Proof. The proof is immediate from the fact that Z/Z> & k*/(k*) is a finite
abelian group. O

Notice that S stabilizes each V,, and that V,, might be zero.
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In the following we shall analyze Whittaker functions and orbital integrals on
G. The proofs are standard and are in complete analog to the ones in Section 3
and in [S], [B] and [J]. We will omit them.

Let v be a nontrivial character on k viewed as a character on N as in Section 2.
Let 1 be a genuine quasi-character on Z, i.e., i is a quasi-character on Z satisfying
1(z€) = eu(z) for all z € Z. Note that considered as a function on k*,

u(ab) = p(@yp(b)a, b).

We define the Whittaker space W(v, 1) to be the space of functions W: G +— C
which are smooth on the right and satisfy

(7.5) W(zn(y)g) = v ()W(g) z€Z,yeckged.

We let G act on this space by right translations. We denote by w the restriction of
 to Z2, the center of G. It is clear that Z> acts on (1, 1) through the character
w. By Lemma 7.1 we can decompose

WW,m= @ W,

wEQ(w)

where Z acts on the space W,/(1), 1) through the character 1/. We will denote
Wu(@) = W, (1, p). Let WO(i), ;1) be the space of functions W € W(1, )
such that the function a — W(t(a)) is compactly supported in k*; let Wg(w) =
WOp, 1) N W, (). For W € W, (v)) we define

(7.6) Wan(g) = /| o @
X 7ql71
Lemma 7.2. If mis large enough then W), € Wg(w).

As in Lemma 3.4, the following Lemma is a consequence of the matrix
equality:

o U0 )
16 JewalC ()

LEmmA 7.3. If W € WO, ). and g € BwB then the function

<

y — W(gn(y))

is compactly supported.
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We now define the orbital integrals [J]. Let

(7.8)  J(W.g)= / W(gn()dr, Jy(W,g) = / W(gn(oyp " (x) d.

The convergence of these integrals depends on g and W. The following Propo-
sition specifies the cases that we shall consider. It follows from Lemma 7.2 and
Lemma 7.3.

PROPOSITION 7.4. The integral defining J(W, g) converges absolutely for every
W € WO, ) and g € BwB. The integral defining Jy (W, g) converges for every
W € W, u) and g € BwB. Moreover, for a fixed W, J and J;, are locally constant
on the set BwB.

LemMA 7.5. Let W € W(, 1) and let m be a large integer. There exists a
constant D = Dy, such that for |a| > D

Jyp(W, t(a)w) = W(e) | = a, p(Y! (g +y) dy.

4-1]

y?

Proof. The proof is identical to the one in ([S], Lemma 4.2 (2)). We use the
matrix equality (7.7). See also Proposition 3.9 for a similar argument. O

COROLLARY 7.6. Let W € W(4, u). There exists a constant C = Cy such that
for |a| > C:

(@) Jy (W, t(a)w) = 0 if a is not a square.

(b) If a = b* then

(7.9)  Jy(W.t@w) = W(e)[bl? u(b)(— 1,b)((— 1)(— 1, —byy(b, h):(2b)
+ (= b, P)Y(— 2b)).

Proof. Choose a large m and let C = Dy, as in the lemma. Since the
integral that appears in Lemma 7.5 does not depend on W, we can choose any
W € W(, 1) and compute J,,(W, t(a)w) to obtain the result above. This is done
in ([G-PS, 1], Proposition 4.4.2) for a particular W, hence we are done.

We now sketch a more direct proof:

For (a) we can use Hensel’s Lemma to see that if m is large enough and
y% € 1+ P™ then a € (k*)%. In particular (— a,y) = (— 1,y).

For (b) we assume a = b? and let m be large enough so that m > 2 val (2) and
w(z) = 1 when z € 1+ P™. Let m" = m+ val(2). The set {y: |(’;’)2 -1 < ¢ ™}

can be separated into a union of the two disjoint sets {y: ]}9 -1 < q_’”/} and
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{»: ]5 +1| < ¢g~™'}. Integrating on the first set we get

b2
Wie) /b )= 1,97 (— +y> dy
I$—1<g=" y

2
W@ [, N Ly (y (2-1) +2b> dy.
L-tl<qm y

Changing variable z = g — 1 we get

-1 bZ2
W(e)|b|y(— 2b)u(b)(— 1,b) S v | dz
z|<q

z+1

It is not difficult to check that if m is large enough then the map 7> — Zi—zl is a
well-defined isometry from k% P™ to k* (N P™ . Hence we can change variables

in the above integration to get

W(e)|bly(— 2b)u(b)(— 1,b) / D, ()Y~ (b7?) dz.

By the Weil formula (2.2) we have that

b

[ @nt0v 02 dz = ‘Z

3 ) 2
(= b, @/‘Di/(Z)w (—%) dz.

Now as in the proof of Theorem 5.1, if |b| is large enough then this last integral
equals [2|~! and we see that the contribution from the set |f -1 < g is:

1
W(e)[b[29(— 2b)ub)(— 1,b)v(— b, ).
Similar arguments apply for the integral over the second set. O

COROLLARY 7.7. There exist positive constants constant C = Cy and D such
that for |a| > C

(W, tayw)| < Dla| |u(a)|.

We now come to our main theorem in this section:

THEOREM 7.8. The function J (W, g) defined on the open cell BwN is locally
integrable in G.

Proof. The proof is essentially the same as in [B]. We replace Corollary 4.2
in [B] with Corollary 7.7. (See also Theorem 3.8 for a similar situation.) O
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8. Bessel functions for the double cover of GL,. In this section we define
and analyze the Bessel functions jﬁ’“’ which are attached to a genuine irreducible
admissible representation m of G = GL,(k) where k is a p-adic field. We show
that they are locally integrable and give a kernel function for the action of w on
the p-Whittaker space of .

Let (7, V) be an infinite dimensional irreducible admissible representation of
G. We shall assume that 7 is genuine, that is, 7(eg) = en(g) for all g € G and
€ = %1 as defined in (7.2). By [G-PS, 1] there exists a genuine character p of Z
and a nontrivial functional /#: V — C such that:

(8.1) M @m(m)v) = u@YmI*(v) neEN,Z7€Z, veV.

Moreover by [G-PS, 1] the space of such functionals for any fixed u and a
fixed nontrivial character v is at most one dimensional. Let w, be the central
character of 7 and let Q(w,) be the set of characters ;. of Z extending w,. For
each pu € Q(w,) we fix a Whittaker functional /# satisfying (8.1) and nontrivial
if possible. If [* is nontrivial then we define W(w, u,%) to be the space of
functions

WH(g) =l (r(gv), geG,veV.
The space W(m, u,1)) gives a unique realization of 7 on a space of smooth
functions W on G satisfying W(zng) = u(2)y(n)W(g) for all z € Z, n € N and
g € G, hence W(rr, i, v) C W(u, ) (see (7.5)). By Lemma 7.1 we can write the
space W(, y1,v) as a direct sum: W, u, V) = B zeqw,) Wi, 1, 1) where the

group Z acts on W (m, u,¢) through the character /. For each i € Q(w;) there
exists x € k* defined up to its square class in k*/(k*)? such that

(8.2) w3) = [Z)(x, z)

for all z = [diag(z,2),1] € Z.

Notation. If 4 and j satisfy (8.2) then we write
(11, /1) = x mod (k).

LemMA 8.1. Let W € Wy(m, i, ). Then W is supported on the set g = [g, 1]
such that det(g) = (fi, 1) mod (k*).

Proof. This follows immediately from (7.3). O
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For W € W(r, u,v) and fi € Q(w;) we define the integral (See [G-PS, 1]
4.2.1))

ToaW.2)= [ 5 Wenmau™ i @ dy

Z€Z/72

where the sum is taken over a finite set of representatives of k*/ (k*)*>. The
summation over Z/Z? projects W(, u1,%) onto We(m, p,+p) and we have

Jypi(Wy, 8) = Jyp(W5, 2)

where 0 =3 5 /72 A~ (@n(@)v and Jy is the integral defined in (7.8). Hence the
next Theorem follows from Proposition 7.4 and Theorem 7.8.

THEOREM 8.2. Jyy, (W, g) is convergent for all g € BwN and gives a locally
constant function on BwN which is locally integrable on all of G.

For a fixed g € BwN and a fixed /i in Q(wy), Jya(W, 2) defines a (v, i)
Whittaker functional on V' and from the uniqueness of such Whittaker functionals
it follows that there exists a scalar j‘;ﬁ(g) such that

(8.3) Ty q(WH,8) = el @1 () = jh (@WED).

The function Jﬁi is called the (y, fi)-Bessel function of . If [” is identically
zero, we define jﬁi (2) to be identically zero. It is clear that jﬁiﬁ(g) is dependent
on the choice of Whittaker functional /* unless /i = p, when it is only dependent
on the choice of Haar measure on k.

The next proposition is the analog of ([S], Lemma 4.2 (1)).

PrOPOSITION 8.3. Let v € V such that the functions a — Wf} (t(a)) are com-
pactly supported in k* for all i € Q(w,). Let g € BwB. Then

(8.4) Wi@= Y. | irE@ HWia@)d a.
AEQ(wr)

Proof. The proof is the same as in [S]. Since V = @B ;cq,) Vi it follows from
Lemma 8.1 that it is enough to prove (8.4) for v € V. Let ¢(y) = W5 (gn(y)).
Fix a € k*. Then

d@= [ W@ @dy=lal~ [ W@ nr@ () dy.

where we obtained the last equality by the change of variables y — ay. w(#(a))
sends v to a vector ¢/ = m(t(a))v € V) where 1/(z) = fi(z)(a,z). It follows that



30 EHUD MOSHE BARUCH AND ZHENGYU MAO

the last integral is the same as
Ty (Wh, gt(@)™") = ji4 (g(@) "YW (e) = j& (gt(@) "YWL ((a)).
Since Wﬁ,//(t(a)) =0 unless " = i/ we can write

day=la™t S @@ W (t(ay).

W' eQ(wnr)
We now apply Fourier inversion to find ¢(0) = W,(g) to get the result. O

CoROLLARY 8.4. [G-PS, 1] The mapping v — {Wg (t@) | G € Qwr)} is
injective.

Proof. Assume Wﬁ (t(a)) = O for all such g and a € k*. Then by (8.4)
W5(@) = 0 for all g € G and all 1 € Q(w,). This is a contradictory to the
existence of a nontrivial Whittaker functional. O

9. Inner product formulas in the Whittaker-Kirillov models. Our pur-
pose in this section is to give a positive definite G invariant Hermitian form
(the inner product) on the Whittaker or Kirillov models for irreducible unitary
representations of G. Since the complex conjugate of a unitary representation is
isomorphic to the contragredient of that representation, these formulas will also
give a G invariant nondegenerate bilinear form on the Whittaker models of the
representation and its contragredient representation. It is possible to generalize
these formulas to every irreducible admissible representation of G as in [Go]. We
will leave that to the interested reader. The proofs and formulas here are almost
identical to the ones given in Godement [Go] so we will omit many details.

Our main theorem of this section is the following: Let k be a p-adic field S =
SLy(k) and G = GL,(k). Let S and G be double covers of S and G respectively. Let
n(x), t(a), s(a), w be as in Section 2. Let (7, V) be a unitary irreducible admissible
genuine representation of G. Let w, be the central character of 7 and Q(w,) the
finite set of characters of Z extending w,. For each p € Q(w,) we fix I* to be a
(3, ) Whittaker functional on V nontrivial if possible.

THEOREM 9.1. Let (, ) be a G invariant inner product on V. There exist scalars
A >0, € Qwy) such that

©.1) (o) = Y e [ PEG@uFEG@ R

MEQ(WTF)

Y /k WhHU@IWE (@) d"a.

HEQ(wr)

By choosing suitable linear forms /*, the constants A\;: can be taken to be 1.



BESSEL IDENTITIES 31

We shall prove this Theorem on a case-by-case basis starting with supercusp-
idal representations. For the case of unitary principal series, unitary complemen-
tary series and special representations we shall use the Jacquet integrals to define
our Whittaker functionals and determine the \;. appearing in (9.1) explicitly.

9.1. Supercuspidal representations. Let (7, V) be a unitary supercuspidal
representation of G and (,) a G invariant inner product on V. Since 7 is unitary,
it follows that w,; is unitary and that every character extending w; to Z is unitary.
Let pi1,. .., ity € Q(wy) be the characters of Z that support a nontrivial Whittaker
functional I/7. Let v — (W5 (t(a)), . . ., Wh"(t(a))) be the Kirillov model for 7. By
[G-PS, 1] this map is injective and the image is S(k*)" = S(k*) x S(k*) x - - - x S(k*).
For each such i we let the subspace WW* be the space of functions in the Kirillov
model of the form (0,...,0,¢,0,...,0) where ¢ € S(k*) is in the u component.
Equivalently we denote by V* the space of vectors v € V such that I (1(t(a))v) =
0 for all z/ # p. (Notice that this space is different from V,.)

LEMMA 9.2. Let v € V¥ and © € VA. If i # ji then (v, D) = 0.

Proof. Let {6} be a set of representatives for the square classes k* /k*2. Each
function ¢ in S(k*) can be written in the form ¢ = ) 5 ¢s where ¢5 is supported
on the square class of ¢. Hence it is enough to show that (¢, ¢») = 0 for functions
in WH x WH which are supported on some square classes. Let ¢y € WH and
¢> € WH be such functions. Applying Z € Z to the inner product of ¢; and ¢,
we get

(D1, ¢2) = (TQQ)P1, T(D)P2) = @)z, 61)AR)(z. 62)(P1, P2)

where §; is the square class support of ¢;, i = 1,2 and /i(Z) is the complex
conjugate of fi(z). If 6; gives the same square class as §, then our assumption
that 7 # p gives (41, ¢2) = 0. So assume that §; and 6, are not in the same
square class. It follows that ¢ and ¢, are supported on disjoint compact sets A
and B. Let yx be the characteristic function of X. We will show that there exists
an integer M depending on A and B such that

9.2) (Xq+Pm, Xp+pr) =0 for all n,m > M and all a € A,b € B.

Acting by n(x) we see that w(n(x))¢(t) = Y(tx)p(t). Writing ¢t = a+p where p € P™"
we have 1(1x) = (xa + xp). If |x| < ¢" then ¥(xp) = 1 for all p € P™. Fix an
integer M > 0 and let m,n > M. For |x| < g™ we have
(Xa+pm, Xp+pn) = (T(O))Xarpm, T(M(X))Xb+Pn)
= P(@)P( — bx)(Xarpm, Xp+pn) = Y(ax — bx){Xarpm, Xpspn)-

Since A and B are disjoint compact sets, it follows that there exists an integer
M > 0 such that [a—b| > g™ for all a € A, b € B. It follows that if we choose
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M = M, then for a fixed a € A and b € B we can find x € k such that |x| > g™
and ¥((a — b)x) # 1. Hence we get (9.2) and we have proved the Lemma. O

We now restrict (,) to V¥

LEMMA 9.3. There exists a scalar \j» such that
(1. 2) = [ Wh(@WE(@)d"a

for every vy, 1n € VH.

Proof. The restriction (,) to W* gives an inner product S(k*) which is in-
variant under the action of the mirabolic P which splits in G. It follows from
[Go] that every P inner product on the Kirillov model S(k*) is a scalar multiple
of the form (,)p given by

(1,000 = [ @B@da
Hence we have proved our Lemma. O

It follows from the injectivity of the Kirillov model and from Lemma 9.2
and Lemma 9.3 that the inner product (,) on V is given by (9.1). Hence we have
proved Theorem 9.1 for supercuspidal representations.

Remark 9.4. Since the Kirillov model of every infinite dimensional unitary
representation contains the space S(k*)" we can use the same argument to prove
that the given inner product on such a representation is of the form of (9.1)
when restricted to this subspace. While this is sufficient for the applications in
this paper we shall need the explicit form of the inner product formula in our
subsequent work. For simplicity, we will assume ¢ is trivial on O, nontrivial
on P~

9.2. Induction from G* to G. We recall some facts from [G-PS, 2]. Let
G* = {(g.¢) | g € G,detg € (k*)?}. Its center is Z. Let ¢ be an irreducible
admissible genuine representation of S. Let z be a character of Z whose restriction
to ZNS agrees with the central character of 0. We can extend o to a representation
u x o of G* = ZS given by

1 X 0(Z8) = pRo ().

ProposiTION 9.5. ([G-PS, 2] 1.1.4,1.1.6) The representation ™ = Ind(u X o,
G*, G) is irreducible. Moreover, every irreducible admissible genuine representa-
tion  of G is of the form m = Ind(iu x o, G*, G) for some irreducible admissible
genuine representation o of S and some character i of Z.
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It is also easy to describe the unitary representations of G via the unitary
representations of S.

LEMMA 9.6. Let o be an irreducible admissible genuine representation of S.
Then m = Ind(pu x o, G*, G) is unitary if and only if o and p are unitary and the G
invariant hermitian form on V is given (up to scalar) by

(Fl.F2)g= Y. (Fi(t(a), F2(1(a)))s

ack* [(k*)?

where (, )5 is the invariant inner product on V, and Fy, F; are in the induced space
Vo, that is, Fi: G — V, is smooth and satisfies Fi(g*8) = p x o(g*)Fi(g) where
geG,gcGandi=1,2.

Remark 9.7. 1f V,, is given as a space of function V,, = {f, } where f,: S — C
and the action of § is by right translations then we can realize 7 = Ind (u x
o,G*,G) as a space of smooth functions F: G* x G — C satisfying:

(1) § — F(3,8) is in V, for every fixed g € G.

(2) F(zg*,8) = W(DF(g*,g) forall 7 € Z,g* € G* and g € G.

(3) F(g;g5.8) = F(g7}.g58) for all g}, g5 € G* and g € G.

9.3. Unitary principal series. We take o to be a unitary principal series of
S. That is, there exists a unitary character x of k* such that o = Ind (XX, Bs, S).
(Recall the definition of y,; in Section 2.) Let 7 = Ind (u X o, G*, G). Then by the
remark above V,; can be realized as the space of smooth functions F: G*xG — C
satisfying

(1) F(s@n)g*,8) = x(@)xy(@|alF(g".2)
and satisfying (2) and (3) of the remark.

It follows from [W1] and from Lemma 9.6 that the following is a positive
definite G invariant hermitian form:

(9.3) (F\,F,) = Z /kFl (wn(x), t(a))Fa(wn(x), t(a)) dx.

ack* [ (k*)?

For each F € 7 and a € k* let Vg ,(x) = F(wn(x), t(a)). Then the above formula
reads

FuF) = S [Vra@Vede= Y [ Vnu0)Ved)dy.

ack* J(k*)? ack* /(k*

Here Vi o(y) = [* Vi (X)¢(—xy) dx where [* is defined in (2.1). By ((W1], p. 7)
this integral converges. Define

+
l(a,b,F) =/ Vi ()Y(— bx)dx, a,b€k*,F € V.
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Then

l(a,b,s(a)”'F) = (a, a)x(a)xy(@)|e|l(a, &b, F)

and

l(ac,b,F) = l(a, b, t(c)F).
Thus we have

9.4) (F1,F»)

> / la,b, F))l(a, b, F,) db
ack* /(k*)?

LD SR DEN T

ack* [(k*)? bek* [(k*)?

/l(a, b~ F)l(a, a?b~1, Fy)|a| da
1

_ —1
=5 > 1267

ack* J(k*)2 bek* /(k*)?

/ la,b~ !, s() "Fl(a, b1, s(a)"1Fy) d*

> T Y

bek* [(k*)? ack* [(k*)?

| =

/ Ib, b1, 1(b) 't(a)s() " F))

x b, b=, t(b) " 't(a)s(a) 1 F)) d*
= > b / I(b, b, t(a@)F)I(b, b,~ t(a)F,) d*a.

bek* /(k*)?
For b € k* we can define the Whittaker functional /#»: m — C by
I"b(F) = I(b,b™ ", F).
It is easy to see that [Mo(n(x)F) = ¥(x)I*(F) and that [Fo(ZF) = pp(2)IMe(F)

where pp(z) = w(z)(b, 7). Hence M0 is a (¥, up)-Whittaker functional. If we define
Wi(g) = I(b,b™', gF) = I"(gF) then equation (9.4) reads

(9.5) (FiL,F)= > b7 / Wi (@)W (1(a)) d*a
bek* /(k*)2

which is of the form of (9.1) hence we have proved Theorem 9.1 for this case.
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9.4. A useful identity. Let ¢/ (x) = ¢)(Dx).

PROPOSITION 9.8. Let ® be a smooth function on k and assume that ®(x) =
O(|x|~'=) for some e > 0. Assume that ® is compactly supported onk. Letv € C be
such that0 < Re(v) < 1. Then there exists a function A(y) = Ay p ,(y) independent
of @ and constant on square classes such that

9.6) [ @ LGPl de= [ ASIy d.

Assume that |2| = |D| = 1, ¢ is unramified and T is a nonsquare unit. Then
1,7, w0, Tw form a complete set of square class representatives and

o fy=mory=rm
O Appum=9 LT
il tq" 20D, @) ify=lory=r.

Proof. Write ®(x) = [ ®(y)i(yx) dx. Then

/ D) (— 1, x)yy(x, P~ dx

= % ( / ()Y (y) dy) (= x P)lx] ! dx

: %n;;ngo J o [ BNk el v
- i [ [ @ v
= 0 o ([ vn x @) a

where the last equality follows from the Dominated Convergence Theorem. To
see that we write

A . D v—1
(9.8) / |D(y)| / o PYOey)y(— x,p7)|x[V7 dx| dy

= [1ooi | [ weon—a o dy

< [BIR [ e dxapy.
|x|<B

Here the existence of the constant B above follows from the fact that the inner
integral stabilizes independently of y (see an argument below). Since the last
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integral does not depend on m we can use our assumptions on ® and v to apply
the Dominated Convergence Theorem.

Continuing with the above integral and making a change of variables we
write

A(y) =/ D)y (— x, P x|V dx
= / P — xy Py Py

= |y / (= 2y, 0P e~ o) dix.

Hence we have

y(1,9P)

Loy ) 1O T @ ds

A(y) =

and it is clear that A is constant on square classes. We now compute A under
the assumptions described in the proposition. Our arguments will show that the
integral giving A stabilizes for large m independent of y hence the existence of
the constant B above. (The stabilization does not depend on our assumptions on
1 and D).

Assume |2| = |D| = 1 and ¢ is unramified. Then ~(x,%") = (x,x) = 1 if
val (x) is even. Write

A(y)= Z A

m=—0oQ

where

Ap = / (= 2y, P~ () e = g™ / (= @ xy, YY) dx.
ff=g”

|x]=1

Since Y(— yxww ™™, P) = y(— yow ™™, ¢P)(— yw ™™, x) and since (— yw ", x) is a
quadratic character in x which is trivial on 1+ P, the integral vanishes for m > 1.
We now compute A(y) fory=1,7,w, 7w.

Case 1: when y = w,7ww. When y = w or y = 7w we have that A,, vanishes
when m is even. When m is odd y(— yxww ", 1P) = 1 hence we have

0 —1y,—v —v v—1
S g _ _U=g9) _ -
A(y) - q( 2M+1)V(1 _ q 1) _ ql/ 1 — q q . 1 — q q

_ ,—2v _ ,—2v
M=1 l—gq 1—g
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Case 2: wheny =1,7. When y = 1 or y = 7 we have that the integral vanishes
when m is odd m # 1. Hence

A(y) = (Z g M1 — q”)) +q" / V(=@ 'y P (@ o) dx.
M=0 xl=1

By [J], if |z| = g then

Y@P) =72 Y wluzw D), w).

ueR* /P

Hence
-1

1— 1
A = — w3 S U wyow DY o)(vm )

I-q VER* /P uER* /P

= l—q +q”_§_1 Z (u, @) Z (— uyvw 'D+ vw ).

l=q72 UER* /P VER* /P

The last sum is —1 when uyD # 1 and g — 1 otherwise. Hence

1 —g! 1
AY) = T g (( 3 —<u,w>> g - 1><yD,w>>

I—q UER* /PuyD #1
l—gq"
= m + q 2 (yD, W) O

9.5. Complementary series. We take o to be a unitary complementary

series of S. Let ¥P(x) = ¢¥(Dx),D € k*. Let XD be as in Section 2. Let v
1

be a positive number such that v < 5. Then a unitary complementary series
representation has the form o = Ind (x,0||”, Bs, S).

Let 7 = Ind (1 X o, G*, G). Then by the remark above V. can be realized as
the space of smooth functions F: G* x G — C satisfying:

(1) F(s(a)n(x)g*, &) = xyn(@|a|*F(g*, )
and satisfying (2) and (3) of the remark in subsection 9.2.

It follows from [Go] and from Lemma 9.6 that there exists a scalar A such
that the following is a positive definite G invariant hermitian form:

9.9 (F2,F1)=X Z /Fl(w Tn(x), t(a)A(F)(w ™ n(x), t(a)) dx

ack* /(k*)?
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where A(F) is the intertwining operator given by

A9 = [ Fon(yg” 9.
This integral converges absolutely for v > 0 and we have
AF)Yw™'n(x), 1(a)) = / F(wn(— y)w™'n(x), 1(a)) dy
= [ =9F@G s w40, @) dy

= [ GG D F O ! 0 @) dy

YL YP) | i
- [ L) 2 1 FOr nGy 0. @) .

For each F € w and a € k* let Vg, (x) = F (w™'n(x), t(a)). It follows from [W1]
Lemme 5 and Lemme 6 that Vg, satisfies the assumptions of Proposition 9.8.
Hence, by Proposition 9.8 there exists a function Ay, p , (x) independent of F' € V;
and constant on square classes such that

/VF,a(X)(— 1,x)y(x, ¥P) x|~ dx = /VF,a(x)’erAw,D,u(x)dx
for all F € V. Hence
Var)a(x) = /VF,a(y)\)’\_VAw,D,u()’W(YX)d)’-

Thus we have (for X' = Ay(1, ?)~1):

9.10) (Fp,Fi) = X' > / Vi, a@) Vary.a(x) dx

aGk*/(k*)2

U / / Vs a0 Vi a3 ™ Ay 0 (Y10 () dy dx
ack* [(k*)?

U / Ve a0 Vs a1 Ao (0 7.
aEk*/(k*)2

Let

l(a,b,F) = / Ve a(W( — bx)dx = Vpo(b), a,b € k*,F € V,.



BESSEL IDENTITIES 39
Since v > 0 this last integral converges absolutely. It is easy to see that
la,b,s(a)"'F) = (a, a)xwp(oz)|oz| "Vi(a,a®b, F)
and that
l(a,b,t(c)F) = l(ac, b, F).

Now (9.10) reads (A" = \'|2]/2)
(FF) = N / Ta,y, Fla, . F)A o)y~ d*y

ack* /(k*)?2

D IEEDD

ack* /(k*)? bek* /(k*)?

< [ b6 Flta, b, Fptp, 6 o o2l d*a

)\// Z Z ‘b|llflAw’D’V(b)

ack* [(k*)? bek* [ (k*)?

X / la, b=, s(a)" TFDl(a, b~ ", s(a) ' Fy) d*

NS B T Ay D

bek* /(k*)? ack* /(k*)?2

X / b, b=, 1(b)~1(a)s() " TF)Ib, b~ L, t(b) 't(a)s(e) ' Fo) d*

NS b Ay b) / I(b,b=1, 1(a)F)I(b, b~ !, t(a)F) d*a.
bek* /(k*)?

For b € k* we can define the Whittaker functional [*»: 7w — C by
I"(F) = I(b,b™ ", F).
It is easy to see that [Mo(n(x)F) = ¥(x)[F>(F) and that [M2(ZF) = pp(2)IMe(F)

where pp(z) = (2)(b, 7). Hence M0 is a (v, up)-Whittaker functional. If we define
Wib(g) = I(b,b~ !, gF) = I"»(gF) then equation (9.9) reads

©11) (Fp,Fi)=X Y Aypub)b" / Wi (@)Wt ((a)) d*a.
bek* /(k*)?

This is the inner product formula for the complementary series. Now we
derive a more explicit formula when |2| = |D| = 1, and ¢ is unramified. It is
convenient to take the representatives of square classes to be D, D1, w and Tw.
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To find a choice of a constant A\’ such that this inner product is positive definite
it is enough to require that ¢,,, = 1 in a G invariant form

(9.12) (FpFi)= > ¢y / Wil (1) Wit (1)) d*a.
bek* [ (k*)?

To do that we choose A = Aw,p,l,(D)*1 and we get the following form for ¢, .,
in (9.12):

1 if b=D;
1 1
(U=g"2) ") i ) = pr;
©-13) Cup =\ (ag" " D(1=g7""2) |
L
S ifb=worb=rw.
l—qg V"2

9.6. Special representations. We shall now prove the inner product formula
for special representations. Our treatment follows ([Go] 1.64-1.67) We consider
the case where x(a) = Xwo(a)]aﬁ for some D € k*. Let I(x) = Ind (, Bs, S) be the
representation consisting of smooth functions f: § — C satisfying f(s(a)n(x)s) =
x(@)|a| f(3) for all a € k*, x € k and 5 € §. By ([W1], Proposition 2), this
representation is reducible and has a unique subrepresentation which we now
describe. For each f € I(x) we let Vi(x) = Ff(w™n(x)). Let V(x) be the subspace
of functions f € I(x) such that Vf(Dyz) = 0 for all y € k*. Then V(x) is an
invariant subspace of I(x). We denote the representation of S on V(x) by .
These are the special representations of S. The representation o, is an irreducible
unitary representation of S. The following lemma gives another description of the
vectors in V(x); it is the analog of formula (298) in [Go]:

LeEMMA 9.9. Let x be as above and let f € V(x). Then

/vf<y+x)<— Ly 2)]y] 2 dy =0

forall x € k.

Proof. By [W1] Lemme 5 and Lemme 6 we have that V; satisfies the as-
sumptions of Proposition 9.8. Hence, by Proposition 9.8 we have that

[+ 0 1P 2y = [ g s ) d

By a direct computation (see (9.7)), we see that if v = 1/2 then A(y) = Ay.p(Y)
is zero unless yD is a square in k*. However, if yD is a square in k* then y = Dz?
for some z € k* and by our assumptions on Vy we have that Vf(Dzz) =0. O
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To get the inner product formula we view o, as a limit of complementary
series representations as v goes to % (see [Go] (300)). We will continue to assume
that |2| = |D| = 1 and ¢ is unramified, the general case being similar.

Let F,F, € m = Ind(u x oy, G*, G). Let Vg, 4, VF, . be defined as in the
complementary series case. We let

(F1,F>)

1
= lim 7/%:, x)
aek%(:k*)z v—1 Ayp1/2(D7) v

X /VFz,a(y+x)X¢(y)\y\”“ dy dx

1
= lim ———— / Vi, a(X)
i B ay ) Ve

x / Vrray + 00X 37" = [3]172) dy dx.

Here x,0(y) = (= Ly)y(y,¥")y(1,9”) 7" = (= 1,y)y(y,9") and we have used
Lemma 9.9 to obtain the last equality. It is easy to check that all integrals converge
absolutely.

Remark 9.10. Notice that the functions Fj,F, are fixed in this limit and
are in the special representation and not in the respective complementary series
representation for v < 1/2. This means that the integral is not G invariant for
every v hence we need to check that both the limit exists and that the limit is G
invariant.

The computation now follows [Go] p. 1.66. By using L’Hospital’s rule we
get that

9.14) (FI.F)) =¢ Y

ack* J(k*)?2

% [ Vea) [ VeraGieoG =y = 2 val () dyds

for some nonzero constant c. It remains to show that this inner form is invariant
by G. The invariance under B is easy to check and it is enough to show the
invariance under w. The argument is the same as in [Go] p. 1.67 and is omitted.
We remark again that (298) is replaced with Lemma 9.9. It remains to translate
the inner product formula in (9.14) into an inner product in the Whittaker or
Kirillov model of 7. This is done using the limit defintion of the inner product
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above as in [Go] formula (300). That is:

(Fi,Fo)= > lim |b\*%Azﬁ,D,y(b)Aw,D,,,(Dr)*l / Wil (t(a)) Wit (1(a) d*a

bek* J(k*2 VT2

where Wi?(g) = [ Vep(x)(— b~ 'x)dx is a (1, up) Whittaker functional. We
notice that if b € D(k*)? then Wi (g) = 0 identically. Thus we get:

(9.15) (FL.F2)= > ¢y / Wil (ta) Wit (1(a)) d*a
bek* /(k*)?

where ¢, =0 and ¢, = limy_% |b\_%qu,D,V(b)/Aw,D,V(DT) for bD not a square.
Explicitly when [2| = [D| = 1 and %) is unramified, we have ¢, =0, ¢, =1,
Ch = Cppey = 2(1 + 9~

For the unique quotient representation ¢, of I(x), the representation Ind(y x
HX,G*,G) is the theta representation considered in [G-PS, 1]. It has only one
nontrivial (v, up) Whittaker model, that is when p, = pp. In this case we can
just set the coefficients in (9.1) as follows: A\ =0 if p # pp, and App = 1. The
fact that this gives a G invariant Hermitian form can be verified directly using
the model for theta representation ((1.2.1) in [G-PS, 1]).

9.7. Inner product formula on S. We now translate the results above to
S. We use these results in a subsequent work. Let 7 = Ind(u x o, G*,G) as in
subsection 9.2. As a representation of G, Vi = @y cou,)V,r (Lemma 7.1). If
W, p = 6./, then V, is the space of functions F(g): G — V,, where F(g) =0
if det(g) # 6,» mod (k*)*.

The subspace V/, is isomorphic to V,, as a representation of S. Explicitly, the
isomorphism is given by F — F(e). Thus any G invariant Hermitian form on V.
restricts to a S invariant Hermitian form on V,. Let I be the linear forms as in
Theorem 9.1. Let L%’ be a linear form on V,, defined by:

(9.16) L% () = 1" (x (6,0 0)), v € V.
Then L% is a 1/1§u’ -Whittaker functional on V, i.e.,
L% (o(n(x))v) = Y(8,sx)L° ().

Such a linear functional is unique up to a constant.
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THEOREM 9.11. Let (,) be a § invariant Hermitian form on V,. There exist
scalars \s, where 0; is a set of representatives of the square classes in k*, such that

9.17) (o, 0) =3 A /k L(o(s(@) ) Lo (s(@) ) d"a.
6

Proof. Restrict the inner product in Theorem 9.1 to V,, = V,,. Note that
M (r(t(@)v) = 0 for v € V, and a # (u, 1) mod (k*)2. Thus for vy, 15 € V,,

(o) = > [21/20 /k G PN (w(1(Sra?)en) d .

/'Ll €Q(wr)

By the definition of L‘S#’, < vy, t» > has the form

> [ L@ @) da
6;

Since the characters p’ are unitary, and m(t(a?))v = wa)o(s(a))v when v € V,,
we get the form in the theorem. O
We now derive the explicit formula for principal series, complementary series
and special representations of S. In the last two cases, we assume [2| = |D| =1
and ) is unramified.
Case 1. o is a unitary principal series representation of S. Let F as in sub-

section 9.3. Then F + ¢r(h) = F(h,e) defines the isomorphism between V,, and
V5. From (9.3), we have an inner product formula

(9.18) (61.62) = /k 61 (wn(x)) G2(wm) dx.
Let L' (¢p) = I (x(t(b~")F) for F € V,,. Then

LP(¢F) = b~ b, T(t(b))F) = / " Flwn(o, t(b~HtB)Y( — bx) dx
- / SrOwnCON( — b) d.

The proof of Theorem 9.11 and equation (9.5) give

919)  (dr.g2)= Y. [2b]/2 /k*Lb<a(s(a)>¢1)Lb(a(s(a))@)d*a

bek* /(k*



44 EHUD MOSHE BARUCH AND ZHENGYU MAO
with

(9:20) L) = / Pwn(x))¥( — bx)dx.

Case 2. 0 is a complementary series representation Ind(XwD| Y. Bs, S). Using

the notation as in Case 1, from (9.9), we get

9.21) (P1,02) = /k A(P1)(wn(x))pa(wn(x)) dx

with A being the intertwining operator:
@) = [ som(yh)dy.

Define L’ as above. From the proof of Theorem 9.11 and equation (9.12), we
get:

922) {¢1.62) =BypuD) > T / (o (s(@)$)LP(a(s(a)d) d"a.

bek* /(k* )2

where ¢, = ¢, is as defined in equation (9.13).

Case 3. o is a special representation V(x) as in subsection 9.6. Define L” as
above. From the proof of Theorem 9.11 and equation (9.15), we get that there is
a § invariant Hermitian form on V(y):

9.23)  (pnda)= D c—z" / LP(o(s(a))p1)LP (o (s(a))pn) d*a,

bek* /(k*)?
where ¢, = ¢, s as in subsection 9.6.

10. Bessel distributions over G. In this section we define Bessel distribu-
tions for irreducible unitary representations of G. We shall show using the inner
product formula in the Whittaker model (9.1) that these Bessel distributions are
given by the Bessel functions defined in (8.3). The argument is similar to the one
given in [B] for Bessel distributions on G and to the argument given in the proof
of Theorem 6.3. Although our definition of Bessel distributions here depends on
the inner product on our unitary representation, it is possible, as in [B], to gen-
eralize the definition and the proof to every admissible irreducible representation
of G.

Let (7, V) be a smooth, irreducible, genuine, unitary representation of G and
let (v,w) be a nonzero G invariant inner product on V. Such inner product is
unique up to a positive multiple. For every smooth functional /: V — C there
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exists a unique vector ¢y € V such that
(10.1) Iw) = (w,v) foreveryweV.

Let Q(m) be the set of characters p of Z that support a nontrivial (y,)) Whit-
taker functional on V (see (8.1)). For each u € Q(w) we let [*, be a nonzero
(¢, ) Whittaker functional on V. Such a functional is unique up to scalar. By
Theorem 9.1 we can and will normalize all the /*s such that

(10.2) wy= 3 [ WhHa) W) d*a
peEQ()

for all v,w € V. Here W4 (2) = IM(m(8)v).

Now fix p € Q(m). Let f € C°(G) be a genuine function. We define the
Bessel distribution J., , to be

Jﬁd,(f) = l‘u(Uﬂ(f)zu)-

Here f(3) = f(g~") and 7(f)I* is the smooth linear functional on V defined by

(103)  w(HIMw) = /G f@& Hirrg Hoydg = /G F@IMm(@v)ds.

As we have related the Hermitian form with the linear forms /# by (10.2),
the distribution is independent of our choice of the Hermitian form or [F—it is
only dependent on the choice of measure on G and k*.

LemMA 10.1. Fix p € Q(m) as above and Let v € V be such that Wé‘/(t(a)) =0
forall ' # pandall a € k*. Let f € C°(G). Then

| oa@pwia@da= [ f@wi@ad

where (p-(8")f)(g) = f(gg").

Proof. It is easy to check that 7[(p(g")f)V] = 7(g")7(f). Hence we have

| pt@pwit@da= [ Wi@WE  G@)da

ﬁ(f)]l’f

By the choice of v and by (10.2) this last quantity equals (v, vﬂ(];)w) and by (10.1)
and (10.3) this equals

/G F@WH @) dg. O
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THEOREM 10.2. Let JI. , be the distribution defined above and j,. , = ji* be
the Bessel function defined in (8.3). Then

S = [ @@ dg

for all f € C(G). Here jiw is defined on the open Bruhat cell and can be taken
to be zero outside the cell.

Proof. Fix f € C°(G). There exists m such that p,(#(a))f =f if a € 1 + P™,
By [G-PS, 1], there exists a vector v € V such that W, (t(a)) = ¢"™x(a) for all
a € k* where  is the characteristic function of 1+P" and such that W}, /(t(a)) =0
for all 4/ # p and a € k*. Now

| 1 @r@ag
G
- [ (L@ u@r@de) wit@da
k* G
- [ (|1 @veande) we@aa
k* G
- [ ([ @ dg) wraand'a
k* G
= [r@ ([ Ao winaraa) dg
G k*
- [r@wi@ads.

Note that the G integration is in fact taking place on the open and dense set BwB,
hence we can use Proposition 8.3 and our special choice of v to obtain the last
equality. By Lemma 10.1 this last integral equals

| o @nwia@) d'a

which is er‘ﬂ/)(f). |

11. Bessel distributions on SL,(k). In this section we show that the Bessel
distributions on S = SL,(k) are given by Bessel functions which are restrictions
of Bessel functions from G = GL,(k). We shall keep the notations of Section 10.

Let (o, W) be an irreducible, admissible, unitary, genuine representation of
S. We assume o has a nontrivial )-Whittaker functional. We note that any o has
a nontrivial 1/?-Whittaker functional for some D € k*.



BESSEL IDENTITIES 47

Let 7 = Ind (i x o,G*,G) the representation of G associated to o as in
subsection 9.2. From subsection 9.7, we see that W inherits a S invariant inner
product which we again denote by (, ). Let the I be as normalized in Section 10.
Let L(v) = I*(v) for v € V,,, then L is a nonzero vy Whittaker functional on W (see
subsection 9.7). Given a function ¢ € C>°(S) we define the Bessel distribution
Joqp to be

(11.1) Jou(9) = L0w,5).

Here d;(i) = f(5~") and L(") is the complex conjugate of L(-). The vector Wodi €
W is defined as in (10.1). (Recall that if [ is a smooth functional on W then
w; € W is defined by the equality I[(w) =< w,w; > for all w € W.)

THEOREM 11.1. If 7 is the representation of G induced from o of § as above,
then

OE /S J 66 ds

where jﬁ’w is the (1, u) Bessel function of 7 as defined in (8.3).

Proof. Fix ¢ € C°(5). Let Z? be the center of G and let U C Z? be a small
open subgroup around the identity element e such that —e ¢ U and such that
w is trivial on U. Let X = SU. Then X is an open set in G and every x € X is
uniquely written in the form x = 5u for § € § and u € U. We define ® € C°(G)
by ®(g) = vol (U)~'¢(5) if g € X and g = 5u; and ®(g) = 0 if g ¢ X. Then it is
clear that w HL = UnyLn 38 linear forms on V. Thus we have

Jo (@) = T ,(@).
Now by Theorem 10.2 we have that
s @) = | o)t @dz

Writing dg = d5dz on X and noticing that j‘;,w(iu) = j‘;,w(i)u(u) = j‘;ﬂ/}(i) for
every § € § and u € U we have

(11.2) | e@y @
_ /S /U DG, (5u) ds du
— Dt (5) 5 -1
_ /S )" () ds /U vol (U)~" du

= / PB)y ,(5) d5. O
JS§
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It is clear that the restriction of jﬁ’w to § is independent of p when
7 =Ind (u ® o, G*,G). This follows from the theorem above or from the defini-
tion of fﬁ,w Hence we define

Jow(3) = Il 4 (3.

Equivalently, restricting the equation (8.3) to the case v € V), we see j,y is
defined by the equality

(11.3) / WEn))) ™ (0 dx = jo p(HW(e)

where W is in the 1) Whittaker model of ¢ and § € BswBs. The Bessel function
Jo 18 determined by the choice of measure on k.
From Corollary 7.6, we get the asymptotic behavior of j; ;(5).

COROLLARY 11.2. Let w be the central character of o. There exists a constant
C = C, such that for |x~'| > C, then

(11.4) jyp(ws(x) = x| "2

x (w(—l)(—l, e (%) (= 5 ) (—%)) .

—1
Proof. Let a = x~2. Then t(a)w = ( . e ) ,(— l,x)> ws(x). From

equation (7.9), we see when |x~!| > C,

Jowws@) = JW, @w)u(x—") (= 1,x)/W(e)

1

— _ 2 _ 2
= b (DL () - a Lo (<2)).
The corollary then follows from the properties of Weil’s constant. O

We end the section by stating the analogue of Corollary 6.4 and Lemma 6.5.
The proofs are similar and will be omitted.

COROLLARY 11.3. We fix a Haar measure dg on S such that dg = |a|*d*a dx dy
on the set of elements of the form n(x)ws(a)n(y) where a € k* and x,y € k. Then

Jou(@) = /k Jous (WS(@)O0 (b ws(@)lal d*a

where Oy(¢,8) = [, [, @(n(x)gn(y)y(x + y)dxdy is the orbital integral of ¢ as
defined in [J].
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LEMMA 11.4. Assume that (o, W) is unitary. Let {v;: i = 1,2,...} be an or-
thonormal basis of K types with respect to the Hermitian form chosen above. Then

(11.5) Jo(¢) = > L(o(¢))L(wy).

This lemma with Corollary 6.6 relates the local distributions in Jacquet’s rel-
ative trace formula with the Bessel distributions and relative Bessel distributions
discussed here.

12. Bessel functions for principal and complementary series. In this sec-
tion we shall compute the Bessel functions for principal complementary series
and for special representations of § = SL,(k). Our computations and methods are
very similar to the ones in Section 5. It is clear that the Bessel function j, 4 (g)
is determined by its value at g = ws(a), a € k*.

12.1. Principal and complementary series. Let y be a character of k* such

that |x(x)| = |x|* with p satisfying 0 < p < 1. Let o, = Ind (Bs, S, x). Then V,,_,
the space of o, is the space of all smooth functions ¢: S — C satisfying

(12.1)  ¢([n(x)s(a)s, €]) = €lalxyp(@)x(a)p(5, 1), for all x,a € k and 5 € §.

Fix ¢ € V,;, . We define ¢, € V,, by
Om(g) = / H(gn()) 1 (x) dx.
[x[<g™

Let L be a Whittaker functional on V. . Then for g € BwN we have (see (11.3)):
(12.2) Tim_L(o(2)pm) = Lo, (8)

where j, 4 (g) is the Bessel function of oy.
Let ¢ € V,;, be defined by

elalxyp(@x(@y(x) if g =n(y)s(a)wn(x), and [x| < 1;
(g, €)=

otherwise.

Then ¢,, is given by

¢m(g’ €) =

elalxyp(@x(@y(x) if g =n(y)s(a)wn(x), and [x| < g™;
otherwise.
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Let

(12.3) L(¢) = / Swn(y)) " (y) dy.

Then by [W1] this integral converges and gives a Whittaker functional on V. .
It is easy to see that L(¢) = 1. Hence if § € BswB; then by (12.2), jo, 4(2) =
lim,, .o Ws,,(g) where

Wo(g) = / SN (3) dy = Loy (8)9).

To compute W, (ws(a)) we shall use the following equation in S

1 1
wn(y)ws(a) = n (——) sta~'y Hywn (——2) (. a)(y.).
y ya
It follows that

Wo sy = [ vl () X (yla) 0 (-1 =) @G .

2
|y—]a—2|§qm ya ya

Changing variables u = (ya)~! we get

1
We,,(ws(a)) = /| s la| ™ xp ) x () <—Z - E) (u, a)(u, u)d"u.

Writing X, (1) = (u, u)y(u, )y(1, ¢)~! and from the fact that

(u, @y, p)y(1, )~ = y(ua, Y)y(a, )~
we get that ., (u)(u, a)(u, u) = y(ua, )y(a, 1)~!. Hence we have

u 1

(124) oy utowst@) = el 20a, ) [ a0y (— - ) du.

a ua

12.2. Special representations. Let £ € k* be such that £ ¢ (k*)2. Let X¢ be
the quadratic character of k* associated with the quadratic extension k[1/£]. Let
x be a character of k* defined by x(x) = |x|%xg(x). We let V,, be the space of
smooth functions ¢ satisfying (12.1) and satisfying

/ Swn(y)( — xy)dy =0

for all x € §k2. Then by [W1] V. is invariant under the action of S by left
translations and gives an irreducible representation of S which we denote by .
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By [W1] o, has a Whittaker functional for every character ¢* with x ¢ §(k*)2.
(Here ¥*(y) = 9 (yx).) In particular, o, has a 1) Whittaker functional which is
given again by (12.3). We can define again the function ¢ € V, as above and
the same computations yield the formula

+ 1
(125) Jruos(@) = lal 10" [ vy (—E - —) du.
_ a ua

13. Bessel identities. In this section we establish a local nonarchimedean
correspondence between irreducible unitary representations of G = PGL,(k) and
§ = SL,(k). This correspondence is in fact the Waldspurger correspondence which
was established in [W1] using theta correspondence techniques.

Fix an additive character ¢ of k, let D € k*. Let o be a representation of S.
If o has nontrivial {)?-Whittaker, we will define its Bessel function Jo 0 With
respect to )P by the equation (11.3), where in the equation ) is replaced by 1"
(however the measure remains self dual for ).

Define a transfer factor

2D 1
(13.1) App(x) = y(x, YpP) (x> [x[2.

Let 7 be an irreducible admissible unitary representation of G.

Definition 13.1. We say that an irreducible admissible unitary representation
o of § corresponds to 7 if the following equality (Bessel identity) holds

. x _ Ap e, 3,9)[2D]
(13.2) Irap (n (4D> w0> = L, %) ]o.’wD(WS(X))

for all x € k*.

Remark 13.2. Given o, if there is a 7 such that the above is satisfied, then
since the values of i,y (n(x)wo) (x € k*) determine the relative Bessel distribution
of m (Corollary 6.4), the representation 7 is uniquely determined. Similarly given
7 there is at most one o satisfying the given equation. If a correspondence as
above exists then it is one-to-one.

The factor |2D| in the equation relates to our choice of Haar measure. We
note that the value of e(r, %) = e(m, %, 1) is independent of ¢ from [J-L].

The following theorem is the main theorem of this paper. Let 7, be as in
Section 5, and o, ,,» be as in Section 12 with ¢ replaced by PP, (e, Xy replaced
by x,p in (12.1)). Let r;D be the supercuspidal Weil representation defined in

[G-PS, 1] (with ¢ replaced by YD),
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THEOREM 13.3. For each irreducible admissible unitary representation m of G
there exists a corresponding representation o of S satisfying the Bessel identity
(13.2). The following diagram describes the correspondence:

G S

Ty Ty D IXI=117, 0<p <3
L Oy P Xl =112 x #I2
77“% r;D

supercuspidal supercuspidal

Remark 13.4. We took the approach of using the Bessel identity to define the
correspondence. It is easy to check that o = O(, ¥P), where O(x, ¥ is the theta
correspondence used in [W1]. Thus the theorem is equivalent to the following:
if o = O(m,4P), then (13.2) holds.

Proof. When 7 = 7, is a principal series, a complementary series or a spe-

cial representation for y # H% then the Bessel identities (13.2) for 7 = 7, and
o =0, o follow from Theorem 5.1 and (12.4), (12.5), the fact that e(rry, 3,v) =

x(— 1) and y(§,9) = |D\%'y(a, YP). For x = H% the Bessel identities follow

from our formula for i |  in Theorem 5.3 and for the formula for the Bessel
112
representation of a supercuspidal Weil representation given in ([G-PS, 1] Propo-

sition 4.4.2).
Now assume that 7 is supercuspidal.

LEMMA 13.5. When w is supercuspidal, there exists a number field K and a
place vy, and a cuspidal automorphic representation 11 of PGLy(Ak), such that
Ky, =kandTl,, = 7, and L(T1, ) # 0.

Proof. By Lemma 6.5 in [Ar-Cl] we can find a number field K and a place
vo of K such that K,,, = k and such that there exists an automorphic cuspidal
representation Il = ®II, of PGLy(Ak) such that II,, = m. Moreover, we can
assume that the number of finite places v where II, is not a principal series
representation is larger or equal to two. As in the proof of Lemme 41 in [W3]
we can choose a global quadratic character x¢ such that x¢,, = 1 and such that
e(II®@xe, %) = 1. Replacing IT with I1® x¢ we get that there exists an automorphic
cuspidal representation IT such that Il,, = 7 and such that e(TI, %) = 1. By
Theorem 4 in [W3] there exists £ € K such that £ is a square in K,,, such that
LI®xe, %) # 0. Hence, by replacing again IT with I1® x¢ we get an automorphic
cuspidal representation II such that I1,, = 7 and such that L(I1, %) #0. O

By [J] there exists a cuspidal automorphic representation I1" = QIT,, of S(Ag)
such that Irj(¢) = Jpy(¢') for all matching ¢ and ¢'. Recall that the matching
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condition for ¢ and ¢’ is described by equations of orbital integrals. The functions
¢ = ®¢, and ¢' = ®¢!, match if for each v, [J]

(13.3) 0Oy (qﬁy,n (%) wo) = 0,p(¢,, ws(@)|a|Apy(@) ' (1 — g7 ).

(In the definition of OwD’ the measure is self-dual for 1.) Since Iy = ®Ip,
and Jp = @Jy 0 We can isolate the 1y component by fixing ¢, and ¢/, for all
v # vy. Hence we get that

(13.4) N1,y (@) =y, (@)

where ) is some nonzero scalar and the equality holds for every matching ¢,
and gbl,(/). Put o = IT,,. It follows from Corollary 6.4 and Corollary 11.3 that i, 4
and j, o satisfy for some constant N

(13.5) Niz (n (;D) W0> = Ap (X5 0 (Ws(X)).

However, when |x| is small, from the asymptotics of i, and Jrr o (Lemma 4.1
and Corollary 11.2), we have (note that the formula for asymptotic of j, ,p is
obtained by replacing 1 with ¥® in Corollary 11.2):

Jor g WS ()

13.6 —_
(136) Ir(M(55)W0)

Lim, D2 (w(= 1)(= 1,—x)
X Y06 YOI ER) + (= x, PPy — 22))
e(m, 5,90) + p(22)

where |x| is small and w is the central character of 7’. Clearly we have

1 1 1 2D
Ne (w, E,w) = Apy (L (w, 5) x| (= x, 6P (— )

x
and
4D 1 ! 2D
N (7> = Ap (X)L (m 5) |2 w(—= (= 1, =)y, 9P ) <7> :

The first equation gives

Ve (m.5.0) =L (73 ) 2 2 Pn@ o) =L (7.5 ) 120/
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which implies the Bessel identity. As a bonus, both equations together give:

‘ (w, ;w) (= DA )= 1 —0) = 7(— x.4P)

w=1)
X,pED"
of [W2]. O

which implies e(, %, Y) = This equality is the assertion 10 in section IV

From the Bessel identity in the previous Theorem, we can derive the identity
between Bessel distributions. Define Jo.’wD(QZ), ) as in (11.1), with ¢ replaced by
¥P, but with the additive measure still being self-dual for ).

THEOREM 13.6. When ¢ and ¢’ satisfy the equation (13.3), for ™ and 7’ corre-

spond as in Theorem 13.3, we have

, 1 B B 1\ !
(13.7) Iﬂ,w(qb):Jg,zﬁD(d))e(mi) 12D|7'(1 —¢ 1)L(7r,§> )

Proof. From Corollary 6.4, (13.3) and the previous Theorem, we get

Ieo(d) = /k b (HCOWO) 0o (6, n(X)Wo) dix

= |4D|! /kimﬁ (n (%) w()) Oy (¢,n (%) w()) dx
1 !
= |2|_1€ <7T, 5)(1 —q¢ HL <7T, 5) /kja’wn(ws(x))OwD(gb',ws(x))|x| dx.

The integral in the last equation equals Ja’wn(qﬁ’ )|D|~! from Corollary 11.3, the
extra fact |D|~! is due to the measure not being self dual for 1. Thus we get
the theorem. O

For convenience, we have set the multiplicative measure to be d*x = % In
[B-M] and [J], the multiplicative measure is d*x = (1 — qil)*ll‘i—x'. If we define
Iy and J, ,p with this change of measure, then the matching between ¢ and ¢

in [J] is given by
0u (601 135) ) = Oy (@Lwst@laldp (@

and when ¢ and ¢’ match:

, 1 _ 1!
(13.8) Ly (9) = J, y0(@)e (w,§> 2D|7'L (w, 5) :
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14. Appendix. We justify the change of order of integrals in the computa-
tion of the proof of Theorem 5.1. We also compute a certain limit that is needed
for the computation of the relative Bessel function for the special representation
Ty Where x = 2.

Our starting point is the integral

141) Feys (w3 )= [ [ (=5 ) el (4 - 2 ar) deda

If |x(x)| = |x|" with [r| < § or x*(x) = |x

justify the first change of order of integration:

|1 then this integral converges. We

LemMA 14.1. Assume |x(x)| = [x|" withr # 0 and —3 < r < 3 as above. Then

s [ [T (-5 el (4 - zhar) deaa
SR (—) a2}z ™0 (j —mx) Fads.

Proof. We first show that the right-hand side converges. Write f(a, z) = x( —
Z%)!a\%\z!”w(g —z+ax). Then | f(a,z)| = \al”% |z|~'~?". Fixing z we can see that
the integral in a converges absolutely at a = 0 and stabilizes at infinity if % # X.
Let g(z) = [* f(a,z) d*a. Changing variables a — a(% +x)~ ! we get that

1 -1 1 |z
(14.3) g(Z)—va< +X> x(2) 2 Rt 2|71 p(—2)

where
T = / X(— @)la|29(a) d"a.

Now when |z| is small | g(z)| = WXHz]’_z”%_l = \fyXHz\_’_% hence the integral

of g(z) converges at z=0. When |z] is large then
80 = x| X @ 2l o= 2)
hence the integral stabilizes. When z is close to —x~! then
|8()] = Az +27! 772

for some constant A, hence the integral converges.



56 EHUD MOSHE BARUCH AND ZHENGYU MAO

The left-hand side of (14.2) is
lim lim / fla,z)dzd"a.
g7 "<|z|<q"

m—0o0 |a‘<qm n—oo

We first show that
(14.4) / Jim / fla,2)dzd"a
a] <gm 00 J g < e <q"

= lim/ / fla,z)dzd*a.
=0 Jla|<g™ Jq"<|z/<q"

We would like to use the Dominated Convergence Theorem. Let
m(@= [ |Fa,0)| .
g "<|z[<q"

We first notice that if |a| is bounded from above then the dz integral stabilizes
for |z| > C for some large C independent of a. Hence we can write

h@= | | fa.2)| dz.
g "<[7|<C
When z is small
a [ a
fla,z)=x (—Z—z) |la|2|z] Ly (E +ax> i

Hence we have that

|hn(a)‘ < |X(_a)|’a|% <‘/ X(Z_z)‘d_lw (a> dz
g "<[z|<D z

/ x(@ D)z~ (Z - z) dz )
D<|z|<C <

/ x@ <a> dz +K>
g "<[z|<D z

for some positive constant K independent of a. Now

/ x@ D))z (C—l> dz
g "<[z|<D Z

/ a2y d*
D=1<|z|<q"

+

< |x(—a)||a|? (
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If |x(z)| = |z|" with r < O then we have

/ MfWWOfZS/‘ IX(@)[*d*z < K;
D~'<[z|<q" lo|>D-!

where K| is independent of a. If |x(z)| = |z|" with r > 0 then

/ @(az)d*z
D=1 <|z|<q"

= |x(@)| 2 < Kx|x(a)|*

/ PR d*
la|D~1<|z|<]a|q"

for some positive constant K;. The existence of K, follows from the fact that the
last integral stabilizes for large z hence we can bound it by f|z|<E Ix@|*d*z =

f\z|<E |z|>" d*z = K. Combining all cases we can see that |i,(a)| < K’|a|_’+% +

K" \a|’+% for some nonnegative constants K’ and K”. Using our assumption on r
we can now apply the Dominated Convergence Theorem.

Now we can apply the Fubini Theorem to (14.4) to conclude that the left-hand
side of (14.2) equals

-
limyy, 00 / / fla,z)d adz.
la|<q™

Set g,(z) = f‘agqu(a, 7)d*a and g(z) = [*f(a,z)d*a as above. It is clear that

2m(z) — g(2). To conlude the proof we need to show that lim, oo [ gm(z) dz =
| " g(z) dz. We have

/ X (—%) |a\%\z|71w (C—l — z+ax) d*a
la|<g™ Z Z

1

) X(— a)lal* (@) d*a,

la| <[ F+xlg™

&gm(2)

1 1
X@‘%kr4x_1(+X)’+x
Z Z

where we have made the change of variables a — a(% +x). If |z| > |x|! then
this integral stabilizes for large m independently of z. In particular we have that
for such m and z, g,,(z) = g(z) as defined above. Hence to prove that

+,— +
lmwm/ M@&=/g@&
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it is enough to prove that

linyy—.o0 gm(2)dz = / 8(2) dz.
|z| <]x| !

|z| <|x[~!

However,

7r7% —r—d —1j—r—1
=Kolx| 72z 2z xR

o
| gm(2)| < Kalz| 72! RS

for some positive constant K, hence we can use the Dominated Convergence
Theorem to conclude the proof of the Lemma. O

We now make a change of variables a — az? in the right-hand side of (14.2)
and proceed with changing the order of integration again.

LemMA 14.2. Assume that |x(x)| = |x|" with O < r < %. Then

(14.5) /+ /+ x(— a)lal %@Zz(az —z+az*x)d*adz
= /+ /+ x(— a)\al%w(az — z+az’x)dzd"a.

Proof. The convergence of the right-hand side follows from the computation
in the proof of Theorem 5.1. The proof here is similar to the proof of Lemma 14.1.
Let g(a,z) = x(— a)|a|%1,l)(az — z + az’x). The left-hand side of (14.5) can be
written as

lim lim / q(a,z)d*a | dz.
M=00 Szl <gm \"7° Jlal<g"

We first prove that

(14.6) / (hm/ q(a,z)d*a) dz
l<l<g™ \""7°° J]a|<q"

= lim </ q(a,z)d*a) dz.
00 g <gm \ /al<q"

Let pn(2) = f|a|§qn q(a,z)d*a. Then

|Pn(2)]

[ x-aldti@anda
la]<q"

Ix '+ 20|z + zzx!_%

1
/ X(— @)al (@) da
|la|<|z+2%x|g"
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=1 —1j—r—1
< K3lz| 7T 2|z4xT T2
for some positive constant K3. Hence we again use the Dominated Convergence

Theorem to establish our equality. Using this equality and the Fubini Theorem
we have that the left-hand side of (14.5) equals

+
lim (/ q(a,z) dz) d*a.
m—oo lz|<q™

Let r(a) = [Tq(a,z)dz and ry(a) = f‘d <gm4(a,z)dz. We need to prove that
[*r(a)d*a =1im,_ [* rm(a)d*a. Now

(@) x(—a)\a|5/||< Waz — 2+ ax)dz
z|<g™

X(—a)\aﬁzﬂ( 1)2> /@m(z)w (ax (z+ 5 1)2> dz

where ®,, is the characteristic function of P~™. Set y = ﬁxl and ®,,,(z) =
®,,(z — y). Then using (2.2) we have

—1)?

(@) = x(— @)laly ( i

>‘ax| ZV(ax w)/q)my(z)w( a x lZz)dZ

Assume for the moment that ¢ is unramified. Similar arguments will appply for
the case that ¢ is ramified. If ¢ is unramified then Cf)m,y(z) = g"Y(— y2)D_,,(2).
When |a| > 1 then |y| = |2x|~!. Hence if we take m sufficiently large then
CfDm,y(z) = ¢"®_,,(z) and we get that r,,(a) = r(a). It follows that it is enough to
prove that

/ r(a)d*a = lim rm(a)d*a.
lal<1

m—oo \a|§l

However, |r,,(a)| < Cla|” for some constant C and we can use again the Domi-
nated Convergence Theorem to conclude the proof. O

Combining (14.2) with (14.5) and the computation in the proof of Theo-
rem 5.1 we have proved that

(14.7) / / () a2 (Zz+ax) dzd*a
1 1
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for all y such that [x(x)| = [x|” with 0 < r < 1. We now extend this to the unitary
principal series and the unitary special representations by taking limits on both
sides.

LEMMA 14.3. Let x(x) = xo(x)|x|" with |xo(x)| = 1 for all x € k*. The equality
(14.7) holds for x such that r = 0 and for x such that r = 1/2, X% =1land xo # 1.

Proof. Fix xo as above and let 0 < r < 1/2. We will take the limits from
both sides of (14.7) as r — 0 and as r — 1/2 to get the desired equailty. We
start with the left-hand side. It follows from the proof of Proposition 4.3 that for
a fixed x the d*a integral of the left-hand side of (14.7) takes place in a compact
set of k independent of r. Now it follows that the dz integral takes place in a
compact set of k independent of a and r. Hence we can write

+
/ / X (_az> ]a|%|zl_1¢ (a - z+ax) dzd*a
Z Z
=/ /_ X <_£2> |a|%‘z|7l¢ (f —Z+ax> dzd*a
la|<Cy J|z]<C Z Z
=/ xo(— @)a|™* % y(ax) (/ Xo 2(@)|z) 72 (ﬂ_z) d*z) d*a
\a|§C1 D2<‘Z|§C2 Z

_ r+1/2 o ) 2 C_l . y
+/|a|gcl Xo(— @)|a|™/“1b(ax) (/Z|SD2 Xo @Iz~ (z) d z) d*a.

We can take the limit when r — 0 or r — 1/2 of the first summand and use
the Dominated Convergence Theorem. We now analyze the second summand. If
X3 # 1 then the inner integral in absolute value is less than or equal to a constant
times |a|~2". Hence if r — 0 we can apply the Dominated Convergence Theorem
to the second summand to get our first equality. So assume X% = 1. We have

_ r+1/2 - ) _2r g " .
/|a<cl Xo(— a)|a|™" " “2p(ax) </|Z|<D2 Xo ~(@lz| 7Y <z> d z) d*a

= / xo(— @)|a|"™*"?y(ax) </+ \2)* 4 (az) dz) d*a.
la|<C |z|>D; !

Looking at the inner integral which can be computed explicitly for » > 0 we
get that when r is positive and |a| is small it is of order O(|la|=2"Log (|a|~!)),
hence we can use the Dominated Convergence Theorem for the outer integral.
This finishes the r = 0 case. For r close to 1/2 we notice that

o 2 (£) d=20lal 2 + 2200
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where Ai(r) and A,(r) are continuous in a neighborhood of r = 1/2. By our
assumptions we have that yo # 1 hence the d*a integration takes place on a set
of the form |a| = ¢* for some integer k which is independent of r. Hence we can
use the Dominated Convergence Theorem for the outer integral to conclude that
the limit of the left-hand side integral of (14.7) when Y is fixed as above and
r— 0 or r — 1/2 exists and is exactly (14.7) with =0 or r = 1/2.

For a fixed x, the right-hand side of (14.7) takes place in a compact set of
k* independent of r hence we can also take the limit here and get the required
equality. O

We now turn our attention to the special representation 7, where x(x) = || 2.
Since we get the same representation, hence the same relative Bessel function
when x = H% and x = H_% we shall use the second choice of y. We now compute
(14.2) for the case when x,(x) = |x|", —% < r < 0. We also assume that 1) is
unramified.

Let

1 o red o —2r—1 a *
I(r,x) =Ir,, 4 n(X)Wo,E =/ / la|"™2|z] Y| — —z+ax ) dzd*a.
Z

By Lemma 14.1 we have that for —1/2 <r <0

1
—r—>

+11
I(r,x):fer/ E+x ]z\_zr_lv,/}(—z)dz
where
" 1 . 1-g"z
Txr =/ xr(—alal2yp@)d*a= ———.
1—gq 2
LEmmA 14.4.
lim I(r,x) = H+1.
im 10,0 =067
Proof. Let

1
=3

—+x

o= |

2] 72 ep(— z2) dz.

Then Z(r) = A(r) + B(r) + C(r) where
A = [ e e g
D= [ 2dz

B(r) = /z<x|l lz| 7" 2(— 2) dz,
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_ | R VT
C(r) = +X 2| P(—z2)dz
|z[=lx[=" 12
1 |
S il BN R T E S
|z[=lx[~1 12
We have
1 1— —1 1— 2r P . _
A - ‘x‘ r—3 {( ql_)(qu |x] )_q 2r 1} if x| > ¢ L
0 if x| < g~ '
(1fq*1>q’r‘_%_|xl’i if [x| > ¢
B(}’) = ll_q :
¢ 2-1 if x| < g2

The domain of the integral giving C(r) is P" — P! where |x| = g~™. We change
variables u = 7+ x~!. The domain for u is

G e Py— e P =P — e ),

On the domain of integration we have |z=! +x| = [z+x7!||xz™!| = |u||x|*>. Hence,

C(r) = D(r) — E(r) where

_ =1
Dy =90 | T ) d
u|<|x|—
E) = W™ [ -
<[/~
We have
SN
UmgDWT2if ] > 1
1—q 2
D(r) = 1
L e
q 2-
_L . —
B = 9 P Rz
0 if x| < g2

It is now easy to show that lim, 1 I(r,x) = lim,_ 1 7,Z(r) equals
2 2

— r*% —1 1 if 1;
lim 176]1(A(r)+3(7’)+D(r)+E(r))={w(x Y+l k] <
i if x| > 1.

ro—31—¢qg7 "2
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Since 1(x~') = 1 when |x| > 1 we can write the last limit as ¢»(x~ ') + 1 in both

cases.

O
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